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			Landscapes of Investigation: Contributions to Critical Mathematics Education emerged from the collaboration established through the Colloquium of Research in Critical Mathematics Education (Colóquio de Pesquisa em Educação Matemática Crítica). This event took place in 2016 and 2018 at Universidade Estadual Paulista (Unesp) in Rio Claro, and in 2019 at the University of São Paulo (USP) in São Paulo. Further Colloquium events are planned when the pandemic is under control.

			In the Colloquium, most of the participants are young researchers dedicated to the further development of critical mathematics education. Many of them come from Brazil, but some also join (sometimes virtually) from Chile, Colombia, India, Mexico, and the USA. Several participants are members of the Épura research group, which is coordinated by the two of us (Miriam Godoy Penteado and Ole Skovsmose). This group was founded in 2008 and is associated with Unesp in Rio Claro.1 Épura members are mainly Master’s and PhD students and researchers working within inclusive education inspired by critical mathematics education. Landscapes of Investigation emerged through the shared efforts of the Colloquiums and the Épura Group.

			The notion of landscapes of investigation has been developed over more than twenty-five years, and this book draws on this entire process. In a crucial way, the book contributes to the further development of the notion of landscape of investigation, both with respect to its theoretical features and its practical impact; and therefore also to the general evolution of critical mathematics education. The creation of landscapes of investigation is an attempt to organise educational processes in such a way that they allow students and teachers to get involved in explorative processes guided by dialogical interactions. It is an attempt to address forms of social injustice by means of mathematics. It is also an attempt to promote a critical conception of mathematics, challenging the assumption that mathematics represents objectivity and neutrality.

			One of the initial inspirations for recognising education as a critical and political force came from Paulo Freire, when he in 1968 published Pedagogia do Oprimido. At that time Brazil suffered under a military dictatorship, so the following formulations of critical education had to maintain a clandestine format. Later, critical education acquired a diverse range of manifestations, and a huge number of educational practices, as well as books, articles, doctoral dissertations, and Master’s theses.

			In Brazil one also finds a wealth of important contributions to the further development of critical mathematics education. Many teachers and schools have engaged students in project work in mathematics and addressed controversial social and political issues. Critical mathematics education has also been documented by a huge number of publications.

			If we consider the contributions by people associated with the Épura research group, we find studies that present a variety of landscapes of investigation, address dialogic interactions in the classroom, consider students in marginalised positions, and challenge upper-middle-class stereotypes, as well as many other issues important for critical mathematics education. Besides producing dissertations and theses, the Épura research group has engaged in developing educational practices where teachers, university students, and researchers are collaborating. The list of productions by the Épura Group is available on the internet. It shows that fifteen doctoral dissertations and eleven Master’s theses have been defended, and also that the Épura group has engaged in a variety of other educational activities.2

			If we look further around in Brazil, one finds many more contributions to critical mathematics education. As a brief illustration we can refer to three recently published books addressing mathematics teacher education from the perspective of critical mathematics education. In 2021, Ana Karina Baroni, Andrei Hartmann, and Claudia Carvalho published Uma Abordagem Crítica da Educação Financeira na Formação do Professor da Matemática (Editora Appris); the same year, Guilherme Silva, Iranete Lima, and Fanny Aseneth Gutiérrez Rodríguez published Educação Matemática Crítica e a (In)justiça Social: Práticas Pedagógicas e Formação de Professores (Mercado de Letras). In 2022, Paula Civiero, Raquel Milani, Aldinete Silvino Lima, and Adriane Souza Lima published Educação Matemática Crítica: Múltiplas Possibilidades na Formação de Professores que Ensinam Matemática (Editora da SBEM). These three edited books contain more than thirty different chapters, providing examples of educational practices, including the formation of landscapes of investigation. The books are also rich in making theoretical connections. Also in 2022, João Luiz Muzinatti published Matemática: Verdade apaziguadora (Editora Appris). He presents detailed examples of landscapes of investigation, which he has tried out in his own practice. Many of the authors of these books have joined the Colloquium of Research in Critical Mathematics Education, and some have also been members of the Épura group.

			In 2013 Daniela Alves Soares published O Ensino de Matemática em um Perspectiva Crítica: Dimensões Teóricas e Acadêmicas (Novas Edições Acadêmicos) where she provided an overview of studies, most of them by Brazilian authors, significant for critical mathematics education. Her list of references includes around 100 titles. If we were to update such an overview today, this number would become much larger.

			If we look at other Latin American countries like Columbia, Chile, and Argentina, we also see an impressive increase in contributions to critical mathematics education. Some of these are made by people who joined the Colloquium in Research in Critical Mathematics Education, and several of them also have a chapter in the present book.

			The chapters in Landscapes of Investigation: Contributions to Critical Mathematics Education add to the further development of critical mathematics education. Chapter 1 presents the context of how the very notion of landscape of investigation was formulated, and how it embodies an attempt to create learning environments that stimulate dialogic interactions and critical activities. Chapters 2–5 present examples of such landscapes developed around economic issues, problems of racism, discussions about marijuana legalisation, and issues of social justice and injustice. Chapters 6–10 expand on the discussion of landscapes of investigation by addressing issues of democracy, collaborative learning, global citizenship, unfinishedness, dreams, and dialogue. The notion of landscape of investigation is not only directed towards the creation of educational learning environments, but also towards deep educational, sociological, and philosophical ideas. Chapters 11 pay particular attention to inclusive mathematics education by presenting the concept of inclusive landscapes of investigation and by exploring possibilities for establishing mathematics education as meetings amongst differences. One finds studies of classrooms where deaf and hearing students are working together, and classrooms including students with autism spectrum disorder. concentrate on mathematics teacher education and university studies in mathematics. The chapters present landscapes of investigation that incorporate profound social, political, and mathematical complexities. A way of preparing mathematics teachers for working with landscapes of investigation, together with their students, is for them to work with such landscapes as part of their own education.

			The chapters in this book explore new educational possibilities. In this way, they contribute to the further development of critical mathematics education. We hope that the reader will feel as inspired as we did when seeing all these different ideas, reflections, and suggestions brought together.

			Miriam Godoy Penteado and Ole Skovsmose
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1. Entering Landscapes of Investigation
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			Landscapes of investigation provide different learning environments from the paradigm of exercises. The move from exercises into landscapes of investigation is a move into new risk structures, but is also a move into new possibilities. When entering into landscapes of investigation, one cannot expect the communication to follow predictable patterns. Here, one enters an environment which calls for dialogue. I see dialogue as playing a fundamental role in establishing a critical activity, and as a consequence I consider working with landscapes of investigation to be an important feature of critical mathematics education. The exploration of landscapes is not restricted to particular groups of students. Any group of students can be invited into such landscapes: students at social risk, students in comfortable positions, students with disabilities, senior students, and university students in mathematics. Landscapes of investigation are constructions; they are contested, and they can come to include any kind of controversial issue.

			In 1996 when I became a professor at the Royal Danish School of Educational Studies in Denmark, I was invited to give a lecture to a large group of mathematics teachers. As it happened, I did not have much time to prepare my presentation, but I felt confident that it would all come out well. I do not remember the exact title of the lecture, but the topic was project work in mathematics education, and how this might relate to the outlook of critical mathematics education. I had very many examples to draw on with respect to elementary and secondary education, as well as to university education. Since 1982 I had been working at Aalborg University, where all study programmes, including mathematics, were project-based.

			However, I could not stop myself from worrying a little. At that time in Denmark, the discussion of project work had taken on a predictable format. It was emphasised again and again that the starting point of such projects had to be embedded in real-life problems—if possible, problems formulated by the students themselves—and that the students had to be working in groups. The teachers had heard such recommendations many times before, and this was exactly what I had planned to say. The teachers also knew in advance what questions they were going to ask, and so did I: how do you address the solutions of quadratic equations through real-life problems? How do you find time to cover the curriculum through project work? What do you do if the students do not like working in groups? How do you prepare the students for tests and exams?

			Just before the lecture I began to question what I was planning to present when I met with two colleagues from the School of Educational Studies, Lisser Rye Ejersbo and Michael Wahl Andersen. We talked about what I was going to say, and I made some lines, circles, and arrows on the blackboard in their office. This turned out to be the first wobbling draft of the diagram shown in Table 1.

			I do not remember how the exact expression “landscape of investigation” came to emerge, but I remember clearly the atmosphere that developed during the lecture. Nobody knew what a landscape of investigation was, nor did I. Anyway, I presented examples, and questions and suggestions came from the teachers. We all became very enthusiastic. We participated in an intensive process of pedagogical imagination, and the notion of landscape of investigation was born in that cauldron of collaboration. The notion provided a way of talking about educational possibilities, about project work, and about inquiry processes, without being assertive about educational principles and priorities.

			In the following, I will refer to the diagram that I have used many times in my presentations of landscapes of investigation. I will present dialogue as being crucial when working with landscapes, and I will address the notion of critique in order to capture the way landscapes of investigation relate to critical mathematics education. I will address different groups of students that can come to explore landscapes of investigation. Finally, I will highlight that landscapes are contested constructions.

			1. The Diagram

			Soon after making the presentation at the Royal Danish School of Educational Studies, I was invited to give another lecture in Norway, and at this lecture I presented the diagram—this time well-prepared, with nice straight lines showing different learning environments. In the diagram I made a distinction between “paradigm of exercises” and “landscapes of investigation”. Furthermore, I distinguished between three different forms of references one can operate with within mathematics education: namely, to mathematics itself, to a semi-reality, and to real-life situations. With these distinctions one can identity six different learning environments that I will also refer to as learning milieus. The diagram helped me to highlight several points (see Fig. 1).

			First, landscapes of investigation provide quite different learning environments to the paradigm of exercises, which I also refer to as the school mathematics tradition.1 This tradition is characterised by the students working with preformulated exercises, each of which has one, and only one, correct solution. By talking about landscapes of investigation, one prepares for leaving aside the exercise paradigm. One can oblige students to solve exercises, but one cannot force them to undertake investigations. Therefore I have always emphasised that students need to be invited into a landscape of investigation. Such a learning environment calls for a different pattern of student-teacher interaction. The teacher does not need to “teach”, but can serve as supervisor, and dialogue can structure the communication.

			Table 1. Learning milieus.
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			Second, leaving the exercise paradigm can be done in a number of different ways and in different steps. Often, the move has been presented as a huge jump from doing exercises straight to doing project work embedded in real-life problems. We are dealing here with a jump from the milieus (1) or (3) to the milieu (6). Considering the reality of schools, this jump confronts several obstructions. For many teachers, it might be an overwhelming experience. However, moving from the exercise paradigm to landscapes of investigation can also be undertaken with small steps. As an illustration of such steps, I sometimes refer to the function:

			f(x) = ax2 + bx + c

			Many exercises have been formulated with reference to this function. Given specific values for a, b, and c, students are asked to draw the graph of the function, to calculate the value of x that results in f(x) having the value of 4, and to find where it intersects a given line. From the textbooks, the students will come to know about the significance of the parameters a and c. But what about the parameter b? How does the value of b influence the position of the graph for f? By raising this question, one is entering into a small landscape of investigation. One can imagine that the students start undertaking some experimentation: fixing the value of a and c, and changing the value of b to see what might happen. How then are we to formulate what can be observed? In fact, any classic mathematical exercise can provide similar openings towards broader landscapes of investigation.2

			Third, the diagram refers to mathematics per se, semi-reality, and real-life situations. Broadening the space of possible references helps us to identify different teaching-learning possibilities. Reference can be made to pure mathematical problems. Such references can be in terms of exercises (Milieu 1), but also as investigative tasks (Milieu 2). Traditional exercises (Milieu 3) may refer to families going on holiday, to somebody buying a car, to the size of a parcel, etc. But we are not dealing with any real family, car, or parcel. Everything is made up by the textbook author. Here we only deal with invented realities, which I refer to as semi-realities. However, semi-realities can also provide contexts for landscapes of investigation (Milieu 4). Milieu (5) is composed of exercises using real numbers referring to, for instance, degrees of unemployment, development of house prices, or social exclusion due to racism or sexism.3 The same kind of references characterises Milieu (6); here, however, they are organised in terms of proper investigations. The point of the diagram is to indicate the existence of a variety of learning environments, and in this way to support a pedagogical imagination.4

			Fourth, one can move among the learning milieus in different ways. When I give presentations to teachers, I have sometimes asked which environment they were working in, say, last Monday. The diagram can function as a stimulus for discussing educational possibilities and difficulties. Where did the teachers experience problems? Where did they feel most comfortable? Where did the students become most involved? One can use the diagram as a starting point for reflections on educational practices. It can also be used as support for educational planning. It can help the teacher in identifying what could be an appropriate route to take with the class among the different learning environments. Would it be a good idea to start in (5) before moving on to (6)? And after being engaged in (6), would it be a good idea to move to (1) for a while?

			Fifth, several times it has been highlighted that risks and possibilities are different with respect to the different learning environments.5 For teachers to feel well prepared, it is easier to operate in milieus (1) or (3) than in any landscape of investigation. Milieu (5) can cause some uncertainty with respect to what information to use; however, with respect to milieus (1) and (3), the teacher can check out solutions in advance. Methods can be clarified, and solutions can be verified. As soon as one enters landscapes of investigation, uncertainties will emerge and predictions of what will happen become impossible. The teacher can still be prepared, but not in the same way. The students’ questions cannot be predicted, and adequate answers cannot be formulated in advance. The move from the exercise paradigm into landscapes of investigation is a move into new risk structures. It is, as well, a move into new educational possibilities.

			After my first presentations of landscapes of investigations, there followed many more lectures and publications, but to a large extent these were repetitions.6 However, many colleagues have contributed significantly to the development of the concept of landscapes of investigation.7

			2. Dialogue

			Dialogue is a captivating notion, as it automatically seems to bring about positive connotations. Who would argue against establishing more dialogue in the classroom? However, dialogue is an open concept that cannot be associated with a single and clear interpretation. So I had better say a bit more about how I intend to use—and not to use—the notion, and I want to highlight the following three points.

			First, I refer to dialogue as it may emerge in educational processes. I relate dialogue to processes of coming to know something and to learning inquiries. Thus there are many uses of the notion of dialogue that I do not consider. In his hard-boiled detective novels, Dashiell Hammett wrote a range of captivating dialogues to which, when the books were turned into films, Humphrey Bogart added an extra dose of tough chauvinism. However, I am not going to refer to dialogue in terms of conversations as they may be presented in books, plays, or films. Second, I see dialogue as an open process, meaning that one cannot expect a dialogue to follow any specific pattern. In a dialogue one reacts to what has just been said, implying that the horizon of a dialogue is always shifting. The course of a dialogue is unpredictable. Third, I see dialogue as incorporating features of equity. In many contexts—the military, companies, organisations—the position of the people involved influences the patterns of conversation. In a dialogue, however, it is the content of what is being said, rather than the position of the speaker(s), that plays the principal role. This observation brings me to highlight equity as being important for characterising a dialogue.8

			The exercise paradigm does not create much space for dialogue, whereas in contrast landscapes of investigation do. An exercise defines a task for the students to complete, and this structures the conversation between students and teachers, as well as among students. Within the exercise paradigm, it is not considered relevant for the students to change the formulation of an exercise and start trying to solve a simplified version of the problem. This highly relevant mathematical strategy is blocked by the school mathematics tradition. An exercise is not an invitation for undertaking an investigation; rather, it operates as an order. For solving an exercise, one needs to proceed along a narrow predefined one-way route, and the conversation that takes place along such a route is itself predefined. The students can ask whether a certain procedure is the proper one, and if a certain answer is correct. The teacher can confirm, or correct, or clarify.

			When working with landscapes of investigation, one cannot expect the communication to follow particular predetermined and well-planned routes. The conversation will be open-ended and dialogical, as inquiry processes are open-ended. I find that important qualities of learning emerge through dialogic processes. This observation brings me to highlight the importance of characterising dialogic acts as well as non-dialogic acts. The identification of such acts is important for referring to processes of communication as being dialogical or not.

			Helle Alrø and I (2004) have characterised eight dialogue acts. By getting in contact, we refer to the process of establishing emotional contact and to showing interest in each other. Locating refers to attempts to grasp the overall concern of the other. It refers to a clarification of topics and concerns of the conversation. Identifying is a process through which one tries to be more specific about the issues one is addressing. With reference to mathematics, one can, for instance, identify which equation one is going to investigate. Advocating means providing arguments for a given case. This could refer to the process of proving a mathematical statement. Thinking aloud occurs when one shows others how one is reasoning. Here we are dealing with a process of making thoughts not only audible, but also visible in the form of figures and sketches. Reformulating serves an important role in coming to understand each other better. When one has been listening to an explanation, one may try to repeat it, although doing so in one’s “own words”. Challenging means questioning a certain statement or perspective, but it does not mean attacking the other person. Evaluating is an important dialogic act, as it is necessary to reflect on the steps taken in a dialogue.9

			Ana Carolina Faustino and I (2020) have characterised eight non-dialogic acts. Ignoring means disregarding something being stated, and just continuing the conversation as if nothing has happened. Distorting can be established through a reformulation, which provides a caricature of what has been stated. Confronting can take the form of a direct negation of a statement, without considering the arguments that have led to the statement. Ridiculing can be brutal. It addresses the person participating in the conversation, rather than its content. Disqualifying is also a way of attacking a person, but it could take a different format than ridiculing. Disqualifying means, for instance, pointing out that the person does not have sufficient knowledge for addressing the issue in question. Excluding is different from ignoring. While ignoring means disregarding a person, exclusion is of a more profound nature. It takes place not just during moments, but during periods of time. Stigmatising can take place with reference to gender, race, religion, sexual orientation, special educational needs, home language, and social class; it can serve as a justification for an exclusion. Lecturing refers to a situation where a person dominates a conversation to elaborate a definite point of view without considering its actual relevance for the present discussion.

			Taken together, the eight dialogic and eight non-dialogic acts help in analysing communicative processes. Such a process can be called dialogical in the case where it includes a density of dialogic acts. If a high frequency of non-dialogic acts occurs, the conversation must be characterised otherwise. A fluctuation between dialogic and non-dialogic acts can often be observed, not least in the mathematics classroom. While different forms of communication, also of non-dialogical nature, can operate within the exercise paradigm, dialogical processes must be established in landscapes of investigation. I see investigative processes as dialogic processes. When one enters a landscape of investigation, one needs to consider how to let dialogic acts achieve priority over non-dialogic acts.

			3. Critique

			Why should one be interested in dialogue? As discussed above, I find that important qualities of learning emerge through dialogic processes. To be more specific, I find critical activities to be routed in dialogic processes.

			The notion of critique has a deep and complex history of which I want to highlight only two moments, namely the publication of Immanuel Kant’s (1933) work Critique of Pure Reason in 1781, and the publication of Karl Marx’s (1992, 1993a, 1993b) work Capital: A Critique of Political Economy, the first volume of which appeared in 1867. Kant shared the outlook of Enlightenment, according to which knowledge is the true source of human progress. But what is knowledge? Kant addressed this question by trying to clarify the nature, as well as the limits of, human knowledge. In this way, he formulated a critique of knowledge as an epistemic enterprise. Marx provided a radical addition to this conception of critique. He wanted not only to criticise economic and political theories, but also the very economic and political structures themselves. To Marx, critique was not only an epistemic, but also a socio-political activity.

			When I talk about critique, I have both the epistemic and the socio-political aspect in mind. Thinking of Kant and Marx, these two aspects appear deeply separated, but this need not be the case. Sometimes Michel Foucault has been referred to as the new Kant. One reason for this comparison is that Foucault also addresses our basic conceptual structures, through which we formulate what we assume to know. He wanted to show how such categories are formed as part of complex historical processes, and that they may incorporate all kinds of presumptions and preconceptions. What Kant thought of as pure epistemic categories, Foucault revealed as conglomerates of preconceptions. In this way, Foucault formulated a radical epistemic critique, which simultaneously was a powerful socio-political critique.10

			I see dialogue as playing a fundamental role in establishing a critical activity. In making this claim, I cannot refer to Kant nor to Marx, as neither of them paid attention to dialogic processes. The relationship between critique and dialogue was articulated long after the publication of their works. Nor did Foucault pay much attention to the notion of dialogue. With reference to connections between dialogue and the epistemic aspect of critique, I can refer to the work of Imre Lakatos, and with reference to the connections between dialogue and the socio-political aspect of critique, I can refer to the work of Paulo Freire.

			In the first pages of Proofs and Refutations, Lakatos (1976) presents a proof of Euler’s Polyhedron Theorem. It is common to assume that a mathematical proof provides the concluding part of a mathematical exposition. However, Lakatos shows that a proof is just a first step in an ongoing inquiring process. Proofs lead to refutations, which in turn lead to formulations of new mathematical hypotheses, as well as to new mathematical concepts. The whole process is presented by Lakatos as a dialogue taking place within a fictive mathematics classroom, which represents a mathematical research community. To me, Lakatos shows how an inquiring process in mathematics can take a dialogical format, and also that dialogue plays an important role for formulating an epistemic critique in mathematics. Through the dialogue, assumed mathematical truths are questioned, and mathematical assumptions are modified, if not falsified.

			As a point of departure for a “pedagogy of the oppressed”, Paulo Freire (1972) wants to identify and investigate cases of social injustice, and in this way, to prepare for liberating actions. To Freire, dialogue plays a crucial role in such an education. He highlights the importance of taking as a starting point “generative themes”, which represent situations that are well known to the students. One can think of generative themes as examples of landscapes of investigation of the type (6). Through dialogue between students and teachers, the generative theme is explored, and the nature of patterns of oppression and exploitation might be identified. This prepares them for political actions. According to Freire, it is essential that the exploration of generative themes achieves a dialogical format, as he sees an intimate relationship between dialogue and the formations of a lived-through departure for political actions.

			I find any critique of either an epistemic or a socio-political nature to be rooted in dialogical processes. Due to the connection between dialogue and critique, I find it important that critical mathematics education establishes educational processes in a dialogic format. To operate in landscapes of investigation is a way of doing so. Thus my interest in landscapes of investigations is embedded in my concern for establishing learning milieus that invite dialogic interactions and, in this way, stimulate critical activities.11

			4. Different Groups of Students

			The exploration of landscapes of investigation is not restricted to certain groups of students. Any group of students can be invited into such landscapes, and from the perspective of critical mathematics education, it is important to do so. I will highlight this point by being explicit about students at social risk, students in comfortable positions, students with disabilities, senior students, and university students in mathematics.12

			Students at social risk. Eric Gutstein works with students at social risk, with whom he addresses topics like election, immigration, deportation, foreclosure, the spread of HIV-AIDS, criminalisation of young people of colour, racism, and sexism (see Gutstein, 2016, 2018). In each case mathematical investigations can help to reveal features of oppression, exploitation, and injustice. Gutstein is deeply inspired by Freire, and he sees his education as one possible interpretation of a “pedagogy of the oppressed”. He forms alliances with students who suffer from economic oppression and racist discourses, and he tries to turn mathematics education into a source for liberating actions. Many other contributions to critical mathematics education share this concern with respect to students at social risk (see, for instance, Frankenstein, 2012). I find it extremely important to open up landscapes of investigation for these groups of students in order to act against all forms of oppression.13

			Students in comfortable positions. One can also consider a very different group of students, which I refer to as students in “comfortable positions”. I have in mind students who belong to the well-protected layers of society. For such groups of students, it is also important to provide landscapes of investigation, through which one can address social and economic injustices. João Luiz Muzinatti (2022) tries to challenge general assumptions that make up a traditional middle-class outlook. As an example of such an approach, he addresses Bolsa Familia, which is a Brazilian system of family support. Bolsa Familia has faced much middle-class critique, such as: we are paying an awful lot of money to people that, as a consequence, do not want to work. By means of mathematics, Muzinatti challenges the content of such general claims. Working for social justice not only concerns groups of people suffering injustices, it also concerns groups who might benefit from injustices done to others. As this example illustrates, an important strategy of such an approach is to establish dialogic relationships, as Muzinatti did with his own students.14

			Students with disabilities.15 Lessandra Marcelly (2015) addresses the learning of mathematics by blind students. The obvious question here is: what could be a landscape of investigation for blind students? However, Marcelly moves beyond this question by asking: how can one provide learning environments where blind and sighted students can work together? By addressing this question, one acknowledges a principal concern of inclusive education. Amanda Moura (2020) also explores such education by researching situations where deaf and hearing students are working together. The idea of inclusive education highlights the importance of establishing meetings across differences. In this respect, one can consider any kind of differences with respect to seeing, hearing, or abilities.16 The differences could also be with respect to political opinions, economic resources, and cultural belongings. Inclusive education is a preoccupation of critical mathematics education, as inclusion might establish new possibilities for dialogical encounters and critical activities.17

			Senior students. Luciano Feliciano de Lima (2015) worked with senior students, who could be retired bank assistants, shopkeepers, or street workers. Lima’s project was not part of any formal educational programme, and the students joined out of personal interest. They became engaged in different landscapes of investigation. One concerned geometric figures, and notions like symmetry, congruence, and reflection were explored through experimentations with mirrors. More complex mathematical properties were addressed as well; for instance, Euler’s Polyhedron Theorem. The daily newspapers were also studied, since they are loaded with numbers and figures, and the senior students learned to interpret such information. In this way they gained access to a range of economic and political issues that they had previously tended to ignore. This is an explicit example of getting students to read the world through mathematics, which is a principal concern of critical mathematics education.18

			University students in mathematics. For centuries mathematics has been celebrated as the language of science, ensuring the most reliable way of capturing and presenting scientific observations and insight. To a large extent this celebration defines the format of university studies in mathematics. Typically, these studies are entirely focussed on content-matter issues and organised according to the exercise paradigm. From the perspective of critical mathematics education, it is crucial that university studies in mathematics create space for reflections on mathematics, and in particular on what putting mathematics into action might imply. Landscapes of investigation could create an opening for both epistemic and socio-political forms of critique, but they are rarely developed with university studies in mind. However, one can find inspiration for constructing such landscapes in the literature about problem-based learning in mathematics, as discussed by Débora Vieira de Souza-Carneiro (2021), and in project work in mathematics as analysed by Renuka Vithal, Iben Maj Christiansen, and Ole Skovsmose (1995).19

			5. Contested Constructions

			Table 1 provides a preliminary classification of learning milieus: three related to the exercise paradigm and three related to landscapes of investigation. Naturally, we are not dealing with any genuine classification, and one could imagine many different kinds of intermediate or overlapping milieus. One might also think of other ways of characterising landscapes of investigation, and let me just refer to three such ways: inclusive, contentious, and exemplary landscapes.

			Inclusive landscapes of investigation. As already pointed out, a general concern of inclusive education, also shared by critical mathematics education, is to provide learning environments where all students, independent of differences, can learn together. This concern brings us to the idea of constructing inclusive landscapes of investigation: ones which are accessible for everybody. Differences among students should not create specific conditions for entering into and moving around in such landscapes. In inclusive landscapes, the very conception of students as being normal or not normal, or having abilities or a disability, lose significance. It is important to establish relationships across all kinds of differences. One need not only consider differences rooted in terms of abilities, but differences in general, and see them as a universal feature of human life. One can, for instance, consider economic, religious, cultural, or political differences, and create landscapes across such differences.

			Contentious landscapes of investigation. The notion of generative themes plays a crucial role in Freire’s formulation of a pedagogy of the oppressed. A theme could be “water”, and with reference to a particular neighbourhood one can raise questions like: who has access to water? Who has access to clean water? What health problems could be related to the use of polluted water? A generative theme such as “water” can lead to the articulation of controversial socio-political issues. The topic of “the geometry of one’s room” could concentrate on making measurements and doing scale-drawings. The same topic, however, could turn into a discussion of conditions for living and of the profound economic inequalities that exist in society. Just as with “water”, so too could “the geometry of one’s room” become contentious. I see it as important to invite students into contentious landscapes of investigation, as they might frame dialogues about crucial issues and about social injustices.20

			Exemplary landscapes of investigation. When an educational process is established through a problem and not through a predefined curriculum, one can consider to what extent the problem is exemplary. The techniques one is applying to solve the problem could be exemplary in the sense that they can be used for addressing a range of other problems. However, exemplarity not only concerns methodological, but also content-matter issues. When one addresses water supply in a neighbourhood, one at the same time gets an insight into more general conditions for living. Studying a specific problem can simultaneously provide insight into much more profound socio-political issues. Landscapes of investigation can be exemplary in this way. As an example, a landscape of investigation related to Euler’s Polyhedron Theorem can be exemplary with respect to mathematical thinking, to the extent that it stimulates patterns of mathematical arguing, proving, and questioning. The landscape of Bolsa Familia can be exemplary with respect to ways of addressing social issues; thus it concerns not only a particular form of family support, but also general issues about social welfare and justice.

			Landscapes of investigation―whether they are inclusive, contentious, or exemplary―are constructions. Teachers have played crucial roles in the construction of the very many landscapes in which I have participated. One step in the construction is to recognise a possible terrain for investigations; an important further step is to make available relevant information, statistics, facts, and figures that one can invite students to explore. In this process, a range of uncertainties will arise: will the students find it interesting to investigate the landscape? Or should the students themselves decide which landscape to explore? Should the landscape be contentious or not, inclusive or not, exemplary or not? What socio-political issues could be addressed when working with the landscape? What issues of social injustice are placed on the agenda? The construction of any landscape of investigation can be contested.
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					1	For a characterisation of this tradition, see Skovsmose and Penteado (2016).

				

				
					2	Such processes have been described by Milani in Chapter 16, “Opening an Exercise”. Wherever I refer to a chapter, it is always a chapter in this book.

				

				
					3	In Frankenstein (1989) one can find many of such exercises.

				

				
					4	For a discussion of pedagogical imagination, see Skovsmose (2011b).

				

				
					5	The notion of risk with respect to mathematics education has been explored in great detail by Penteado (2001) and further elaborated by Biotto Filho (2008).

				

				
					6	The text about landscapes of investigations was published in proceedings and pre-prints in Danish (Skovsmose, 1998, 1999) and in English (Skovsmose, 2000a). The text was published in Portuguese (Skovsmose, 2000b, 2001b), and in Spanish (Skovsmose, 2000c, 2012). The English version was published in a journal (Skovsmose, 2001a), as Chapter 1 in Skovsmose (2014), and in a shortened version as a chapter in a book (Skovsmose, 2002). It also became a regular chapter in a book in Danish (Skovsmose, 2003).

				

				
					7	See, for instance, Biotto Filho (2015); Biotto et al (2017); Britto et al. (2017); Milani et al. (2017); Moura (2020); Oliveira et al. (2017); Roncato (2015); Silva et al. (2017); and Voltolini and Kaiber (2017).

				

				
					8	Dialogue was related to processes of investigation, unpredictability, and equity in Alrø and Skovsmose (2004). In the present text, however, I have made some terminological modifications. For profound discussions of dialogue, see Milani (2015) and Faustino (2018). The notion of dialogue has also been addressed by Faustino in Chapter 10, “Dialogue in Eternity”, while the notion of collaboration has been addressed by Avcı in Chapter 7, “Collaborative Learning within Critical Mathematics Education”.

				

				
					9	See also the related discussion of inquiry gestures in Milani and Skovsmose (2014).

				

				
					10	See, for instance, Foucault (1989, 1994).

				

				
					11	I use the notion of critical mathematics broadly to also include mathematics education for social justice. Very many people have contributed to the further development of critical mathematics education. For recent contributions, I can refer to Alrø et al. (2010), Andersson and Barwell (2021), Avci (2018), Bartell (2018), Ernest et al. (2015), Frankenstein (2012), Greer et al. (2009), Gutstein (2016, 2018), Skovsmose (2011a, 2014), and Skovsmose and Greer (2012). For a broader discussion of the notion of citizenship, see Chapter 8, “Global Citizenship” by Carrijo.

				

				
					12	In the following, I draw on Skovsmose (2016).

				

				
					13	Racism has been addressed by Britto in Chapter 3, “Median and Racism”. Issues related to students at risk have been addressed by Bose in Chapter 5, “Mathematics Embedded in Community-Based Practices”, and by Soares in Chapter 9, “About Unfinishedness, Dreams and Landscapes of Investigation”.

				

				
					14	For working with students in comfortable positions, see Chapter 4, “Bringing the Debate over Marijuana Legalisation into the Mathematical Classroom” by Méndez and Aguilar.

				

				
					15	The very notion of “disability” is problematic. This has been highlighted by Marcone (2015), who coined the notion of “deficiencialism”. This refers to a web of preconceptions concerning what a certain group of people can and cannot do.

				

				
					16	For further discussions of inclusive education, see Chapter 12, “Meetings Amongst Deaf Students in the Mathematics Classroom” by Moura and Penteado; Chapter 13, “Inclusion and Landscape of Investigation” by Gaviolli and Penteado; and Chapter 15, “The investigative Approach to Talking about Inclusion in Mathematics Teacher Education” by Barros.

				

				
					17	For a further discussion of this point, see my Chapter 11, “Inclusive Landscapes of Investigation”. See also Skovsmose (2019).

				

				
					18	See also Chapter 14, “Landscapes of Investigation with Seniors” by Silva, Julio, and Silva.

				

				
					19	For establishing landscapes of investigation for university students, see Chapter 18, “Critical Mathematical Education in Action” by Civiero and Oliveira. For a discussion of mathematics teacher education, see Chapter 17, “The Impact of Income Tax on the Teaching Profession” by Ribeiro, Soares, Lima, Bezzerra, and Frango. See also the discussion of banality of mathematical expertise in Skovsmose (2020).

				

				
					20	As examples of contentious landscapes of investigation, see Chapter 2, “Let’s Go Shopping” by Rodríguez and Moreno, Chapter 6, “Aspects of Democracy in Different Contexts of Mathematics Classes” by Milani, Faustino, Silva, Carneiro, Suaréz, and Britto; and Chapter 4, “Bringing the Debate over Marijuana Legalisation into the Mathematical Classroom” by Méndez and Aguilar.
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			“Let’s Go Shopping” is a landscape of investigation about economic and financial education framed by the socio-critical perspective of mathematical modelling. The landscape developed as a result of discussions among students from a school in Bogotá about high-interest charges and loans. Our aim was to identify possibilities and challenges in the use of a socio-critical perspective on mathematical modelling when promoting citizenship education. To do this, we addressed the discussions by the students and considered students’ intentions, backgrounds, and foregrounds. The landscape included investigations of families’ economic conditions, as the students related the mathematics classroom activities to their families’ financial issues.

			The school day is underway in the Bogotá capital city of Colombia in a school located in Neighbourhood 18 called Rafael Uribe Uribe, and the ninth-grade students are preparing to receive their mathematics lesson. However, some of them have had an argument about a loan that one had taken out to purchase an item. The interest on the loan is due, but the interest rate is very high and amounts to 100% of the loan itself. This discussion energises the participation of several students as they compare their own families’ economic situations. After these discussions, some questions emerge, such as why it is that in some cases people end up paying up to twice the cost of the purchased item.

			Such questions were inevitably related to some of the political, social, and economic situations of the students and their families, as is supported by accounts of the interactions that are typical between teachers and members of the community, and the institutional documents (ID)1 that the school has (Gutiérrez and Rodríguez, 2015, p. 15). We found that the families of the school community belong to the socioeconomic classification of Stratum 1 and 2,2 wherein the parents have a non-stable job. As a consequence, several parents are in the informal sector and there is a medium level of unemployment.

			Regarding family monthly income, this was estimated to be around the equivalent of the current legal minimum wage (616,000 Colombian Pesos for the year 2014)3 or in some cases even less. Furthermore, in the community, there is evidence of problematic situations related to the sale and consumption of illegal substances, safety issues, domestic violence, forced displacement, poor waste management, gang violence, teen pregnancy, school dropouts, and prostitution (Gutiérrez and Rodríguez, 2015, p. 17). However, at the same time it is also important to highlight that in this community there are young people with a strong commitment to studying, a spirit of solidarity with their families, and hope and aspirations for their future.

			The school had established agreements with public and private institutions to promote formative processes with the students in different social spaces such as cultural houses, football schools, health institutions, among others. Regarding the academic field, the mathematics curriculum is divided into four terms for the school year. In this curriculum, we find Ministry of Education (MEN) guidelines about competence with respect to the different components of mathematics. These guidelines are framed around specific topic areas. The common strategy is to evaluate through achievements and indicators, using workshops, guides, tests, and other activities that are undertaken in the mathematics class (Gutiérrez and Rodríguez, 2015, p. 16).

			The above situation, where students expressed their concerns about the credit system, caught our attention as teachers and researchers, as it created the possibility of negotiating exciting and unusual possibilities for subsequent lessons. In addition, one of us was taking a Ministry of Education course about the economic formalisation of education.

			Without hesitation, this became the starting point for the construction of our landscape of investigation “Let’s Go Shopping”, where consumer lending was the aspect to be modelled mathematically.4 We focussed on the perspective of critical mathematics education by considering some political and social aspects, and we followed the approach of such authors as Skovsmose (1990, 2012), Valero (2006), Blomhøj (2009), among others.

			On the research side, our first step was to consider the backgrounds, intentions, and foregrounds of our students, taking into account what happened in the classroom as a result of the discussion of the money loan. Due to this, we moved on to study consumer loans that their families had, especially the one that is linked to the public utility service of electricity supply. We projected a landscape of investigation that allowed us to identify the challenges and possibilities of mathematical modelling in the form of citizenship education through the analysis of student discussions.

			Our intention was to establish a learning milieu of mathematical modelling, which creates the possibility of producing discussions about the students’ life-worlds, as stated by Barbosa (2006, 2007) and Lerman (2001). A process of negotiation with the students led us to create nine scenes that constitute the landscape of investigation entitled “Let’s Go Shopping”.

			
Scene 1: Tell Me What You Need, and I Will Tell You How to Get It!

			The mathematics class started to move towards a different approach from that which was customary. The students were invited to leave their traditional classroom and move to an auditorium to watch a video and to talk about it. The smiles on their faces reflected that they enjoyed what was happening—something that was not common in their previous mathematics lessons. With this in mind, we started the proposal.

			The dialogue between the students and us as teachers encouraged the possibility of establishing participation agreements inside and outside of the classroom. We hoped that the blog “Modelling Your Finances”5 could promote a place for interactions different from that which was common in the regular classroom, and that it would also foster written discussions.

			Our students inhabit a world that is highly visual, so for this activity they watched a short video called “Let’s Go Shopping” that had been collated by us. In this video, a young 17-year-old girl explores the possibility of opening a savings account. At the end of the video, there is a series of short fragments of advertisements that show people’s reactions on acquiring a new product, and several invitations from the financial market relating to consumer lending.

			The video caught the attention of all the students, eliciting reactions and comments from them. For example, Jeisson6 mentioned that “the video invites us to the culture of consumption and the benefits that they offer us for it” while another student, Marlon, expresses that “in December there is joy and in February we are doomed”7 (Gutiérrez and Rodríguez, 2015, p. 54). The previous statements indicate that some students and their families constitute part of a community that actively makes considerable use of consumer lending.

			After watching the video, hoping that we could adapt that situation to a classroom activity, the students were organised into groups of four, and they distributed between them the roles of an imagined family from their neighbourhood.

			However, during this activity, some students decided to assume the roles of families in socio-economic conditions higher than the ones they came from. As a result, some of the roles selected did not correspond to those in their own neighbourhood. Only three out of the ten groups undertook a reflection based on the economic capacity of their own parents and how they managed to cover their basic needs This information is relevant to what will come in the next scene. Some students who used their own family contexts decided to use the internet on their mobile phones as a way of working with real data. This brought about strong observations to share with the whole classroom, as expressed by Dory, who worked with Jeisson:

			There is not going to be much money left from our parents’ salary because they will only be working to pay for our clothes, food, and all that. Our parents should earn a little bit more than the minimum wage, in my opinion (Rodríguez and Moreno, 2015, p. 62, our translation).

			Internet access became a tool for the students; it made other sources of information that could help them during the activities accessible. In this case, they discovered the salary that their parents earned, which was previously unknown to them. Thus, some mediation between the contributions of the teachers and the considerations of the students with respect to the knowledge involved in the investigations has taken place. This brings about an insight that goes way beyond mathematics and connects their schooling to their own socio-cultural environment.

			The students became involved in an exercise of trust and autonomy by choosing the situations that allowed them to broaden their ideas about their socio-economic contexts. Nonetheless, at this point we realised that neither we nor our students had sufficient experience in creating and executing an educational approach like this one.

			
Scene 2: Going Shopping Is Amazing!

			Once again, the class started with a lot of chatter, which is normal when students are asked to move to another room. This time, the students were asked to go to the computer room because of the opportunities that this space offered for accessing information on the internet.

			Our intention for this stage was to provide the students with the opportunity to question themselves about: (a) the items that they wish to buy (branded clothes, the latest model car, a mansion, a private jet, and other luxury things); (b) the reason why all these items are only dreams (high cost of acquisition); and (c) the payment method that they would use to get them (bank loans or credit cards). With the purpose of having a record of their discussions and reflections, we asked them to access the blog and answer some questions in groups. To answer the questions, the students needed to use their own experiences with their families, like in Scene 1. Analysing the situation, they concluded that it was very unlikely that they would ever be able to afford these luxurious items using cash, so they would need to use consumer lending in order to buy them.

			When we talked with the students, we recognised the lack of knowledge about consumer lending that they had, and we allowed them to spend some time finding out about the topic. To ensure that all students had a similar experience, we asked them to do a PowerPoint presentation of approximately five minutes. Here, they could present all the relevant information about the selected payment method, and also explain the reason why that method was chosen.

			During this time, both students and staff noticed an evident change in the mathematics class. The scene generated an inflection point that challenged the usual routine of consistency on the teacher’s explanations and then solving some exercises. This is one consequence not only of the change of spaces, but also of having access to the internet as a pedagogical tool.

			Scene 3: Selecting!

			For this scene, we were located in the school audio-visual resources room. This is the place where the students were asked to prepare their presentations of the information they researched in Scene 2. Students found four types of commonly used consumer lending. Among them was one linked to the payment of the electricity bill.8 This is the payment on which the whole landscape of investigation was focussed, and we sensed an uncomfortable atmosphere in the classroom that day. The positive and joyful environment that we had seen in the first two scenes seemed to be fading away. The students seemed distracted and not focussed on the objective that we were proposing.

			Time kept running out, and the class quickly ended, but it left us researchers thinking about what we were doing. We imagined that we had presented a routine-like exercise of gathering information from the internet. If we look closely at what did happen, the silence that was experienced when the students were asked to come up with questions could have been because each student was only interested in what they were doing in their own group. We can see some evidence of that in the following discussion:

			
Julian: Well, the documents required for this loan can be identified here [pointing to the image projected in the video beam]. If the person receives a salary, a pension, or is an independent worker, they need to have: an enlarged copy of the ID, a certificate of incomes and deductions, a work certificate, a copy of the last salary payment slip, a copy of the income tax certificate from the previous year, a certificate from the chamber of commerce dated not less than 30 days before, a copy of bank statements for their savings or checking account over the last few months, financial statements—those are some of the requirements to get a loan.

			
Teacher: OK, do you have any questions about any of the terminology that is being used there, any of the conditions they have talked about… [Silence]. Nothing? Is everything clear? Is everything understood? [Silence]

			
Steven: Questions, whoever…. [Students laugh]

			(Gutiérrez and Rodríguez, 2015, p. 67, our translation)

			Based on what was said before, we needed to reflect on what was taking place. At this point, we felt the pressure of not knowing whether we were actually achieving the aim of creating a different type of mathematics education. Some questions emerged, such as: what was the purpose of the presentations done by the students? Why did we ask the majority of the students to develop a similar activity? Maybe we did in order to ease the monitoring of the activity? Or maybe our experience as teachers called us to go back to our comfort zones? At this moment, the tension rose because we did not know if the students would be able to display their real interests in front of the class. After all, from the outset the targeted objectives had been proposed by us instead of them.

			Then we remembered that idiomatic expression, “the darkest hour is just before dawn”. Our doubts can also be sources of clarity in the opportunity to reflect on our decisions and actions; they show us a way to advance in our work towards a learning milieu of type 6, as is proposed by Skovsmose (2012) (bear in mind that learning milieu of type 6 is characterised by reference to real-life situations). This caused us to face a great challenge: to allow the students to move beyond explicit instructions and beyond their constant need for the approval of the teachers. On the contrary, the objective of the landscape was to guide the students to work in a cooperative process of constant negotiation, and in that way, to construct an ideal landscape.

			By rethinking our purposes, we recognised, as Skovsmose (2012) proposes, that during the exploration of a landscape of investigation it is possible to move between different learning milieus. The idea is that it is not advisable to remain in one particular milieu, or to continue in one that does not contribute to the intentions of the researchers or the students.

			Scene 4: Choosing!

			A new lesson started, and with it the opportunity to start again with the objective of changing the style of lesson. This new space gave us an opportunity to build, along with our students, a tool that was meaningful and allowed them to interpret and transform their lives and their social contexts.

			Following that plan, students were instructed to enter the blog and the forum entitled “Finally, What Payment Method Have You Decided to Use for Your Shopping?” In this forum, the students participated by expressing their decisions based on the presentations and their research. They also needed to clarify whether they had changed their mind about the payment method since the beginning of the activity. Here is an extract of what one of the students wrote: “we decided to use the Codensa card,9 because it gives us many benefits, and now we can do cash loans. This is easier to obtain and manage” (Gutiérrez and Rodríguez, 2015, p. 71).

			Thus, each action and decision developed by the students was recorded both in the blog and in the work folder, allowing them to identify the importance of knowing the process of applying for a loan, including the way in which the amount granted by a financial institution is defined. This last aspect became the generator of the guidelines that shape Scene 5.

			It is important to recognise that even the most difficult moments can provide opportunities for growth. Our experience made us realise that the presentations did not emerge from a personal need felt by our students. Nevertheless, the presentations gave them access to much information, and this information changed some of the decisions that the groups had originally made.

			
Scene 5: What Do I Need?

			In the continuous search to know and understand the process of applying for a consumer loan, the students filled in the forms required for this application. Consequently, they started to recognise the relationship between the income of the person requesting the consumer loan and the amount of money that this person might be given. We can see evidence of that in the following remark by Julian:

			Here! This is when we did it wrong because we put the salary of Stiven and his income that is 100,000 COP (Colombian Pesos) per week. If we are going to request the loan in Codensa, they said that they can give you up to four times your income. The top amount that they will loan him is 2,000,000 COP. That means that he wouldn’t be able to afford anything10 (Gutiérrez and Rodríguez, 2015, p. 77, our translation).

			The students’ way of working started to please us as, without needing too much guidance, they managed to establish for themselves a cause-effect relationship between the variables of the mathematical model applied for the approval of consumer lending (Barbosa, 2006).

			At this point, the tensions that we faced in the construction of the landscape of investigation eased slightly, and we were able to view the negotiation with the students with optimism. Following this thought, we could create the possibility of fostering a learning milieu in which mathematics became a tool that allowed them to understand the decisions that are taken in society and in certain situations.

			As the students continued exploring the topic, they started to reflect on what happened in their own families, and related it to the work they had been developing in class.

			Days like this allowed us as researchers to open up a space for reflection, a space in which we found evidence of the students’ progress towards autonomy. They oriented their interests by rooting them within their own concerns, and not within what the teachers gave them. This progress increased our confidence, and made us believe that it would be easier to advance.

			Scene 6: And My Family? Are They Going to Be Indebted?

			When students embarked on an examination of how their families did their shopping, the dull walls of the classroom—that seem to be designed to exclude or protect the students from the dynamics of the social world of adults (though eventually, they are going to face that world)—opened up for them. They came to recognise what happens outside the walls of the classroom and inside the walls of their homes, with respect to financial difficulties.

			This recognition becomes very important because it brings back into the classroom information that comes from real-life contexts. It is modelled through mathematics, just as we saw in the forum blog in the intervention that Allison did: which are the payment means related to consumer lending that your family is currently using?
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