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Lemma I. - If a function z is algebraic of degree m in X Xa,....... ,Xn, and we replace
X1,X2,......,Xn DY holomorphic functions in t which cancel when the

t = o, the function z is expandable into a convergent series in a certain range and ordered
according to increasing powers of f, pbeing an integer such that

P=m.

Indeed, let's take the equation
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9
The S's are therefore defined in terms of x by m equations whose

second member is zero and the first members are holomorphic
functions in Sy, So,.vvevveerevinnne Sum s X1,X2,. ...... Xn Which cancel when

Thus, by virtue of the theorem of Mr. Briot and Mr. Bouquet, S will be
holomorphic in x;,X2, ....,X, if the functional determinant of B with respect t0 §
does not cancel when

Sy Ny = Op=Tp=dy=.,.=Tp=0,

It is therefore necessary to calculate the functional determinant of B with

respect 1 S for this system of values, and to do this, always for the same
values of the variables, the partial derivatives

dl,
P S M=t
av,
TSp "
Indeed, if we put y(z) in fact
7y rg=...= 'p= 0,

¥(z) becomes

Pag 3 A= Dy S L

In the same way, when the x's are cancelling', we have.
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e Ny gzl s A = Ag= 0.

Let's replace in this equation

Ly, L. R )

by certain functions

Gitt), Sall)y weey Sabl)

holomorphic in t and cancelling with this variable. The A's will become
holomorphic functions in t and will cancel for t=o, since they cancel for

SRR Ty = L =T 0

The function z thus becomes a function of t with m values. When ¢ is varied in such
a way that the point which represents its imaginary value on a plane describes a
contour around the point t=0, there will be p of these m values which will permute
circularly like the p values of t"P . It is obvious that, if we give z one of these p
values as an initial value and make it describe to t a path such that t'? returns to its
primitive value, z will also return to its initial value. Moreover, z retains a finite
value when the modulus of t is less than a given limit, and, being a function

continuous of t, is also a continuous function of t'/?.
So z is holomorphic in t?, and it is obvious that p < or
. m

C.Q.F.D ( That which was to be demonstrated)

In the following two lemmas, we will consider a function z of n variables defined

vk Ly vy Al by an equation
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symmetrical with respect to z;

and a z. (zi-zx) changes sign when we change in z; to z and Z, in z; . Therefore it
cancels out when zi=z . So the B's are holomorphic in

X1:Xoges4: X I Z15Zossevess ,Zm and symmetrical with respect to the latter m variables.
Let's put
S ) v S B

These m new variables will change ( cancel) over time. The new variables will change at the
same time as the z's.

Moreover, it is known that any z-symmetric integer polynomial of degree p is an
integer polynomial in

And in
Sie S e By Sl

vy Sgpye S1p S

So the B's will be holomorphic functions in S1,S2, Sm,.... x1,x2,... ,.xn.
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Theorem of Mr. Briot and Mr. Bouquet.
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O being a function of Si, Sy, ..., Smp Which cancels out with these variables, and
it is this that we need to calculate. As o, is a constant independent of z, it will
suffice to calculate its value by giving z any value, for example the roots of the
equation

M — P=t— == 0.

All Sy, are zero, and Sp.p+1 =m-p+1.So it gives

Ty=a,(m—p—+).

However, we have

oo fp(6)
- oy g

v,
4 fie)

2R Tr=%m

This integral is taken along a circle of sufficiently large radius. Indeed, the residue
of the function under the sign [ with respect to the root v=z; which is

The sum of the residues of this function is therefore the sum of these quantities,
i

’

that is.
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Briot and Bouquet have shown that if p functions z,, z,....... 2,. of n variables X, x>
..... X, are defined by p equations whose second member is zero and whose first
members are p holomorphic functions in

= z c S D O e
5 — G2 e T = By — 2 T2 — s ooy Ty — 7,

( the o and the B and are constants), if the equations are satified

Il

w
'

IR e TS - P I e e

"

if for the same system of values the functional determinant of the first members of
the p equations with respect to the p z-functions is not zero, the p z-functions thus
defined are holomorphic in

In the following I will make frequent use of this theorem, and in particular I
will use it to prove the following lemmas.

Definition. - We say that a function z of n variablqs X13X2s 0000 , X, 18 algebraic of

x, il B — Zaes ooy &

n Dou

degree m in when it

satisfied as an equation of the form:

Anityennnns ,A1, Ao where are ordered series according to increasing powers of X;-ot; , X2-02 , ...... :
Xn-0ln , Which remain convergent when the modules of xi-o, X2-0a,....... ,Xn-Oh , remain smaller, that
only certain quantities are given and that cancel each other out when x;=a;, Xo=0,...... Xn=0lp.

In what follows, we will assume that

b AR ) '.-tz,,fi'i:‘f).
We can still do it, because if we didn't, we would be doing
By Py Sy Ti=)a-2h o s Lp=— Yutdte 3= 314 1‘3,

and with these new variables we would be reduced to the case where they are zero.
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The first term is homogeneous and of degree m - p+1 with respect to z, the

second homogeneous and of degree m-p+2, etc.

Thus, if we now express the Bs in terms of the Ss, the first term of B, in the
expansion (3) will yield a term in Sy p+1, and terms formed by the product of two or
more of the Skssuch that k< m-p+1

The following terms in expansion (3) will not give any more for the same
reasons.

So Bp developed according to S, will not contain a term in Sx.So

i 1 P
dSy

Therefore, the functional determinant of Bs with respect to Ss is reduced to the
product of

To show that the determinant is not zero, it is sufficient to show that none of these
partial derivatives cancel out.

di,
Sy
To calculate , let us refer to the development (3) and look
for where, in the development of B, as a function in terms of S can comefrom
Sm-p+1 .- It can only come from the first term of the expansion (3), which we will
call T}, for short because the terms of (3) are homogeneous with respect to z and
of degree greater than m-p+1 .

It is therefore sufficient to deal with the terms from T}; we have
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whose first member (z) i$ a series

Ao+Az+A, 22+

ordered by increasing powers of z and whose coefficients Ag,A; . ...
are holomorphic functions in X;,X2, ... ., Xa.

It will be assumed that when we do in the A

=0,

X1=Xo=...

we have

An =A1 =A2 :.....:Am.l =0

Lemma II. There are m functions z which satisfy the previous definition and
which tend to zero when Xy, Xa,...., X, tend to zero.

Indeed, let yo(z) be what y(z) , and when we do it

If we represent the real and imaginary parts of z by the coordinates of a point in a
plane, we can always draw a circle C' in this plane with the point z =o as its centre,
and whose radius R is small enough so that y(z) does not cancel inside this circle,
except for z = o. This being the case, it is obvious that, if we take the integral

along any circle C1, concentric to Cet of radius R1 <R, this integral will be equal to
2i mm.
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" fi(3)
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It is clear that the

is equivalent to system (i).

The B's are symmetrical with respect to a . ax . Moreover, they are
integer functions with respect to these variables. Indeed, the denominators f1 (z1 )

contain only factors of the form and” ~ ** contain these factors only to the first
power. Thus B will be equal to the quotients of holomorphic functions in by

S35y Sees Ssliiy s ons vk

" the product of all factors such that ~
I will have shown that the B's themselves are holomorphic functions in

SH308) es e iy gy weny O

" if I show that by multiplying them by and * ~ ** doing
“* they are cancelled out. Now this is obvious, because, since the B's are
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Now let yi(z) be what happens to y(z) when we give X1,xa, ---, X, certain
determinate values different from zero. We can always take the moduli of these

determinate values to be small enough so that :
1. Wi(z) differs as little as desired from ¥y (z);

2. ¥’i(2) differs as little as desired from ¥’ (z);

3. 219 giffers as little as desired from %2
@1(2) ®o(2)

3 P'1(2) . . Plo(2)
Finally for [ o dz taken along the circle C also differs from any amount of fm taken

along the same circle,that is to say, since this integral is always equal to 2in multiplied by an integer, so
that it is equal to 2imm.

So we can always take the moduli of X;,X2,...,Xa to be small enough that @o(z)
cancels m times in the interior of the circle C;, however small the radius of this
circle may be.

Therefore there are m functions zi, z, ..., Zm Of X1,X2,...,X» Which cancel the
function @o(z) and which tend to zero when X1,X2,...Xa tend to zero.

C.Q.F.D. ( That which was to be demonstrated)

Lemma. -The m functions z;, zy,.....,zn, are algebroids of degree m in
X1,X250 0000 5Xn +

Indeed, the m functions z,,2,...., .z, are defined by the m equations

wlzy) =0, 2(3y) =0, “(2pm)=o.

1 will first replace system (i) with another equivalent system. For this purpose, I will

pose
S(o) =(C=3 (¢ —=33)...0¢ =3y ),
ll
_fx" - ['fv
arf
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This integral can still, in general, be represented by an ordered series according to
the increasing powers of the variables.

In conclusion, in Volume XVI (p.572), investigates how one should deal with
the problem when the particular integral being studied is subject to other, given
functions of other variables.

In the most general case, the problem we are dealing with has been completely
solved by Cauchy.

It has since been taken up by two geometrists. In an inagural Thesis, inserted in
Volume 80 of the Journal de Crelle p.1 and following, Mrs. Kowalewski
demonstrated again theorems already found by Cauchy; finally Mr. Darboux
inserted a new demonstration in Volume LXXX of the Auditors reports of
sessions of the Academy of Sciences,

(p.101). However, there are still cases where Cauchy's theorem cannot be applied
and where the integral of either an ordinary differential equation or a partial
differential equation cannot be represented by a convergent series ordered by
increasing powers of the variables.

For ordinary differential equations, these exceptional cases have been studied by
Mr. Briot and Mrs. Bouquet in a Memoir entitled Memoir on the functions defined
by differential equations and inserted in the Volume XXXVI of the Journal of
L’Ecole Polytechnique.

My aim, in this work, is to study in the same way for the partial differential
equations of the first order, for the exceptional cases where Cauchy's theorem (
Complex Function Theory) does not apply anymore.

These cases are of two kinds: either the dilution arises, not from the form of the
proposed equation itself, but from the way in which the particular integral under
study is defined; or it arises from the form of the proposed equation. Hence the
natural division of this work into two parts, the first of which is intended to elude
exceptions of the first kind and will lead' us to recognize that' the implicit expression
of the integral can be obtained by setting certain functions of the variables of the
integral and its first-order derivatives to zero, and that these functions can be
represented by series ordered according to the increasing powers of these quantities.
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In the second part, the second kind of singularities are studied; but I have only been
able to arrive at results when certain coefficients satisfy certain sign conditions,
andI have been obliged to leave aside the cases where these conditions are not
satisfied.

Before tackling the problem which is the main object of this Memoir, I have
studied, in preliminary lemmas, some general properties of functions, and, in
particular, to research and understand what happens when one can no longer apply
the theorems of Mr. Briot and Mr. Bouquet, relating to functions defined by
equations whose second member is zero, and whosefirst member is an ordered
series following the increasing powers of the variables and functions sought.

Preliminary Lemmas

We know that a function z of n variables x,, Xa,........ , Xp, (or rather an element

or this to happen, the function) is said to be holomorphic at x -, , X2-02
,---Xn=0 , When we can represent it in a certain degree by a convergent
series ordered according to the increasing powers of X;-0; , X>- 02 , ...... , Xp-
i O 05 sy L0, being given constants.

For that it is necessary , it must and it is sufficient that the function z remain
finite, continuous and monotonic , when the modules of x;-a , X2 -0, ..
X0y 501 , 02,.....,0 , are more small than certain amounts of data.

—
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ON THE PROPERTIES OF FUNCTIONS
DEFINED BY
PARTIAL DIFFERENTIAL EQUATIONS

INTRODUCTION

The problem of the integration of partial difference equations was tackled by
geometers as early as the last century; but it was not until the beginning of this
century that Cauchy and Jacobi succeeded in completely reducing the integration
of first order partial difference equations to that of ordinary differential equations

However, the question was not exhausted and this last problem, the integration of
ordinary differential equations, was far from being solved. The very existence of
the integral had not been demonstrated in a rigorous manner.

Cauchy tackles this new problem, and, in Volume XIV of the written meeting of
the Academy of Sciences, p. 1020-1023, he imagines and demonstrates that
ordinary differential equations admit an integral; he defines this integral
completely, or rather an element of this integral, by showing that it can be
represented in general by a series ordered according to the increasing powers of the
variable and convergent within certain limits.

This is a complete integration, but it does not tell us the value of the function we are
looking for when we give this variable any value.

This is the case only when the modulus of this variable remains smaller than a
given quantity.

In Volume XV of the written meeting of the Academy of Sciences, he applies the
procedures of the calculus of limits of order (p. 44-58), then to any system of partial
equations of difference of order (p.85-101). He investigates which integral of these
equations is subject to reduction when one of the variables cancels,to certain given
functions of the other independent variables, and he shows that
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