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Introduction


In recent years people seem to have gravitated toward cute things said about important subjects. It is no secret that most of them avoid mathematics, largely because school teachers sadly have rarely done much to motivate a love of the subject matter. Moreover, in more recent years secondary school teachers have been inclined to “teach to the test,” since their professional teaching evaluation is based on their students’ performance on various standardized tests. This trend seems to have usurped time that teachers could have used to enrich their instruction and thereby motivate students to enjoy mathematics. For years the author has developed books intended to enchant readers with mathematical topics that mostly either have gone unnoticed or have not been presented at all. What has not been developed until now is a book that provides easily understandable, easily presentable, and easily replicated tricks within the realm of mathematics that one can perform to show another interesting dimension of the subject. All that this text requires is the ability to do arithmetic, understand the very basics of algebra and geometry, and have an open mind for probability. Nothing presented in this book exceeds the first few years of high school mathematics.


The author’s hope is that the many mathematical tricks presented here will be easily understood and replicated, so that the reader can be awed and then impress friends and colleagues with the amazing wonders that mathematics holds. Until now many of these tricks have unfortunately been well-kept secrets. With that in mind, this text presents interesting ways that the reader can use these as a personal “bag of tricks” that could make good dinner talk, or even bring some levity to professional meetings. Perhaps the most important part of these “tricks” is presentation, since most people shy away from mathematics. Consequently, we explain not only what each “trick” is and why it is, but also how best to present it to a non–mathematics-oriented audience. Naturally, much rests on the style of presentation. Therefore, the trickster should spend some time contemplating how and when to best present the tricks most appropriate for a particular audience—this could be a large group or merely one individual.


This book should attract readers of all ages. The key here is to have fun with mathematics and, as a byproduct, perhaps motivate readers to delve further into the subject matter, which could support further investigation. The underlying intention of presenting these mathematics tricks is to enable audiences to recognize and appreciate the power and beauty of mathematics.
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Arithmetic Tricks


When we begin our education in elementary school, our first experience of mathematics is through arithmetic. We learn arithmetic as an automatic mechanical procedure, which in recent years has been heavily supported by an electronic calculator—either as a separate tool or as a smartphone app. Clearly arithmetic is the basis for our work with numbers. However, through learning the basics of arithmetic, especially when teachers fixate on making all students proficient in the four basic operations, much potential insight into our work with numbers is lost. But it is exactly here, in doing arithmetic, that one can find enjoyment and enlightenment in working with numbers. In this chapter, we showcase lots of shortcuts and insights into arithmetic processes, some of which will be most entertaining and ones by which a trickster can certainly impress his or her audience with marvels all too often hidden from the general populace.


Arithmetic tricks can not only be entertaining, but also can be quite useful. Before we embark on the entertaining aspects, we will show some useful tricks that help with arithmetic calculation but could also be somewhat intriguing. Some of these might even be more efficient than using a calculator. However, with a bit of practice with each one, you could firm up the procedure for ready reference when needed.


We know that multiplying by 10 in the base 10 system requires merely placing a zero at the end of the mutiplicand; and, of course, multiplying by 100 requires that we add two zeros. Taking this one step further, when we multiply by 5, we could multiply by 10 and then divide the resulting number by 2. Or in some cases it might be easier to first divide by 2 and then multiply by 10. This is rather simple and usually taught in elementary school. We can take this a step further by considering some methods to multiply numbers by divisors of powers of 10. This is where a trickster can begin to impress the audience.



THE TRICK OF MULTIPLICATION BY DIVISORS  OF POWERS OF 10


Multiplying by factors (or divisors) of powers of 10 is more involved than merely multiplying by powers of 10. In many cases, however, it can also be done mentally. Let’s begin by considering multiplication by 25 (a factor of 100).  Perhaps we should begin with an example. Let’s consider 16×25. Since  25=1004, we can write this as 16×25=16×1004=164×100=4×100=400.  Rather simple! All we did was divide the multiplicand by four and then multiply by 100, which means adding two zeros to the number. However, more practice can be helpful, so here are some additional examples:


38×25 can be written this as 38×1004=384×100=192×100=9.5×100=950.


1.7×25 can be written this as 1710×1004=174×10010=4.25×10=42.5.


(In the previous example, we converted as follows: 
174=164+14=4+0.25=4.25.)


Some of these tricks are more entertaining than useful. But they do give interesting insights into why we learned various arithmetic procedures in school.


Analogously, we can multiply by 125, since 125=10008. Here are some examples of multiplication by 125—mentally!


32×125=32×10008=328×1000=4×1000=400078×125=78×10008×788×1000=394×1000=9.75×1000=97503.4×125=3.4×10008=3.48×1000=1.74=1000=0.425×1000=425


When multiplying by 50, you can use 50=1002, or when multiplying by 20, you can use 20=1005. Practice with these special numbers will clearly be helpful to the audience, since many calculations can be done faster this way than on your calculator!



A TRICK TO SQUARE A MULTIPLE OF 5


You might want to challenge your audience to square 85 mentally. The initial reaction is usually “Are you kidding?” Well, here we show you a way you can perform this trick rather easily. Let’s consider a general case of a two-digit number (10a+5), which is a multiple of 5. When we square this number, we get (10a+5)2=100a2+100a+25=a(a+1)(100)+25. This tells us to take the tens digit, multiply it by the tens digit +1, and add 25. We can do this with the following example, where we find the value of 852. Following this technique, we multiply the tens digit, which is 8, by 8+1=9 and then multiply that by 100 and add 25: 852=(8)(9)(100)+25=7225. With a little practice this can go quite quickly, and the trickster will have shown another useful technique.


A TRICK FOR MULTIPLYING BY 11


Here is a trick that will truly give the trickster a great reputation. Multiplying by 11 mentally can be significantly simpler than using a calculator, yet this trick is hardly ever presented in school. What a shame! The process is as fast as you can write the number down. For example, suppose you would like to multiply 23×11. All you need to do is add the digits, 2+3=5, and place that 5 between the two digits in 23 to get 253. What could be easier! We can state this trick as follows:



To multiply a two-digit number by 11, just add the two digits and place this sum between the two digits.




Just for practice, let’s try using this technique when we want to multiply 45 by 11. According to the rule, we add 4 and 5 and place the result between the 4 and 5 to get 495. This trick can get a bit more difficult when the sum of the two digits you need to add results in a two-digit number. What do we do then? We no longer have a single digit to place between the two original digits. So, if the sum of the two digits is greater than 9, we then place the units digit of that sum between the two digits of the number being multiplied by 11 and “carry” the tens digit to be added to the hundreds digit of the multiplicand. Let’s try it with 78×11. We find that the sum of the two digits is 7+8=15.Therefore, we place the 5 between the 7 and 8, and add the 1 to the 7, to get [ 7+1 ][ 5 ][ 8 ] or 858.


You may legitimately ask whether the rule also holds when 11 is multiplied by a number of more than two digits. Let’s try a larger number such as 12,345 and use our trick to multiply it by 11.


Here we begin at the right-side digit and add every pair of digits going from right to left.


1[1+2][2+3][3+4][4+5]5=135,795

Suppose we now combine the skills we have garnered through this trick of multiplying by 11 by applying it to a number that requires the more complicated version, where the sum of adjacent digits exceeds 9. Remember, if the sum of two digits is greater than 9, we place the units digit of this two-digit sum in the middle and carry the tens digit to the next place. To enable the trickster to become an expert at this procedure, we will do one of the more complicated versions here: multiplying 56,789 by 11. This process is tedious, and perhaps uncommon, but we show it here to demonstrate the extension of this multiplication trick. Follow along as we do it step-by-step in Figure 1.1.
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Figure 1.1 





This trick for multiplying by 11 could be a highlight in a trickster’s repertoire. The audience will not only be impressed with the trickster’s cleverness, but may also appreciate knowing this shortcut.


A TRICK TO DETERMINE WHEN A NUMBER IS DIVISIBLE BY 11


The trickster can also be fortified with another novelty considering the number 11, which owes its special status to being 1 greater than the base of our number system, 10. Let’s look at the reverse of the previous arithmetic trick, that is, division by 11. The need to determine if a number is divisible by 11 can come up at the oddest times. If you have a calculator at hand, the problem is easily solved. But that is not always the case. Besides, there is a clever “rule” for testing for divisibility by 11 that is worth knowing just for its charm. Besides, it once again shows the trickster’s “cleverness”!


The rule is quite simple:



If the difference of the sums of the alternate digits is divisible by 11, then the original number is also divisible by 11.




This sounds more complicated than it is. Let us take this rule a piece at a time. The phrase “sums of the alternate digits” means that you begin at one end of the number, taking the first, third, fifth (etc.) digits and adding them. Then you add the remaining (second, fourth, etc.) digits. Subtract the two sums and inspect for divisibility by 11. If the resulting number is divisible by 11, then the original number was divisible by 11. And the reverse is also true. That is, if the number reached by subtracting the two sums is not divisible by 11, then the original number also was not divisible by 11.


This is probably best demonstrated through an example. Suppose we test 768,614 for divisibility by 11. Sums of the alternate digits are: 7+8+1=16, and 6+6+4=16. The difference of these two sums, 16−16=0, is divisible by 11. (Remember 011=0.) Therefore, we can conclude that 768,614 is divisible by 11.


Another example might help firm up your understanding of this procedure. To determine if 918,082 is divisible by 11, we need to find the sums of the alternate digits:


9+8+8=25, and 1 + 0 + 2 = 3.

Their difference is 25−3=22, which is divisible by 11, and so 918,082 is divisible by 11. Now practice with this rule so that you can demonstrate it more easily and impress your audience by stressing the power and consistency of mathematics.


In case you’re asked why this trick works, we offer a brief discussion to justify this rule. Consider the number ab,cde, whose value can be expressed as


N=104a+103b+102c+10d+e=(11−1)4a+   (11−1)3b+(11−1)2c+(11−1)d+e=[ 11M+(−1)4 ]a+[ 11M+(−1)3 ]b+[ 11M+(−1)2 ]c+    [ 11+(−1) ]d+e=11M[ a+b+c+d ]+a−b+c−d+e,

which implies that since the first part of this value of N, 11M[ a+b+c+d ],  is already a multiple of 11, the divisibility by 11 of N depends on the divisibility of the remaining part,  a−b+c−d+e=(a+c+e)−(b+d), which is actually the difference of the sums of the alternate digits. (Note: 11M refers to a multiple of 11.)



THE TRICK FOR DETERMINING WHEN A NUMBER IS DIVISIBLE BY 3 OR 9


Sometimes in everyday life there are situations where it is useful to know whether a number can be divisible by 3 or by 9, especially if the calculation can be mentally done instantly. The trickster will have a fine opportunity to impress the audience with this technique. For example, suppose you are in a restaurant and receive a check of $71.23, and you want to add a tip, but you want the amount to be split into three equal parts. Wouldn’t it be nice if there were some mental arithmetic trick for determining this? Well, here comes mathematics to the rescue. Here we provide you with a simple technique to determine if a number is divisible by 3 and (as an extra bonus) also divisible by 9.


The rule, simply stated, is:



If the sum of the digits of a number is divisible by 3 (or 9), then the original number is divisible by 3 (or 9).




As before, an example may firm up understanding of this rule. Consider 296,357. Let’s test it for divisibility by 3 (or 9). The sum of the digits is 2+9+6+3+5+7=32, which is not divisible by 3 or 9. Therefore, the original number is divisible neither by 3 nor 9.


Let’s now assume a group of three people is given a restaurant check of $71.23 and would like to give an approximately 20% tip. They decide to add $14 to the bill, which would make the total $85.23. They would like to divide the check equally among the three guests. The procedure would have them add the digits to get 8+5+2+3=18, which is divisible by 3. Therefore, the check can be equally divided amongst the three customers. If the number obtained from the sum of the digits is not easily identifiable as a multiple of 3, then continue to add the digits of that number until you reach a number that you can recognize as a multiple of 3. In this case, note that the final result, 18, is also divisible by 9, which implies that the original number was divisible by 9 as well.


Once again, the trickster might be asked why this trick works. So, we now briefly discuss how this rule works. Consider the number ab,cde, whose value can be expressed as follows (where 9M refers to a multiple of 9):


N=104a+103b+102c+10d+e=(9+1)4a+(9+1)3b+  (9+1)2c+(9+1)d+e=[ 9M+(1)4 ]a+[ 9M+(1)3 ]b+[ 9M+(1)2 ]c+[ 9+(1) ]d+e=9M[ a+b+c+d ]+a+b+c+d+e,

which implies that divisibility by 3 or 9 of the number N depends on the divisibility of a+b+c+d+e, which is the sum of the digits.


Another example: Is 457,875 divisible by 3 or 9? The sum of the digits is 4+5+7+8+7+5=36, which is divisible by 9 (and then, of course, by 3 as well), so 457,875 is divisible by 3 and by 9.


As a last example: Is 27,987 divisible by 3 or 9? The sum of the digits is 2+7+9+8+7=33, which is divisible by 3 but not by 9. Therefore, 27,987 is divisible by 3 and not by 9.


Now that you are expert at determining if a number is divisible by 3 or 9, we can go back to our original question about the divisibility of the restaurant bill of $71.22+14.00=$85.22. Can this amount be divided into three  equal parts? Because 8+5+2+2=17, and 17 is not divisible by 3, $85.22 is not divisible by 3, so they will have to modify the tip to have everyone pay the same amount.


A TRICK TO GET THE NUMBER 9


Now that we have some facility with and appreciation for the number 9, let’s use this skill in the following trick. Begin by telling your friends that you will generate 9 from various numbers that they provide you. Ask one of them to select any number and add their age to it. Then, have them add to this result the last two digits of their telephone number and multiply the resulting number by 18. Then obtain the sum of the digits of this last number and continue to take the digit sum of each resulting number until a single digit remains. You will impress your friends by showing them that this last digit is 9.


To practice this technique, let’s try it with 39 and add our age (37) to get 76. We then add the last two digits of our telephone number (31) to get 107 and multiply this number by 18 to get 1926. The digit sum is 1+9+2+6=18,  whose digit sum in turn is 1+8=9. This works because when we multiplied by 18, we made sure that the final result would be a multiple of 9, which eventually always yields a digit sum of 9.


THE TRICK TO DETERMINE DIVISIBILITY BY PRIME  NUMBERS


In a previous section we presented a nifty little trick for determining if a number is divisible by 3 or by 9. Most adults can determine whether a number is divisible by 2 or by 5, simply by looking at the last digit (i.e., the units digit) of the number. If the last digit is an even number (such as 2, 4, 6, 8, 0), then the number will be divisible by 2. Incidentally, you can extend this simple well-known trick to determine divisibility by higher powers of 2, such as by 4, 8, 16, and so on. Once again, we look at the end of the number being inspected. If the number formed by the last two digits is divisible by 4, then the entire number itself is divisible by 4. Also, if the number formed by the last three digits is divisible by 8, then the number itself is divisible by 8. And so, to test for divisibility by 16 we would focus on the last four digits of the number, and so on for other higher powers of 2.


Analogously, we can develop a trick for determining divisibility by powers of 5. If the last digit of the number being inspected for divisibility is either a 0 or 5, then the number itself will be divisible by 5. If the number formed by the last two digits is divisible by 25, then the number itself is divisible by 25. This is analogous to the trick we used to determine divisibility by powers of 2. Have you guessed what the relationship here is between 2 and 5? Yes, they are the factors of 10, the basis of our decimal number system. Are there also tricks for divisibility by other numbers? What about prime numbers?


With the calculator there is no longer a practical need to know the numbers by which a given number is divisible. You can simply do the division on a calculator. Yet, for a better appreciation of mathematics, and to impress others with a trick of this sort, divisibility rules provide an interesting “window” into the nature of numbers and their properties. For this reason (among others), the topic of divisibility still has a place on the mathematics-learning spectrum and can entertain and, of course, impress friends with these tricks.


The most perplexing tricks have always been those to determine divisibility by prime numbers. This is especially true for divisibility by 7, which follows a series of nifty tricks for 2 through 6. By the way, to determine divisibility by 6 we simply apply the technique for divisibility by 2 and by 3—both must hold true for a number to be divisible by 6. As you will soon see, some of the divisibility tests for prime numbers are almost as cumbersome as actual division algorithms. Yet, they are fun and, believe it or not, can be used to impress others. These tricks often stir up motivation to determine why they work. So now we shall consider divisibility tricks for prime numbers.


We begin by considering how to determine if a given number is divisible by 7 and then, as we inspect the trick, how it can be generalized for other prime numbers.


The trick for divisibility by 7 is as follows:


Delete the last digit from the given number, and then subtract twice this deleted digit from the remaining number. If the result is divisible by 7, the original number is divisible by 7. This process may be repeated until the result can be determined by simple inspection for divisibility by 7.


Let’s try an example of how this rule works. Suppose we want to test 876,547 for divisibility by 7. Begin with 876,547 and delete its units digit, 7, and subtract its double, 14, from the remaining number: 87,654−14=87,640.  Since we cannot yet visually inspect the resulting number for divisibility by 7, we continue the process with the resulting number 87,640. By deleting its units digit, 0, and subtracting its double, still 0, from the remaining number we get 8764−0=8764

. This did not bring us any closer to visually being able to check for divisibility by 7; therefore, we continue the process with the resulting number 8764. By deleting its units digit, 4, and subtracting its double, 8, from the remaining number we get 876−8=868. Since we still cannot visually inspect the resulting number, 868, for divisibility by 7, we continue the process with the resulting number 868. By deleting its units digit, 8, and subtracting its double, 16, from the remaining number we get 86−16=70, which we can easily see is divisible by 7. Therefore, the original number 876,547 is also divisible by 7.


Before we continue with our discussion of divisibility of prime numbers, take a few minutes to practice this trick with a few randomly selected numbers and then check your results with a calculator.


Now for the beauty of mathematics! Why does this rather strange procedure actually work? The wonderful thing about mathematics is that it generally doesn’t do things that we cannot justify. This procedure will make complete sense to you after you see what is happening in it. By the way, some phenomena in mathematics have not yet been provided an acceptable justification (or proof), but that doesn’t mean one won’t be found in the future. It took 358 years to justify Pierre de Fermat conjecture that there are no positive integers a, b, and c, for the equation an+bn=cn for integers n>2. It was done by Dr. Andrew Wiles in 1994.


To justify the trick of determining divisibility by 7, consider the various possible terminal digits that you are “dropping” and the corresponding subtraction done by dropping the last digit. The chart (Figure 1.2) shows you how dropping the terminal digit, doubling it, and subtracting the resulting number gives us in each case a multiple of 7. That is, we have taken “bundles of 7” away from the original number. Therefore, if the remaining number is divisible by 7, then so is the original number. Because you have separated the original number into two parts, each of which is divisible by 7, the entire number must be divisible by 7.
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Figure 1.2 





The trick for divisibility by 13 is as follows: 


This is similar to the rule for testing divisibility by 7, except that the 7 is replaced by 13, and instead of subtracting twice the deleted digit, we subtract nine times the deleted digit each time.


Let’s try our trick to check 5616 for divisibility by 13. We begin by deleting its units digit, 6, and subtracting 9×6=54 from the remaining number: 561−54=507. Since we still cannot visually inspect the resulting number for divisibility by 13, we continue the process with the resulting number 507. We delete its units digit and subtract 9 times this digit (9×7=63) from the remaining number: 50−63=−13, which is divisible by 13. Therefore, the original number also is divisible by 13.


Now we might want to see how we determined the “multiplier” 9 in our trick. We sought the smallest multiple of 13 that ends in a 1. That was 91, where the tens digit is 9 times the units digit. Once again, consider the various possible terminal digits and the corresponding subtractions in Figure 1.3.
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Figure 1.3 





In each case a multiple of 13 is being subtracted one or more times from the original number. Hence, if the remaining number is divisible by 13, then the original number is divisible by 13.


The trick for divisibility by 17 is as follows:


Delete the units digit and subtract 5 times the deleted digit each time from the remaining number until you reach a number small enough to visually determine its divisibility by 17.


We justify the trick for divisibility by 17 as we did those for 7 and 13. Each step of the process requires us to subtract a “bunch of 17s” from the original number until we reduce the number to one that we can visually inspect for divisibility by 17. This time we see that the multiplier is 5, since we will be deducting multiples of 17, such as 51, 102, 153, and so on, from the original number.


The patterns developed in the preceding three divisibility tricks (for 7, 13, and 17) should enable you to produce analogous tricks for testing divisibility by larger primes. Figure 1.4 presents the “multipliers” of the deleted digits for various primes.

[image: ]

Figure 1.4 





You may want to extend this chart. It’s fun, and it will increase your perception of mathematics, while at the same time extending your bag of tricks. You may also want to extend your knowledge of divisibility rules to include composite (i.e., nonprime) numbers. Knowing why the rule given below refers to relatively prime factors and not just any factors is something that will sharpen your understanding of number properties. The reason is that relatively prime factors have independent divisibility rules, whereas other factors may not.


In case your audience is interested in your bag of divisibility tricks, you may want to be able to produce techniques for determining divisibility by composite numbers. Therefore, we offer the following trick: A given number is divisible by a composite number if it is divisible by each of its relatively prime factors.  (Two numbers are relatively prime if they have no common factors other than 1.)  Figure 1.5 offers illustrations of this rule.
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Figure 1.5 





At this juncture you have not only an extensive list of tricks for testing divisibility, but also an interesting insight into elementary number theory. Practice using these rules (to instill greater familiarity) and try to develop tricks to test divisibility by other numbers in base 10 and then generalize these tricks to numbers in other bases. Unfortunately, lack of space prevents a more detailed development here. Yet, we hope we have now whetted your appetite regarding divisibility.


A CURIOUS DIVISIBILITY TRICK


With this trick you can entertain an audience even over a dinner table. This trick enables the trickster to easily determine divisibility by numbers from 2 to 9.  Perhaps it is best demonstrated through a variety of examples. Suppose we want to determine if 96 is divisible by 8. We simply separate the digits, multiply the tens digit by 2, and add the result to the units digit. So for 96 we do the following: 9×2=18+6=24. Since 24 is divisible by 8, we can conclude that 96 is also divisible by 8. Now the question is, why did we multiply 9×2? The 2 was selected because it is the difference between 10 and 8. The 6 we added was the original units digit. To firm up this trick, let us do a few others.


This time, we determine whether 182 is divisible by 7. To do that we separate the units digit from the remainder of the number. This time, we will multiply the units digit by 3, since 10–7=3. We now do the following: 18×3=54+2=56, which is divisible by 7, and therefore, we can conclude  that 182 also is divisible by 7. The 2 we then added came from the original units digit. Just to be on the safe side, let’s consider one further example: determine if 687 is divisible by 7. Remember, our multiplier will once again be 3 (since 10 – 7=3), so our procedure is as follows: 68×3=204+7=211.  Since we cannot mentally immediately determine if 211 is divisible by 7, we simply repeat the procedure. So 21×3=63+1=64, which is not divisible by 7, and therefore 687 also is not divisible by 7. An ambitious reader may wish to use simple algebra to determine why this trick works.


SIMPLY, A CUTE TRICK


Here is a cute little trick that one can play across the dinner table, since it can be done mentally very easily. Have your audience select a number from 1 to 10 and keep it secret. Then ask them to multiply their secret number by 9. Then ask them to add the digits of the number they arrived at and subtract 5 from that number. Still without divulging any information, have them select the letter of the alphabet that corresponds with the number they arrived at (A=1, B=2, C=3, etc.). Have them select a country in Europe, whose first letter is the same as the one that they have identified. Then ask them to select an animal whose name begins with the last letter of the European country they identified. You, as the trickster, will be able to tell them that the animal that they have identified is a kangaroo. They will surely be amazed at your talent as a trickster.


Here is the reason for your hidden “talent.” When they add the digits of the number that they obtained by multiplying the original number by 9, the result will have to be a 9, as we have already discussed earlier in this chapter. Subtracting 5 from the 9 yields 4. The fourth letter of the alphabet is a D. The only country in Europe whose name begins with a D is Denmark. The only popular animal whose name begins with the last letter of the word Denmark (K) is the kangaroo. And so, you have used a few trick talents to impress your audience.



AN ENTERTAINING TRICK


This is another trick that you can use to simply entertain your audience. Tell them that you can select a six-digit number and do some manipulation to get back to the same number you started with. The number you would select is 998,001. The process will be as follows. You should make the process clear, since otherwise it will sound rather strange to the audience. So tell them that you will separate it into two parts, each of three digits, and then add these two three-digit numbers, and square the sum. The result will be the original six-digit number. After the audience has grasped this process, you can do it with your previously selected number 998,001. When we split the number in half and square it, we get: (998 + 001)2=(999)2=998,001. If your audience needs further evidence that you have “trickster talent,” you can repeat the process with 494,209, since (494 + 209)2=(703)2=494,209. Ambitious audiences might wish to select other such examples.


GUESSING THE MISSING NUMBER


Guessing a number always catches the audience’s curiosity. Begin by presenting the three numbers 1, 3, and 8 and ask the audience for a fourth number, n, such that when the product of any pair of the four numbers is added to 1, the result will be a square number. In other words, if we take the product of two of the given numbers, say, 3×8=24 and add it to 1, we get 25, which is a square number. Another possibility would be 8  ×  1 = 8, which, when added to 1, gives 9, which also is a square number. Typically, the audience starts trying to replace the number n with smaller numbers and finds that their selected numbers don’t hold this pattern for every pair from the four numbers being considered.


Here we provide the answer: n=120, since 1×120, which, when added to 1, is 112; and 3  ×  120 = 360, which, when added to 1, is 361=192; and 8×120=960, which when added to 1=961=192. Although this may take some time on the audience’s part, this could be entertaining, since the sought-after number is quite far from the other given numbers.


GUESSING THE MULTIPLIER


Certain numbers have properties that enable the trickster to impress the audience. Here is once such trick you can play on your friends to show how clever you are. Ask your audience to take any of the following numbers and multiply it by 37:


3, 6, 9, 12, 15, 18, 21, 24, 27.

After they tell you what the product is, you will be able to tell them immediately which number they used as a multiplier. The reason is that each of the potential multipliers will result in a three-digit number, whose digits all are the same. And the sum of those digits will give you the sought-after multiplier.


For example, supposing your audience multiplied 37×21=777. The sum of these digits 7+7+7=21. Let’s take another example to see if you can discover the trick. Suppose we multiply 37×15 = 555, or perhaps 37×6=222. By now you should notice that the resulting three-digit number will be the one whose digit sum is the sought-after multiplier from the given list. The impressive thing about this trick is that you will be able to provide the number as quickly as they give you the product they obtained.


THE PRODUCT OF TWO NEGATIVE NUMBERS


Sometimes a “math person” is asked to explain a common concept that is often accepted without much explanation. The mathematics trickster could well be asked to explain why the product of two negative numbers is a positive number. We know that logically, when two negative statements are made in one sentence, the result is positive. For example, the sentence “She does not take no money out of her bank account” in effect translates to mean “She does take money from her bank account.” Mathematics often asks the question, how can we demonstrate that the product of two negatives is a positive—say, algebraically. Here is a trick for doing this using the distributive property.


We begin with an equality to which 0 is added, leaving the equality intact.


(−a)(−b)=(−a)(−b)+(0)(b)

Then substituting 0=(a–a):


(−a)(−b)=(−a)(−b)+(−a+a)(b)

Applying the distributive property, we get:


(−a)(−b)=(−a)(−b)+(−a)(b)+(a)(b)

Once again, the distributive property yields:


(−a)(−b)=(−a)(−b+b)+(a)(b)

The rest should be obvious!


(−a)(−b)=(−a)(0)+(a)(b)(−a)(−b)=(a)(b)

There are many other ways to show that the product of two negatives is a positive. For example, if you don’t take apples out of a basket of apples, then you will have apples in the basket. The trickster may also decide to demonstrate this property by showing a progression of multiplications:


−3×2=−6−3×1=−3−3×0=0−3×−1=+3−3×−2=+6, and so on.

However, the previous procedure might be considered more mathematically elegant and convincing. Here we let the reader choose.


SOME SHORT TRICK QUESTIONS


Sometimes a trickster has to squeeze a trick into a very short time span and still make a big splash. We offer a few such “quickies” here.



	
Which two whole numbers when multiplied yield 197?


The answer is quite simple: 1 and 197.




	
How can you write 100 using exactly 10 digits?


The answer is

9999999999



	
The trick is to find two numbers, each of which has the sum of its digits equal to 45 and the difference of the numbers has a sum of digits also equal to 45. The answer is:

987,654,321–123,456,789=864,197,532.


	
Of the three numbers provided here, which digits can you erase so that the sum of the remaining numbers is equal to 20?


111777999

The answer is:


111777999

This will leave you with 11+9=20.







	
Find the fraction that, when reduced by 17 of itself, is equal to 18 .


The answer is 748, since 17 of it, 148, subtracted from 748 yields 18, as shown here: 748−148=648=18.




	
Create 10 using all 10 digits.


Here we create 10 by using all digits from 0 to 9.


One answer is: 13570+84692=10




	
Create 100 using all 10 digits.


Here we are asked to create 100 by using all digits from 0 to 9.


The answer is: (9×8) + 7 + 6 + 5 + 4 + 3 + 2 + 1+ 0.




	Find the number that is 11 times a sum of its digits. (It may be helpful to look back to the trick on multiplying by 11.) A clever trickster should see that the required number is 198, since 198=11×(1+9+8).





SOME PRIME DENOMINATOR SURPRISES


Recall that prime numbers have no factors other than themselves and 1. We now will consider the fractions whose denominators are prime numbers (excluding 2 and 5), and where the decimal expansion yields an even number of repeated digits. This provides the trickster with some highly unusual relationships that will surely impress the audience. We offer here a few fractions with an even number of repeated digits:


17=.142857142857142857...=.142857¯111=.090909...=.09¯113=076923076923...=.076923¯117=.0588235294117647¯




119=.052631578947368421¯123=0.0434782608695652173913¯

We will now show a most unanticipated trick move. We will treat each of these repeating periods as a new number, split its even-numbered sequence of digits into two equal parts, and then add them. The trickster can now amaze the audience with surprising results when we add the split parts of the repetitive sequence,1 as shown in Figure 1.6.

[image: ]

Figure 1.6 





The awe that this result engenders may entice the audience to find further examples—another generation of wonder. The results of these additions doubtless will truly impress your audience.


A FAVORITE DIGIT TRICK


You might try this little calculating “trick” with your friend. Write the following number on a piece of paper: 12,345,679 (notice the 8 is missing). Then have your friend multiply 9 by his favorite digit (selected from the digits 1  −9). Your friend then should multiply this product by the magic number 12,345,679, and to your friend’s amazement the product will consist of only his favorite digit.


[image: ]

Figure 1.7 





For example, consider the following three cases shown in Figure 1.7, where your friend may select 4, 2, and 5 as favorite digits.




From this you can see how to have some more fun with arithmetic.


THE 777 NUMBER TRICK


Once again, the nature of numbers enables us to create an impressive trick. Have your friend select any number between 500 and 1000 and then add 777 to this number. If the sum exceeds 999, then have your friend remove the thousands digit and add it to the units digit. Then ask to have the two numbers subtracted—that is, the sum and the number originally selected. You can then astonish your friend by determining the result is 222.


To secure an understanding of the procedure, let’s try one example. Suppose your friend selects 600. He or she then adds 777 to it to get 600+777=1377. The thousands digit, 1, is then removed and added to the units digit to get 377+1=378. Subtracting these two numbers (his original number and the one just obtained), 600–378=222.


You may wonder how this trick works. For every selected number between 500 and 1000 you will always get a 1 in the thousands place when the number is added to 777. Dropping the 1 and adding it to the units digit is tantamount to merely subtracting 999 from the number. That is, –999=–1000+1. If we now represent the selected number as n, then n–(n+777–999)=n–n–777+999=222. Remember, n represents the randomly selected number.


Suppose we had used a number other than 777 as our “magic” number, say 591. Then our friend would end up with 408 every time, regardless of which number he chose between 500 and 1000. For a “magic” number of 733, the end result will always be 266. Remember, the selected number cannot be less than 500, or else you will not get a sum in the thousands. At the same time the selected number should not be greater than 999, or you might get a 2 in the thousands place, which also would ruin this scheme.



A SLEIGHT-OF-HAND MATHEMATICS TRICK


Some tricks are somewhat independent of mathematical peculiarities. Rather, they are dependent on a clever form of “manipulation.” Here is one such mathematics trick.


Ask each person in your audience to randomly select four five-digit numbers and write them in such a way that they can be added. They should then show them to you. You will then add another set of four selected five-digit numbers. You will then compete with an audience member to add all these eight selected five-digit numbers—even if they use a calculator! It is perhaps best to see how this works to the trickster’s advantage.


Let’s try this trick with the following example:




	
Assume that the audience member selected these four five-digit numbers:


35,86213,57927,42855,073



	
Your task now, as the trickster, is to augment this list with four additional five-digit numbers:


64,13786,42072,57144,926





When we add these eight five-digit numbers, the answer will be 399,996, which you will compute much more quickly than your audience member using a calculator!


The question now arises, how did the trickster select the second group of four numbers? We selected each of our four subsequent numbers, digit by digit, so that each of the digits of the first number we selected, when added respectively to the digits of the friend’s first number, will add up to 9. Comparing the audience member’s first number (35,862) and the trickster’s first number (64,137), we notice that each of the respective pairs of digits has a sum of 9:


3+6=9, 5+4=9, 8+1=9, 6+3=9,  2+7=9.


We then select our remaining three numbers the same way. This shows that we are actually adding 99,999 four times, which is equal to 399,996.


You could also do this trick with four-digit numbers, where you will end up with 4×9999=39,996. If you choose to work with three-digit numbers your expected answer would be 3×999=3996. By now you should see the pattern, so that you can tailor the trick to suit your particular audience. In any case, the audience will be perplexed at how you were able to come up with the sum so quickly. It would not be wise to do this trick a second time unless you use initial numbers with more or fewer digits. You surely do not want to come up with the same sum a second time.


WHEN A QUOTIENT EQUALS A DIFFERENCE


We now offer the trickster the ability to challenge the audience to find two numbers whose quotient and difference are both equal to 5. Typically, the audience will immediately experiment with various integers to see which suit the challenge. Unfortunately, that would be the wrong approach. When the quotient of two numbers is 5, then their difference will be four times the smaller of the two numbers. For example, the quotient of 30÷6=5, and the difference between 30–6 =24, which is 5×6.


One possible pair of numbers that satisfies this relationship is 254 and 54. The difference of these two numbers is 5, as is their quotient.


In general, when x–y=xy=a, we have x=a2a−1 and y=aa−1.


Another pair of numbers that satisfies this relationship is 14411 and 1211. Their difference is 13211=12 and their quotient is 14411÷1211=14411⋅1112=12. Can you find other such numbers?


THE TRICK OF SHOWING THAT 5 = 4



This trick will surely have your audience guessing and also a bit uncomfortable until you expose the secret behind it. To do the trick, we are given that a+b=c. Certainly it is true that 

4a+4b–5c=4a+4b–5c.


When we add these two equations, we get the following: 5a+5b–5c=4a+4b–4c.


By factoring each side of the equation, we get: 5(a+b–c)=4(a+b–c).


When we divide both sides by the common factor (a+b–c), we get 5=4.


Pause to allow your audience to marvel over this ridiculous result. You can then expose the error, namely, that division by zero is forbidden in mathematics. Since we began with the understanding that a+b=c, it follows that (a+b–c)=0. Therefore, we divided both sides by 0, which leaves us with a ridiculous result. This justifies why division by zero is forbidden in mathematics.


HOWLERS


In our early years of schooling we learned to reduce fractions to make them more manageable.There were specific ways to do it correctly. Some tricksters seem to have come up with a shorter way to reduce some fractions. Are they correct?


Suppose you are asked to reduce the fraction 2665, and you do it in the following way:


2665=25


That is, you just cancel out the 6’s to get the right answer. Is this procedure correct? Can it be extended to other fractions? If it can, then our elementary school teachers surely treated us unfairly by making us do much more work. Let’s look at what was done here and see if it can be generalized. In his book Fallacies in Mathematics, the British mathematician E. A. Maxwell refers to the following cancellations as “howlers”:
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