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How to Use This Book


    Painless pre-algebra? Impossible, you think. Not really. Math is

easy … or at least it can be with the help of this book!


Whether you are learning pre-algebra for the first time, or you are

trying to remember what you’ve learned but have forgotten, this

book is for you. It provides a clear introduction to pre-algebra that is

both fun and instructive. Don’t be afraid. Dive in—it’s painless!


Painless Icons and Features


This book is designed with several unique features to help make

learning pre-algebra easy.


[image: images] PAINLESS TIP


You will see Painless Tips throughout the book. These include helpful tips, hints, and strategies on the surrounding topics.


[image: images] CAUTION—Major Mistake Territory!


Caution boxes will help you avoid common pitfalls or mistakes. Be sure to read them carefully.


[image: images] MATH TALK!


These boxes translate "math talk" into plain English to make it even easier to understand math.


[image: images] BRAIN TICKLERS


There are brain ticklers throughout each chapter in the book. These quizzes are designed to make sure you understand what you’ve just learned and to test your progress as you move forward in the chapter. Complete all the Brain Ticklers and check your answers. If you get any wrong, make sure to go back and review the topics associated with the questions you missed.


PAINLESS STEPS


Complex procedures are divided into a series of painless steps. These steps help you solve problems in a systematic way. Follow the steps carefully, and you’ll be able to solve most pre-algebra problems.


EXAMPLES


Most topics include examples with solutions. If you are having trouble, research shows that writing or copying the problem may help you understand it.


ILLUSTRATIONS


Painless Pre-Algebra is full of illustrations to help you better understand pre-algebra topics. You’ll find graphs, charts, and more instructive illustrations to help you along the way.


SIDEBARS


These shaded boxes contain extra information that relates to the surrounding topics. Sidebars can include detailed examples or practice tips to help keep pre-algebra interesting and painless.









Chapter 1


Exponents


Exponents


Exponents are a shorthand way of writing repeated multiplication. For example, 2 · 2 · 2 · 2 · 2 is read as 2 times 2 times 2 times 2 times 2. This multiplication problem can also be written in exponential form.


2 · 2 · 2 · 2 · 2 = 25 → 25 means the number 2 is a factor 5 times


If a number is written in exponential form, the exponent tells how many times the base is used as a factor.


[image: images]
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 Here are a few ways to say and write exponential expressions:






 	
32


 	
43


 	


a

4









	3 times 3


	4 times 4 times 4


	a times a times a times a







	Three to the


	Four to the 


	a to the







	second power


	third power


	fourth power







	3 squared


	Four cubed


	












To evaluate exponents, just remember that using exponents is just a short way of writing repeated multiplication.
 32 = 3 · 3 = 933 = 3 · 3 · 3 = 2734 = 3 · 3 · 3 · 3 = 81



 [image: images]

CAUTION—Major Mistake Territory!


 52 means 5 times 5, which equals 25.


52 does not mean 5 times 2, which equals ten.


The exponent tells you how many times to multiply the base by itself.
 

We can also use exponents with negative numbers.
 (−2)2 = (−29) (−2) = 4


(−3)2 = (−3) (−3) = 9


(−10)2 = (−10) (−10) = 100


When you square a negative number, the answer is always positive.


(−2)3 = (−2) (−2) (−2) = −8


(−3)3 = (−3) (−3) (−3) = −27


(−4)3 = (−4) (−4) (−4) = −64


When you raise a negative number to the third power, or cube it, the answer is always negative.




[image: images]

PAINLESS TIP


Rules for Exponents of Negative Numbers


A negative number raised to an even power is always a positive number.


A negative number raised to an odd power is always a negative number.


(−2)2 = (−2) (−2) = 4


(−2)3 = (−2) (−2) (−2) = −8


(−2)4 = (−2) (−2) (−2) (−2) = 16


(−2)5 = (−2) (−2) (−2) (−2) (−2) = −32


(−1)100 = 1
(−1)89 = −1







BRAIN BUSTER!




When simplifying exponents, watch out for those pesky negative signs. A common mistake is interpreting −32 as (−3)2.


−32 means the number 3 is squared and the answer is negative. 


The negative sign is like multiplying 32 by (−1).


It is the same as (−1)(3)(3) = −9.


vs.


(−3)2 means the number −3 is squared. So (−3) (−3) = 9.


Example 1:


(−2)3 = (−2) (−2) (−2) = −8vs.−23 = (−1)(2)(2)(2) = −8


Here, the number (−2) is cubed.Here, 2 is cubed, and then the answer is negative.


Example 2:


(−3)4 = (−3) (−3) (−3) (−3) = 81vs.−34 = (−1)(3)(3)(3)(3) = −81








Another important exponent rule is the zero power rule. Any number raised to the zero power equals 1. Be careful what number is being raised to the zero power.


30 = 140 = 1250 = 1(−2)0 = 1(−3)0 = 1




[image: images] BRAIN TICKLERSSet # 1


Evaluate each of the following.


1.23




2.42 


3.82 


4.103 


5.70 


6.(−3)3 


7.(−5)2 


8.(−20)0




9.−42


10.(−4)2


11.−52


12.−200




(Answers are on page 30.)
 
 Properties of Exponents






[image: images] PAINLESS TIP


Multiplying Powers with the Same Base


Exponents are a shorthand way of writing repeated multiplication. Look at the following:


22 · 22 = 2 · 2 · 2 · 2 = 24


33 · 32 = 3 · 3 · 3 · 3 · 3 = 35


When you multiply powers with the same base, keep the base and add the exponents.
 


Exciting examples:


[image: image]
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Remember what you know about exponents. Write out 64 · 62 in standard form.


64 · 62


(6 · 6 · 6 · 6) · (6 · 6)


What does 64 · 62 equal? 66


The shortcut—keep the base, add the exponents.
 
 Let’s see what happens when we divide powers with the same base.




[image: images]
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Dividing Powers with the Same Base


To divide powers with the same base, keep the base and subtract the exponents!
 
 More examples:


[image: images]


Let’s review!
  	To multiply powers with the same base, keep the base and add the exponents.
 	To divide powers with the same base, keep the base and subtract the exponents.
 
 



[image: images] MATH TALK!


When multiplying exponents with the same base, add the exponents.


When dividing exponents with the same base, subtract the exponents.


Hints to help you:


Times sign × → rotated looks like +


Division sign ÷ → has minus (−) in it
 
 To see what happens when you raise a power to a power, we are going to use what we know about writing out exponents and the order of operations.


Example 1:








	(23)4


	Inside the ­parentheses, what does 23 mean?






	(2 · 2 · 2)4


	What does an ­exponent of 4 mean?






	(2 · 2 · 2) · (2 · 2 · 2) · (2 · 2 · 2) · (2 · 2 · 2) = 212


	Write this using one exponent.









Example 2:


[image: images]
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Raising a Power to a Power


To raise a power to a power, keep the base and multiply the exponents!





Examples:








	(42)4


	(64)5


	(x 12)2







	42(4)


	64(5)


	
x12(2)







	48


	620


	
x

24














[image: images]CAUTION—Major Mistake Territory!


You have to keep in mind the difference between multiplying exponents with the same base and raising a power to a power.


23 · 25 = when you multiply, you add the exponents = 28


(23)5 = power to a power, you multiply the exponents = 215





Exponent Rules


















	Property

	Rule

	Example






	Multiply powers
with the same base

	Keep the base, add the exponents

	45 · 46 = 411







	Divide powers with the same base

	Keep the base, subtract the exponents

	[image: image]






	Raise a power to a power

	Keep the base, multiply the exponents

	(65)3 = 615












[image: images] BRAIN TICKLERSSet # 2


Multiply.


1.56 · 54


 2.710 · 75


 3.x

4 · x

11


Divide.


4.

[image: image]


 5.

[image: image]


 6.

[image: image]


Simplify.


7.(34)3



8.(45)2



9.(x

5)3


Multiply. Write the product as one power.


 10.105 · 105



11.

m

4 · m−2



12.15 · 153


Divide. Write the quotient as one power.


13.

[image: image]



14.[image: image]



15.

[image: image]



(Answers are on page 30.)


   


Negative Exponents


We just looked at properties of exponents. Remember, an exponent of a number tells you how many times the base is multiplied by itself. So 43 = 4 · 4 · 4. But what about something such as


4−3


What happens if the exponent is negative?


Let’s look for a pattern in the table, using what we already know about exponents.


[image: image]


When the exponent is positive, that tells us how many times to multiply the number by itself. So when the exponent is negative, that tells us how many times to divide by the number.


Example:


5−1 = 1 ÷ 5 = [image: image]
5−2 = 1 ÷ (5 ÷ 5) = [image: image]


5−

3 = 1 ÷ (5 ÷ 5 ÷ 5) = [image: image]
   
 




Another way to think about it is a-n

 = [image: image]





When any number, except 0, has a negative exponent, take the reciprocal of the number with its opposite exponent.






[image: images] MATH TALK!


The reciprocal of a number is 1 divided by that number.


The reciprocal of 5 is [image: image].





Let’s look at a few more.


















	Negative exponent

	Reciprocal with positive exponent

	Answer






	4−2


	[image: image]

	[image: image]






	10−3


	[image: image]

	[image: image]






	2−4


	[image: image]

	[image: image]






	(−2)−3


	[image: image]

	[image: image]









Write each expression using a positive exponent.




	2−4 = [image: image]



	
x−3 = [image: image]



	7−6 = [image: image]










[image: images]

CAUTION—Major Mistake Territory!



When dealing with negative exponents, remember to write the reciprocal of the number and then change the sign of the exponent. If the original number is negative, that number stays negative when you take the reciprocal. Evaluate last.


[image: image]




Write each fraction using an exponent other than −1.


[image: image]






[image: images]

CAUTION—Major Mistake Territory!




When given a problem such as [image: image] and asked to rewrite it using an exponent other than −1, you cannot use 81−

1. You have to think of a number that is raised to a power to get the number you are looking for. So [image: image] = 9−2.







[image: images] BRAIN TICKLERSSet # 3


Now you try! Write using a positive exponent and then evaluate.


1.8−2


2.(−5)−2



3.−52



4.w−12


5.3−4



6.10−2



7.(−4)−2



8.4a

−3


 (Answers are on page 30.)





Operations with Negative Exponents


Use your laws of exponents and your rule for negative exponents to try these problems. Let’s quickly review our rules before we start.


[image: images]


[image: images]


Note! If bases are not the same, rules do not apply! 


For example, [image: image] cannot be simplified.


Examples:


Simplify.


a) 55 · 5−2 = 55 +



(-

2

) = 53 


b) [image: image] = 1210 −6 = 124


c) [image: image] = 128 − 

(-

6

) = 1214 


d) 7−12 · 7−4 = 7−12 +

 

(-

4

) = 7−16 = [image: image]


e) (6−10)(65) = 6−10 +

5 = 6−5 = [image: image]


f) (52)−3 = 52

(-

3

) = 5−6 = [image: image]


g) (7−3)−5 = 7−3 ⋅

 

−5 = 715


h) [image: image] = z

−4 - (-

3

) = z −4 +

3 = z

−1 = [image: image]


Answer these questions based on the previous examples. Answers are listed below.
  	Which examples used the product rule?
 	Which examples used the quotient rule?
 	Which examples used the power rule?
 	Which examples used an exponent rule and the negative ­exponent rule?
 
 Answers: 


1. a, e, d


2. b, c, h


3. f, g


4. d, e, f, h


Notice there is a lot of math for each example. You have to remember integer rules, exponent rules, and the negative exponent rule. Take one step at a time, and you will get it!




[image: images] BRAIN TICKLERSSet # 4


Express using positive exponents.


1.2−6 · 23


 2.

x

−5 · x

7



3.

[image: image]



4.

[image: image]



5.(b

9)−3



6.(m

−3)−4



7.

[image: image]




8.(7−8)(7−3)


9.(m

−3)−4


 10.Write [image: image] using a negative exponent other than −1.
  (Answers are on page 31.)





Scientific Notation


Scientific notation is a shorthand way of expressing really large numbers or very small numbers. Understanding exponents makes understanding scientific notation easy! There are two parts to keep in mind when writing a number in scientific notation.
    [image: image] 
 
 
 















	Numbers written in scientific notation

	Numbers not in scientific notation and reason






	3.2 × 103


	0.1 × 103→First number is less than 1






	4 × 10−4


	12 × 106→First number larger than 10






	9.65 × 1023


	3 × 12→Second number has to be times 10 to a power









To translate a number from scientific notation to standard form, you need to look at the exponent on the 10. If the exponent is positive, move the decimal to the right. If the exponent is negative, move the decimal to the left. You move the decimal point as many times as the exponent indicates.






[image: images] PAINLESS TIP




Decimal Point Direction


Positive exponent moves decimal to the right →.


Negative exponent moves decimal to the left ←.





Example 1:


Write 3.25 × 105 in standard form.


105 is positive, so move the decimal five places to the right.


3.25 × 105


3.25000
  →


325,000


Example 2:


Write 4.5 × 10−3 in standard form.


10−3 is negative, so move the decimal three places to the left.


4.5 × 10−3


004.5
  ←


0.0045


Let’s summarize.




	Write the digits with the decimal point placed after the first digit.


	Write × 10 to a power. The power shows how many places to move the decimal point.























	Scientific notation

	Standard form

	Scientific notation

	Standard form






	2.3 × 102


	230

	4.5 × 10−1


	0.45






	2.3 × 103


	2,300

	4.5 × 10−2


	0.045






	2.3 × 104


	23,000

	4.5 × 10−3


	0.0045









Now let’s go the other way. Let’s translate a number from standard form to scientific notation.


Example 3:


Take the number 25,000. Put the decimal after the first digit, keep all other different digits, but drop the repeated zeros.


[image: image]


2.5 becomes the coefficient, which is the first part of the scientific notation form. → 2.5 × 10?


Find the exponent by counting the number of places from the decimal to the end of the number. Since we will be moving right, the exponent will be positive.


In [image: image] there are four places. Therefore, we write 25,000 as 2.5 × 104.


Example 4:


Let’s try a decimal. Take the number 0.0032. Put the decimal after the first digit.


[image: image]


3.2 becomes the coefficient → 3.2 × 10?. Find the exponent by counting the number of places from the new decimal to the decimal in the original number. Since we will be moving left, the exponent will be negative.
 In [image: image] there are three places. Therefore, we write 0.0032 as 3.2 × 10−3.


Let’s Review Scientific Notation!


















	Place the decimal point after the first digit


	Express 5,245 in scientific notation 5,245 → 5.245

	Express 0.00045 in scientific notation 0.00045 → 4.5






	Write the new number × 10

	5.245 × 10?


	4.5 × 10?







	To find the power of 10, count the number of places from the decimal to get the original number:

	
[image: image]
Decimal moved three places right

	
[image: image]
Decimal moved four places left






	(large number → positive exponent)
(decimal number → negative exponent)






	

Scientific notation


	

5.245 × 103


	
4.5 × 10−













[image: images] BRAIN TICKLERSSet # 5


Write each number in standard form.


1.2.4 × 107



2.3.65 × 1010



3.7.102 × 104



4.5.2 × 10−3



5.2.9 × 10−1



6.4.56 × 10−6


Write each number in scientific notation.


7.234,000

8.1,123

9.307,000,000

10.0.0005

11.0.032

12.0.00000456

(Answers are on page 31.)





Multiplication and Division with Scientific Notation


You can use the product of powers and the quotient of powers properties to multiply and divide numbers written in scientific notation. Using your laws of exponents makes operations with big numbers easy!


Examples:




	Evaluate (2.63 × 104)(1.2 × 10−3)
















	The math

	In words






	(2.63 × 104)(1.2 × 10−3)

	Write original problem






	(2.63 × 1.2)(104 × 10−3)

	Group decimals, group exponents






	3.156 × 101


	(multiply decimals) × (keep base, add exponents)






	3.156 × 101


	Write final answer in scientific notation
(It is already, so you are done!)









Easy right? Look at this one!




	Evaluate (8.4 × 102)(2.5 × 106)


[image: image]




	
Evaluate (7.2 × 103)(1.6 × 104). Express in scientific ­notation.



[image: image]


How could you check yourself?

Don’t use scientific notation! Write it out, multiply, and write your answer in scientific notation!


(7.2 × 103)(1.6 × 104) = (7,200)(16,000) = 
115,200,000 = 1.152 × 108. It works!


If you can multiply in scientific notation, then it is ­super easy to divide in scientific notation. Check this out! ­Remember your law of exponent rules for division!




	Evaluate: [image: image]


















	The math

	In words






	

[image: image]


	Write original problem






	

[image: image]


	Group decimals, group exponents






	2 × 104


	(divide decimals) × (keep base, subtract exponents)






	2 × 104


	Write final answer in scientific notation
(It is already, so you are done!)










How could you check your answer?
Write the numbers in standard form.


[image: image]
which equals 2 × 104. It checks!


	Evaluate: [image: image]


[image: image]










[image: images] MATH TALK!


When writing numbers so they are in correct scientific notation:


If you move the decimal to the left, add to the exponent.


 35 × 107 becomes 3.5 × 108


If you move the decimal to the right, subtract from the exponent.
  0.345 × 1012 becomes 3.45 × 1011







[image: images] BRAIN TICKLERSSet # 6


Evaluate each expression. Express the result in scientific notation. (Be careful when adding and subtracting exponents!)


1.(3.2 × 104)(1.4 × 102)

2.(6.1 × 105)(8.2 × 104)

3.(5.2 × 10−5)(7.4 × 103)

4.(2 × 10−2)(5.5 × 10−5)

5.

[image: image]



6.

[image: image]



7.

[image: image]

8.

[image: image]



(Answers are on page 31.)





Adding and Subtracting in Scientific Notation


Do you remember how to add 345 and 52? You stacked the numbers so you could add correct place values! 


[image: image]


This concept still applies when adding and subtracting numbers in scientific notation. But to get the place values to line up, we have to pay special attention to the exponents.


To add and subtract in scientific notation:




	Adjust the powers of 10 in both numbers so they have the same exponent. (Hint: Make smaller exponent into larger exponent; it’s easier!)


	Add or subtract the decimals.


	Write the number in scientific notation.





Examples:




	
[image: image]
















	The math

	In words






	(2 × 103) + (3.6 × 104)

	Write original problem






	(0.2 × 104) + (3.6 × 104)

	Change 2 × 103 






	(0.2 + 3.6) × 104


	Group decimals, keep × 104







	3.8 × 104


	Add decimals, keep × 104







	3.8 × 104


	Make sure final answer is in scientific notation










Check yourself by writing the numbers in standard form and adding them.

2 × 103 = 2,000 and 3.6 × 104 = 36,000. 
So 36,000 + 2,000 = 38,000, which is 3.8 × 104.


	
(7 × 105) − (5.2 × 103)
















	The math

	In words






	(7 × 105) − (5.2 × 103)

	Write original problem






	(7 × 105) − (0.052 × 105)

	Change 5.2 × 103
(need 3 to be 5, so move decimal back 2 spots, which adds 2 to the exponent)






	(7 − 0.052) × 105


	Group decimals, keep × 105







	6.948 × 105


	Subtract decimals, keep × 105







	6.948 × 105


	Make sure final answer is in scientific notation


















[image: images] MATH TALK!


When adding and subtracting in scientific notation, exponents must MATCH.


To get smaller exponent to become a larger exponent, move LEFT the number of spaces you need.


[image: image]







	
(6.3 × 105) + 2,700,000
[image: image]







[image: images] BRAIN TICKLERSSet # 7


Add or subtract each of the following. Express your answer in scientific notation and standard form.


1.(2.7 × 103) + (3.4 × 102)

2.(9.2 × 103) − (9.6 × 102)

3.(8.4 × 105) − (7.9 × 103) 

4.593,000 + (7.89 × 106)

(Answers are on page 32.)





Applications of Operations with Scientific Notation


Understanding the skill behind multiplying, dividing, adding, and subtracting numbers written in scientific notation will help you solve real-life problems involving large and small numbers.








[image: images] PAINLESS TIP


When tackling these problems, ask yourself:


• Are all the numbers expressed in the same format? If not, make them all the same (all scientific notation or all standard form).
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