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HOW TO USE THIS BOOK



Barron’s Math 360: Pre-Calculus is designed for self-learners and for those looking for a comprehensive guide to everything pre-calculus.


This book includes a number of helpful tools that will reinforce your knowledge of the topics as you learn. You’ll find:


What You Will Learn Each chapter begins with a list of the topics covered. This is a useful tool for categorizing the learning process and for devising a study plan.


Terms and Definitions Important terms are defined where necessary to help guide you through topics successfully.


Examples with Solutions Numerous examples for each topic are included throughout, along with answers to check your progress.


Review Exercises Each chapter closes with review questions that will help determine which topics you have a solid understanding of and which topics you need to revisit.


Online Practice Questions Access to 50 online multiple-choice questions designed to enhance your understanding and to test your knowledge. To access, see the card at the front of the book.


BARRON’S 360 STUDY TIPS


SET GOALS AND OBJECTIVES


As you use Barron’s Math 360: Pre-Calculus, it is a good idea to set personal goals to chart and direct your learning objectives. A goal is something that you wish to achieve over a period of time. Objectives are short-term targets that help you reach a particular goal. For example, suppose that your goal is to learn how to use all of the functions on a graphing calculator. You can reach this goal by establishing short-term objectives—such as committing to learning one of the functions a day and practicing it using different data—that will enable you to successfully reach your long-term goal of learning how to use all of the functions on a graphing calculator.


CUSTOMIZE YOUR STUDY


Barron’s Math 360: Pre-Calculus does not need to be studied in a linear fashion. If there is a particular topic that you want to study or reinforce, just turn to that page or chapter, and all the information along with the features mentioned above will be available to you. There are also some things you can do to optimize your study time and ensure you are retaining the important information you want to learn.


Before You Read


•Review: Review all chapter headings and subheadings and the information in the “What You Will Learn” sections.


•Scan: Glance over any illustrations, tables, or graphs in the chapter you’ll be reading.


•Locate Terms and Definitions: Read any bold or italicized words, and study their definitions.


•Get Ahead of Yourself: Review the Practice Exercises at the end of the chapter, and keep them in mind as you study the chapter.


While You Read


•Predict: Try to predict the answers to the questions in the Practice Exercises. This will help flag important information to keep an eye out for as you read.


•Read Aloud: Hearing what is written on the page leads to better comprehension and retention of information.


•Visualize: Developing a picture in your mind of the information, concepts, or material presented makes it much easier to remember.


Highlighting and Note Taking


•Identify Important Facts: Don’t overhighlight. This will have the opposite effect and actually negatively impact your ability to retain the information you need to remember.


•Take Notes: Jot down key ideas and concepts you are having a hard time understanding.


•Draw It Out: Sketch out pictures, graphs, diagrams, or tables to help visualize what you’re reading. This is particularly helpful with complex topics.


After You Read the Chapter


•Talk It Out: Summarize what you have learned from the chapter aloud to a friend or a family member. Explain it as if they are learning it for the first time.


•Answer the Questions in the Practice Exercises: Did you need to look them up, or were you able to answer them from memory?


•Reinforce: If you found yourself having to look up the answers to the questions, go back and read those portions of the chapter again until you feel confident moving on to the next chapter.



Good luck!











STUDY UNIT I




ALGEBRA AND GRAPHING METHODS











1 BASIC ALGEBRAIC METHODS



WHAT YOU WILL LEARN


This chapter reviews basic algebraic terms and skills that you may have forgotten or never learned. If you have already mastered the algebraic skills reflected in any of the lessons listed below, you may want to skip that lesson and move ahead to the next one.


LESSONS IN CHAPTER 1




•Lesson 1-1: Real Numbers, Variables, and Exponents


•Lesson 1-2: Solving Linear Equations


•Lesson 1-3: Solving Linear Inequalities


•Lesson 1-4: Operations with Polynomials


•Lesson 1-5: Factoring Polynomials


•Lesson 1-6: Factoring Quadratic Trinomials


•Lesson 1-7: Special Products and Factoring Patterns





Lesson 1-1: Real Numbers, Variables, and Exponents


KEY IDEAS


Algebra is generalized arithmetic that uses both letters and numbers. These letters, called variables, are placeholders for unknown numbers. By using variables rather than specific numbers, the language of algebra allows general statements to be made about numbers. We know, for example, that 2 + 3 = 3 + 2. To generalize that the order in which any two numbers are added together does not matter, we can write a + b = b + a, where the variables a and b stand for any two numbers.


ORDERING REAL NUMBERS ON A NUMBER LINE


Positive 3 and negative 3 are opposites in the same sense that winning three games (+3) and losing three games (−3) are opposite situations. The size relationship between positive and negative numbers can be represented by using a ruler-like diagram called a number line. A number line extends indefinitely in opposite directions on either side of the point labeled 0, which is called the origin. On a horizontal number line, positive numbers are labeled in increasing order to the right of 0, and negative numbers in decreasing order to the left of 0. The opposite of each positive number lies on the left side of the origin and at the same distance from the origin as its positive counterpart, as shown in Figure 1.1.


[image: Image]


FIGURE 1.1 A number line


Any number on the number line is greater than any number to its left. For example, −2 is greater than −3, −1 is greater than −2, 0 is greater than −1, and 1 is greater than 0.


CLASSIFYING NUMBERS


The set of all points on the number line corresponds to the set of real numbers. The set of real numbers is comprised of the following sets:


•Integers. The set of integers consists of the counting numbers, their opposites, and 0. Thus, the set of integers is {…, −4, −3, −2, −1, 0, 1, 2, 3, 4, …}. The three periods at each end indicate that the pattern continues without ceasing.


•Rational numbers. The set of rational numbers includes every number that can be expressed as a fraction with an integer in the numerator and a nonzero integer in the denominator, as in [image: Image]. Decimal numbers that terminate, such as [image: Image] and [image: Image], are rational. Decimal numbers that endlessly repeat the same set of digits, such as [image: Image] and [image: Image], are rational since they can be rewritten as the quotients of two integers. Since every integer can be written as a fraction with 1 as its denominator, the set of integers is a subset of the set of rational numbers.


•Irrational numbers. The set of irrational numbers includes numbers that have no exact rational equivalents, such as π = 3.1415926 … and [image: Image], where the trailing three dots mean that the decimal digits never end. Thus, the set of real numbers is the union of the set of rational numbers (and its subsets) and the set of irrational numbers. A real number is either rational or irrational, but cannot be both.


ABSOLUTE VALUE


The distance that a number, x, is from 0 on a number line is called the absolute value of x, written as |x|. Since −3 and +3 are each a distance of 3 units from the origin, |+3| = 3 and |−3| = 3. The absolute value of a real number is always nonnegative.


USING SYMBOLS TO MAKE COMPARISONS


The symbol = is read as “is equal to,” while the symbol ≠ means “is not equal to.” For example, 1 + 1 = 2 and 1 + 1 ≠ 3. If two numbers are not equal, then one number must be greater than the other. The symbol for “is greater than” is >, while the symbol < means “is less than.”


EXAMPLES


5 > 0


−3 < −2


An equal sign may be combined with an inequality symbol. For instance:


x ≤ 3 is read as “x is less than or equal to 3,” so x is at most 3.


y ≥ 6 is read as “y is greater than or equal to 6,” so y is at least 6.


LAWS OF INTEGER EXPONENTS


Repeated multiplication of the same quantity can be abbreviated by using a shorthand notation in which the number of times the quantity is being used in multiplication is placed to the right of that quantity and one-half line above it. For example:


[image: Image]


In 25, 2 is the base and 5 is the exponent. The expression 25 is read as “2 raised to the fifth power.”


•Multiplication law of exponents ax · ay = ax + y


To multiply powers with the same base, add their exponents and keep the same base. For example:


[image: Image]


•Quotient law of exponents [image: Image]


To divide powers of the same base, subtract their exponents and keep the same base. For example:


[image: Image]


•Power of a power law of exponents: (ax)y = axy


To simplify a power of a power, multiply the exponents. For example:


[image: Image]


•Zero exponent law: a0 = 1 (provided that a ≠ 0)


Any nonzero quantity raised to the 0 power is 1. For example:


[image: Image]


•Negative exponent law: [image: Image] and [image: Image]


To change from a negative to a positive exponent, invert the base and make the exponent positive. For example:


[image: Image]


If a fraction has a negative exponent, switch the top and bottom numbers of the fraction and make the exponent positive. For example:


[image: Image]


Lesson 1-2: Solving Linear Equations


KEY IDEAS


An equation is a mathematical statement that uses an equal (=) symbol to indicate that two quantities have the same value:


1 + 1 = 2 (true) and 1 + 2 = 12 (false)


An equation that contains variables cannot be judged true or false until the variables are replaced with specific numbers. For example, the equation x − 2 = 5 is neither true nor false. If x is replaced by 3, the equation becomes 3 − 2 = 5, which is false; if x is replaced by 7, the equation becomes 7 − 2 = 5, which is true. Much of algebra is concerned with solving different types of equations.


SOME TERMS RELATED TO SOLVING EQUATIONS


Here are some terms that you should know related to solving equations:


•The domain of a variable is the set of all possible values that the variable can have. Unless otherwise stated, the domain is always the largest possible set of real numbers.


•Solving an equation means finding all values in the domain of the variable for which the equation is true. Each of the values is a solution or root of the equation. The collection of all roots of an equation is the solution set.


•Equivalent equations are equations that have the same solution set. The equations x − 1 = 2, 2x = 6, and x = 3 are equivalent since 3 is the solution of each equation.


•A linear equation in variable x is an equation that can be written in the form ax + b = 0, where a and b are constants that stand for real numbers with a ≠ 0. The equation 3x + 7 = 2 is a linear equation since, if 2 is subtracted from both sides of the equation, the result is 3x + 5 = 0, which has the form ax + b = 0, where a = 3 and b = 5. The exponent of the variable in a linear equation is 1.


GENERAL STRATEGY FOR SOLVING A LINEAR EQUATION


An equivalent equation is created whenever the same arithmetic operation is performed on both sides of an equation. If x – 2 = 5, then an equivalent equation results when 2 is added to both sides of the equation:


[image: Image]


This equation simplifies to another equivalent equation, x = 7. To solve a linear equation, transform the original equation into one or more equivalent equations until the variable is isolated on one side of the equal symbol with a coefficient of 1. The solution can then be read from the other side, as in x = 7. Unless otherwise indicated, a variable in an equation represents a real number.


SOLVING A LINEAR EQUATION USING INVERSE OPERATIONS


In the equation 3x + 7 = − 5, 3 and x are connected by multiplication while 3x and 7 are connected by addition. You can undo an arithmetic operation that is connected to a variable by performing the inverse operation on both sides of the equation. Addition and subtraction are inverse operations, as are multiplication and division. When solving equations involving two arithmetic operations, isolate the variable by undoing any addition or subtraction before undoing any multiplication or division. To solve 3x + 7 = −5:


[image: Image]


SOLVING A PROPORTION


A proportion is an equation that states that two fractions are equal, such as [image: Image]. The products 12 · 3 and 9 · 4 are called cross-products and, in a true proportion, must be equal. To solve [image: Image] for y, eliminate the fraction by cross−multiplying:


[image: Image]
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SOLVING AN EQUATION WITH LIKE TERMS


Terms such as 4x and 5x are called like terms since they differ only in their numerical coefficients, 4 and 5. The numerical coefficient of x is understood to be 1. That is, x means 1 · x. To combine like terms, combine their numerical coefficients and keep the variable:


4x + 5x = 9x and 7x – x = 7x – 1x = 6x


To solve an equation in which the variable appears in more than one term, first combine like terms.


EXAMPLES


If 5x + 3x = –24, then 8x = –24, so x = –3


If 3(2y + 5) = 1 + 8y, remove the parentheses by “distributing” the 3 over 2y and 5. In other words, multiply each term inside the parentheses by 3; the result is 6y + 15 = 1 + 8y. Collect like variable terms on the left side of the equation and the number terms on the right side:


[image: Image]


EXERCISE 1


Solving a Word Problem Involving Like Terms


A geologist collected 13 rocks that were found to have exactly the same weight. Nine of these rocks with an additional 5-ounce weight at one end of a balance scale can balance the remaining rocks and a 23-ounce weight at the opposite end of the scale. What is the number of ounces in the weight of one rock?


SOLUTION


When reading and solving word problems, you should pause after any punctuation mark. The punctuation is signifying an important given that will help build your equation. The last sentence in the problem typically indicates the necessary variables; in this case, we will let x = the weight of one rock. The first sentence tells you that there are 13 rocks in total, and the second sentence gives the remaining information to set up the equation.


[image: Image]


Each rock weighs 3.6 ounces.


EXERCISE 2


Solving a Word Problem Involving Like Terms


Tickets for a concert cost $4.00 for a balcony seat and $7.50 for an orchestra seat. If ticket sales totaled $1585 for 300 tickets sold, how many tickets for balcony seats were sold?


SOLUTION


The last sentence tells you that the variable x = the number of balcony seats sold. Since there were 300 tickets sold in total, 300 – x = the number of orchestra seats sold. The first sentence tells the cost of each ticket, which indicates to multiply the respective costs with their corresponding variables and set the equation equal to the total ticket sales, $1585:


[image: Image]


190 tickets for balcony seats were sold.


Lesson 1-3: Solving Linear Inequalities


KEY IDEAS


A linear equation becomes a linear inequality when the equal symbol is replaced by an inequality symbol. A linear inequality is solved in much the same way that a linear equation is solved.


WRITING EQUIVALENT INEQUALITIES


Arithmetic operations are performed with inequalities in much the same way as with equations, except when multiplying or dividing by a negative number.


•Addition and subtraction property of inequalities


An equivalent inequality results when the same quantity is added or subtracted on each side of the inequality. For example, since 4 < 8, it is also true that


[image: Image]


•Multiplication and division property of inequalities


An equivalent inequality results when each side of an inequality is multiplied or divided by the same positive quantity. For example, since 4 < 8, it is also true that


[image: Image]


An equivalent inequality results when each side of an inequality is multiplied or divided by the same negative quantity and the direction of the inequality sign is reversed. For example, if −2x < 6, then


[image: Image]


SOLVING A LINEAR INEQUALITY


You can solve a linear inequality as you would an equation except that, when both sides of an inequality are multiplied or divided by the same negative number, you must reverse the sign of the inequality. To find the solution set of 1 – 2x ≤ x + 13:


[image: Image]


SET-BUILDER NOTATION


A set is a collection of objects. A set is written in roster form when its members are listed individually within braces, as in A = {7, 8, 9, 10, 11}. Set-builder notation replaces the individual elements in a set with a general rule for determining whether or not a particular number is a member of the set. Using set-builder notation:


[image: Image]


Set A is read as “the set of all x such that x is greater than or equal to 7 and less than or equal to 11, where x is a positive integer.” Sometimes a colon is used instead of a vertical bar, as in A = {x : 7 ≤ x ≤ 11; x is a positive integer}. The colon and vertical bar are each translated as “such that.” If the replacement set for x is not indicated within the braces, assume it is the largest possible subset of real numbers. For example, {x | x > 3} represents the set of all real numbers greater than 3.


INTERVAL NOTATION


An interval is a set of real numbers where any number that lies between two numbers in the set is also in the same set. An interval can be represented in more than one way, as shown in the accompanying table. If an interval does not include an endpoint value, it is “open” on that side. The interval is “closed” on that side if it includes the endpoint value.





INTERVAL NOTATION


When using interval notation,


“[” or “]” means “included” or “closed”


“(” or “)” means “not included” or “open”





[image: Image]


GRAPHING AN INTERVAL


When graphing an interval, place an open circle around an endpoint that is not included in the interval and a filled circle around an endpoint that is included in the interval, as illustrated in Figure 1.2.


[image: Image]


FIGURE 1.2 Graphing an interval


UNBOUNDED INTERVALS


An interval that extends without an upper or lower limit is “unbounded.” An interval may be unbounded on either side or both sides. The symbol for infinity, ∞, is used to indicate that a bound does not exist. The entire set of real numbers, in interval notation, is (−∞, +∞).


•(a, ∞):the set of all real x such that x > a with no upper bound. In interval notation, x > 3 corresponds to (3, ∞).


•[a, ∞):the set of all real x such that x ≥ a with no upper bound. In interval notation, x ≥ − 2 corresponds to [−2, ∞).


•(−∞, a): the set of all real x such that x < a with no lower bound. In interval notation, x < 4 corresponds to (−∞, 4).


•(−∞, a]: the set of all real x such that x ≤ a with no lower bound. In interval notation, x ≤ −1 corresponds to (−∞, −1].


COMBINING SETS OF NUMBERS


In order to describe certain sets of numbers, it may be necessary to join nonoverlapping intervals of numbers. For example:


•The set of all real numbers that are less than or equal to −5 or greater than 3 can be represented using set notation as


{x | x ≤ −5} ∪ {x | x > 3}


where the symbol ∪ indicates the union of two sets and is read as “or.” The same set of numbers can be described using interval notation as (−∞, −5] ∪ (3, ∞).


•The set of all real numbers except 2 can be represented as


{x | x < 2} ∪ {x | x > 2} or as (−∞, 2) ∪ (2, ∞)


•The set of real numbers that includes all numbers greater than 0 as well as those real numbers that are greater than −9 but less than or equal to −1 can be represented as


{x | x ≥ 0} ∪ {x | −9 < x ≤ −1} or as [0, ∞) ∪ (−9, −1]


SOLVING A “SANDWICH” INEQUALITY


If the smallest value of x is 2 and the greatest value is 5, as illustrated in Figure 1.3, this fact can be expressed by writing the compound “sandwich” inequality 2 ≤ x ≤ 5, in which the variable term is in the middle. The inequality 2 ≤ x ≤ 5 is read as “2 is less than or equal to x and x is less than or equal to 5” or as “x is greater than or equal to 2 and less than or equal to 5.”


[image: Image]


FIGURE 1.3 Graph of 2 ≤ x ≤ 5


To solve an inequality such as −5 < 3x + 7 ≤ 28, isolate the variable by performing the same operation on the left, middle, and right members of the inequality:


[image: Image]


The solution may also be represented, using interval notation, as (−4, 7].


Lesson 1-4: Operations with Polynomials


KEY IDEAS


Algebraic terms such as 7x, −3xy, and [image: Image] are called monomials. A monomial is a single number, a variable, or the product of one or more numbers and variables with positive integer exponents. A polynomial is a monomial or the sum of monomials, as in 3x2 + 5x − 1. Since polynomials represent real numbers, arithmetic operations can be performed with polynomials.


LIKE MONOMIALS


The monomials 3xy2 and 4xy2 are like monomials since they differ only in their numerical coefficients. Like monomials can be added or subtracted by combining their numerical coefficients:


[image: Image]


POLYNOMIALS IN ONE VARIABLE


A polynomial in one variable is in standard form when its monomial terms are arranged so that the exponents decrease from left to right. The polynomial 2x − 5x2 + 3 can be put into standard form by rearranging its terms and writing it as −5x2 + 2x + 3.


The degree of a polynomial in one variable is the greatest exponent of the variable. Thus, −5x2 + 7x + 3 is a second-degree polynomial since the greatest exponent is 2. The polynomial y3 + 3y2 − 4y + 9 is a third-degree polynomial.


NAMING POLYNOMIALS


Sometimes it is convenient to refer to a polynomial by the number of terms it contains:


[image: Image]


ADDING POLYNOMIALS


To add two polynomials such as 2x2 − 5x − 1 and x2 − 3x − 7, write one polynomial underneath the other, being careful to align like terms in the same column. Then combine the like terms in each column:


[image: Image]


SUBTRACTING POLYNOMIALS


To subtract a polynomial from another polynomial, add the opposite of each term of the polynomial that is being subtracted. For example, to subtract 3a − 2b − 9c from 5a + 7b − 4c, first arrange the polynomials either horizontally or vertically. Then:


•To subtract horizontally, write the two polynomials on the same line, enclosing each polynomial in parentheses. Change the sign between the parentheses from subtraction to addition while taking the opposite of each term inside the second set of parentheses. Then combine like terms:


[image: Image]


•To subtract vertically, write the polynomial being subtracted on the line underneath the first polynomial, aligning like terms in the same vertical column. Change to an addition example by replacing the sign of each term in the polynomial on the second line with its opposite side. Then add like terms.


[image: Image]


MULTIPLYING AND DIVIDING MONOMIALS


•To multiply two monomials, group like factors. Then multiply the like factors together. For example:


[image: Image]


•To divide a monomial by another monomial, group the quotients of like factors. Then divide the like factors. For example:


[image: Image]


MULTIPLYING AND DIVIDING A POLYNOMIAL BY A MONOMIAL


•To multiply a polynomial by a monomial, multiply each term of the polynomial by the monomial. For example:


[image: Image]


•To divide a polynomial by a monomial, divide each term of the polynomial by the monomial. For example:


[image: Image]


MULTIPLYING BINOMIALS USING DOUBLE DISTRIBUTION


To multiply two binomials such as (2x + 7) and (x + 3):


[image: Image]


This method will work with all polynomials, not just two binomials.


EXAMPLE


[image: Image]


MULTIPLYING BINOMIALS USING THE TABULAR METHOD


The process of multiplying two binomials can be represented geometrically. For example, to find (2x + 7)(x + 3), represent the area of the rectangle whose length is 2x + 7 and whose width is x + 3, as shown in Figure 1.4.


[image: Image]


FIGURE 1.4 Finding (2x + 7)(x + 3) geometrically


The area of the largest rectangle must be equal to the sum of the areas of the four smaller rectangles:


[image: Image]


This method will work with all polynomials, not just two binomials.


EXAMPLE


(3x – 4)(x2 – 6x – 4)


[image: Image]


Lesson 1-5: Factoring Polynomials


KEY IDEAS


Sometimes you know the result of multiplying two quantities together but not the individual quantities that were multiplied together to give that result. The process of reversing multiplication is called factoring. To factor a polynomial, rewrite it as the product of two or more lower-degree polynomials.


[image: Image]


FINDING THE GREATEST COMMON FACTOR (GCF)


The greatest common factor (GCF) of a polynomial is the greatest monomial that divides evenly into each term of the polynomial. For example, the GCF of 21a5 + 14a3 is 7a3 since 7 is the greatest integer that divides evenly into 21 and 14, and a3 is the greatest power of a that is contained in a5 and a3.


FACTORING A POLYNOMIAL BY REMOVING THE GCF


If you know the GCF of a polynomial, you can find the other factor by dividing the polynomial by the GCF. To factor a polynomial such as 21a5 + 14a3:


1.Determine the GCF: The GCF of 21a5 + 14a3 is 7a3.


2.Find the corresponding factor by dividing the polynomial by the GCF:


[image: Image]


3.Write 21a5 + 14a3 in factored form: 21a5 + 14a3 = 7a3(3a2 + 2).


4.Check by multiplying the two factors together to make sure the result is the original polynomial:


[image: Image]


Not all polynomials can be factored. A polynomial, such as 3x2 + 5, that cannot be factored except by writing it as the product of itself and 1 (or as the product of its opposite and −1) is called a prime polynomial.


EXERCISE 1


Factoring by Removing the GCF


Factor 9x4 − 3x3 + 12x.


SOLUTION


The GCF of 9x4 − 3x3 + 12x is 3x, and the corresponding factor is


[image: Image]


Hence, 9x4 − 3x3 + 12x = 3x(3x3 − x2 + 4).


EXERCISE 2


Factoring by Removing the GCF


Factor 6a2b − 21ab.


SOLUTION


The GCF of 6a2b − 21ab is 3ab, and the corresponding factor is


[image: Image]


Hence, 6a2b − 21ab = 3ab(2a − 7).


EXERCISE 3


Using Factoring to Solve an Equation


If xz = y − x, solve for x in terms of y and z.


SOLUTION


[image: Image]


FACTORING BY GROUPING


Some polynomials that have four terms, such as x3 + 3x2 + 4x + 12, can be factored in stages:


[image: Image]


EXERCISE 4


Factoring by Grouping


Factor 8mx + 4px − 6m − 3p.


SOLUTION


Since the polynomial has four terms, first group pairs of terms together:


[image: Image]


Lesson 1-6: Factoring Quadratic Trinomials


KEY IDEAS


To factor a quadratic trinomial into the product of two binomials, use the reverse of double distribution.


FACTORING x2 + bx + c


Since (x + 2)(x + 5) = x2 + 7x + 10, you know that x2 + 7x + 10 = (x + 2)(x + 5). Notice that the binomial factors contain 2 and 5 since these are the only two integers that, when multiplied together, give 10, the last term in x2 + 7x + 10, and, when added together, equal 7, the coefficient of the x-term in x2 + 7x + 10. If you start with x2 + 7x + 10 and want to know its factors, work in reverse:


1.Write the general form of the binomial factors:


[image: Image]


2.Fill in the missing terms in the binomial factors with the two numbers whose product is the last number term of the quadratic trinomial [image: Image] and whose sum is the numerical coefficient of the middle x-term [image: Image]. Since 2 · 5 = 10 and 2 + 5 = 7:


[image: Image]


Always check your work by multiplying the two binomial factors together and then comparing the product to the original quadratic trinomial.


EXERCISE 1


Factoring a Quadratic Trinomial


Factor y2 − 7y + 12 as the product of two binomials.


SOLUTION


Find the two numbers whose product is +12 and whose sum is –7. Because the product of the two numbers you are seeking is positive (+12) and their sum is negative (−7), both numbers must be negative. Since


(–3) · (–4) = +12 and (–3) + (–4) = –7


the correct factors of +12 are −3 and −4. Hence:


y2 – 7y + 12 = (y – 3)(y – 4)


EXERCISE 2


Factoring a Quadratic Trinomial


Factor n2 − 5n − 14 as the product of two binomials.


SOLUTION


Find the two numbers whose product is −14 and whose sum is −5. The two factors of −14 must have opposite signs. Since


(+2) · (–7) = –14 and (+2) + (–7) = –5,


the correct factors of −14 are +2 and −7.


Hence:


n2 – 5n – 14 = (n + 2)(n – 7)


FACTORING ax2 + bx + c (a > 1)


As you can imagine, factoring a quadratic trinomial becomes more difficult when the numerical coefficient of the x2-term is different from 1 since there are more possibilities to consider. To factor 3x2 + 10x + 8:


1.Factor the x2-term, and set up the binomial factors:


3x2 + 10x + 8 = (3x + ?) (x + ?)


2.Identify possibilities for the missing numerical terms in the binomial factors. The missing terms are the two integers whose product is +8, the last term of 3x2 + 10x + 8, and that make the sum of the outer and inner products of the terms of the binomial factors equal to +10x. The two factors of +8 must have the same sign. Because the coefficient of the x-term in 3x2 + 10x + 8 is positive, the two factors of 8 are both positive. It follows that the possible integer factors of 8 must be either 1 and 8 or 2 and 4.


3.Use trial and elimination to find the correct factors of 8 and their proper placements in the binomial factors:


[image: Image]


The placement of the factors of 8 matters. Although the binomial factors (3x + 2) and (x + 4) contain the correct factors of 8, the factors are not placed correctly since the sum of the outer and inner products is 12x + 2x = 14x rather than 10x.


FACTORING USING LINEAR DECOMPOSITION


If you have difficulty factoring a quadratic trinomial whose leading coefficient is greater than 1, you can factor by decomposing the linear (middle) term. This method eliminates some of the guess-and-check work. To factor 3x2 + 10x + 8 using this method, break 10x down into the sum of two x-terms. Although there are many possibilities, such as x + 9x, 2x + 8x, 3x + 7x, and 4x + 6x, choose the pair of x-terms whose numerical coefficients have the same product as the product of the leading coefficient and the constant term of the quadratic trinomial:


[image: Image]


Because 6 · 4 = 24, decompose 10x into 6x + 4x. To factor 3x2 + 10x + 8:


[image: Image]


Lesson 1-7: Special Products and Factoring Patterns


KEY IDEAS


Because (A + B)(A − B) = A2 − B2, any polynomial that has the form A2 − B2 can be factored as the product of the sum and difference of the terms that are being squared. The binomial 4y2 − 9 has this form, where


[image: Image]


Hence, 4y2 − 9 can be factored as (2y + 3)(2y − 3).


There are also special factoring patterns involving A3 + B3 and A3 − B3.


MULTIPLYING CONJUGATE BINOMIALS AND FACTORING THEIR PRODUCTS


Can you think of two binomials whose product is another binomial? Here is one example:


[image: Image]


To illustrate further:


[image: Image]


Notice that when the sum and the difference of the same two terms are multiplied together, as in (2y + 3)(2y − 3), the products of the outer and inner terms sum to 0. The result is a binomial that can be formed by simply taking the difference of the squares of the two terms that are being added and subtracted:


[image: Image]


A pair of binomials of the form A + B and A − B are called conjugate binomials. Conjugate binomials can be multiplied together quickly by following a simple rule.





Rule for Multiplying Conjugate Binomials


[image: Image]





EXAMPLE


(3y – 4) (3y + 4) = (3y)2 – (4)2 = 9y2 – 16


Whenever you recognize that a binomial has the form A2 − B2, you can reverse the multiplication that produced it by factoring it as (A + B)(A − B).


EXAMPLES


[image: Image]


FACTORING THE SUM OR DIFFERENCE OF TWO CUBES


You can easily verify that


[image: Image]


Reading each of these products from right to left gives you a rule for factoring the sum or the difference of two cubes, as illustrated further in the accompanying table.


FACTORING THE SUM AND THE DIFFERENCE OF TWO CUBES


[image: Image]





WHICH SIGN TO USE


The signs of the terms of the factors of the sum or the difference of two cubes depend on the sign between A3 and B3:


[image: Image]





FACTORING COMPLETELY


A polynomial is factored completely when each of its factors cannot be factored further. When factoring a polynomial completely, you may need to use more than one factoring method. It’s suggested to first look for a GCF.


EXAMPLES


[image: Image]


Review Exercises


1–18. Solve for the variable.


1.x − 7 = 3x −13


2.2n − 5n + 1 = −26


3.4(2x −1) = 5 x + 17


4.2y + 1 > 5y −8


5.3p + 2(8 − p) = 3


6.5(6−q) = −3(q + 2)


7.9w = 2w −3 (8 − w)


8.0.54 − 0.07y = 0.2y


9.1 − 2x ≤ x + 13


10.bx · b2 x−1 = b11


11.[image: Image]


12.[image: Image]


13.8 − 3(3 − x) ≤ 1


14.0.1 x − 0.02x ≤ 0.24


15.[image: Image]


16.[image: Image]


17.35 − z < z + 1.5z


18.[image: Image]


19–26. Perform the indicated operation, and write the answer in simplest form.


19.(x − 3y)2


20.(2x − 1)(x + 7)


21.(4y + 3)(4y − 3)


22.(9x2 − x + 5)(4x − 3)


23.(4x3 − 9x2 + 5x + 1) − (−x3 + 7x2 − 2x − 1)


24.[image: Image]


25.[image: Image]


26.[image: Image]


27–41. Factor completely.


27.y2 –.09


28.x4 – 16


29.x2 –4 x – 21


30.n3 – n2 – 12n


31.8m5n2 – 12m3n4


32.−y2 + 10y + 11


33.r2t – s4t


34.w3 – 8 v3


35.64h3 + k3


36.x2 y2 – x2 – 4y2 + 4


37.3x2 + 5x – 2


38.2y2 – 13y – 45


39.a4 – a2 b2 – 9a2 + 9 b2


40.4x2 – 4x – 15


41.x + 2x3 – x2 – 2


42–45. Solve for the indicated variable.


42.Solve for w: P = 2ℓ + 2w.


43.Solve for t: xt = x –st.


44.Solve for x: a(x + b) = c.


45.Solve for F: [image: Image]


46 and 47. Simplify.


46.[image: Image]


47.[image: Image]


48.If [image: Image], what is the value of y when x = 6?


49.Carlos has $365 in savings and saves $20 each week while not spending any of his savings. His brother has $590 in savings and spends $25 of his savings each week while not saving any additional money. After how many weeks will Carlos and his brother have the same amount in savings?


50.At a movie theater, a cashier sold 250 more adults’ tickets than children’s tickets. The adults’ tickets were $6.50 each, and the children’s tickets were $3.50 each. What is the least number of children’s tickets that the cashier had to sell for the total cash receipts to be at least $2750?


51.The denominator of a fraction is 4 less than twice the numerator. If 3 is added to both the numerator and the denominator, the new fraction has a value of [image: Image]. What was the original fraction?


52.Three numbers are in the ratio of 2:3:5. If the smallest number is multiplied by 8, the result is 32 more than the sum of the second and third numbers. What is the smallest of the three numbers?


53.Tickets to a concert that were purchased in advance cost $4.50 each, and tickets purchased at the box office on the day of the concert cost $8.00 each. The total amount of money collected in ticket sales was the same as if every ticket purchased had cost $6.00. If 180 tickets were purchased in advance, what was the total number of tickets purchased at the box office?


54.George is twice as old as Edward, and Edward’s age exceeds Robert’s age by 4 years. If the sum of the three ages is at least 56 years, what is Robert’s minimum age?


55.A portion of a wire 70 inches in length is bent to form a rectangle having the greatest possible area such that the length of the rectangle exceeds three times its width by 2 inches, and the dimensions of the rectangle are whole numbers. Find the length of the wire that is not used to form the rectangle.










2 RATIONAL AND IRRATIONAL EXPRESSIONS



WHAT YOU WILL LEARN


Rational expression is another name for an algebraic fraction that has a polynomial numerator and a polynomial denominator. We always assume that, whenever a variable appears in the denominator of a fraction, the variable cannot have a value that makes the denominator evaluate to 0. For example, x in the rational expression [image: Image] cannot equal −1 since this value of x makes the denominator of the fraction, x + 1, evaluate to 0. The rules for working with rational expressions are the same as those for handling fractions in arithmetic.


LESSONS IN CHAPTER 2




•Lesson 2-1: Operations with Rational Expressions


•Lesson 2-2: Simplifying Complex Fractions


•Lesson 2-3: Radicals and Fractional Exponents


•Lesson 2-4: Operations with Radicals





Lesson 2-1: Operations with Rational Expressions


KEY IDEAS


Fractions in arithmetic can be written in lowest terms, multiplied, divided, added, and subtracted. These operations can be performed with rational expressions in much the same way.


WRITING A RATIONAL EXPRESSION IN LOWEST TERMS


A fraction is in lowest terms when its numerator and denominator have no factors in common other than 1 or −1. To write a rational expression in lowest terms, first divide out any factors that are common to both the numerator and the denominator since the quotient of such factors is 1, as in


[image: Image]


To write [image: Image] in lowest terms:


[image: Image]


CHANGING THE ORDER IN SUBTRACTION


The order in which terms are subtracted can be switched if a negative sign is placed in front of the revised difference, as is done in the numerator of the following fraction:


[image: Image]


Only factors of a product common to both the numerator and the denominator of a fraction can be divided out. The example at the left below illustrates a common mistake. This cancellation is wrong because the numerator 3a is being added to b2, so 3a is not a factor of the numerator, as it is in the example at the right:


[image: Image]


EXERCISE 1


Writing an Algebraic Fraction in Lowest Terms


Write [image: Image] in lowest terms.


SOLUTION


[image: Image]


EXERCISE 2


Writing an Algebraic Fraction in Lowest Terms


Write [image: Image] in lowest terms.


SOLUTION


Factor the numerator, and then divide out any factors common to both the numerator and the denominator.


[image: Image]


If the original fraction looks to you like a division example, you are right. You can get the same answer by dividing each term in the numerator by the denominator:


[image: Image]


MULTIPLYING AND DIVIDING RATIONAL EXPRESSIONS


To prevent the algebra from getting too ugly, factor and then divide out any matching pairs of factors in the numerators and in the denominators before multiplying two rational expressions together.


To find the product [image: Image] in lowest terms:


[image: Image]


If you know how to multiply rational expressions, then you also know how to divide these expressions: invert the second fraction and then multiply, just as in arithmetic.


For example, to find the quotient of [image: Image]:


[image: Image]


COMBINING RATIONAL EXPRESSIONS WITH LIKE DENOMINATORS


To add or subtract rational expressions with the same denominators, write the sum or difference of the numerators over the common denominator.


To find the difference [image: Image]:


[image: Image]


COMBINING RATIONAL EXPRESSIONS WITH UNLIKE DENOMINATORS


Fractions are easy to combine once they have the same denominator. When adding or subtracting rational expressions with different denominators, first change the expressions into equivalent fractions with the same denominator, usually the lowest common multiple of the original denominators. In arithmetic this is called the lowest common denominator (LCD).


To write [image: Image] as a single fraction:


[image: Image]


EXERCISE 3


Combining Rational Expressions with Unlike Monomial Denominators


Write [image: Image] in simplest form.


SOLUTION


The LCD of 6y, 9y, and 18y is 18y since this is the smallest expression into which 6y, 9y, and 18y divide evenly. Change the first two fractions into equivalent fractions that have 18y as their denominators by multiplying the first fraction by 1 in the form of [image: Image] and multiplying the second fraction by 1 in the form of [image: Image]. Thus:


[image: Image]


When combining rational expressions with unlike polynomial denominators, you may need to begin by factoring the denominators to help determine the LCD.


EXERCISE 4


Combining Rational Expressions with Unlike Polynomial Denominators


When [image: Image] is subtracted from [image: Image], what is the difference, expressed as a single fraction in lowest terms?


SOLUTION


•Write the difference with the denominators in factored form:


[image: Image]


•Determine the LCD. The LCD is (x − 3)(x + 1)(x − 1) because this product is the smallest expression into which each of the denominators divides evenly. Change each fraction into an equivalent fraction with the LCD as its denominator by multiplying the first fraction by 1 in the form of [image: Image] and multiplying the second fraction by 1 in the form of [image: Image]:


[image: Image]


•Combine the fractions:


[image: Image]


•Write the fraction in lowest terms:


[image: Image]


Lesson 2-2: Simplifying Complex Fractions


KEY IDEAS


A complex fraction is a fraction in which the numerator, denominator, or both contain other fractions. Simplifying a complex fraction means eliminating the fractions from the numerator and the denominator of the “big” fraction.


SIMPLIFYING A COMPLEX FRACTION USING DIVISION


To simplify the complex fraction [image: Image]:


1.Combine terms in the numerator and in the denominator:


[image: Image]


2.Divide the numerator by the denominator:


[image: Image]


SIMPLIFYING A COMPLEX FRACTION BY CLEARING FRACTIONS


You may find it easier to eliminate the fractions contained in a complex fraction by multiplying the numerator and the denominator by the lowest common multiple (LCM) of all of its denominators. For the complex fraction considered on the previous page, the LCM of the denominators of [image: Image] and [image: Image] is x2:


[image: Image]


Lesson 2-3: Radicals and Fractional Exponents


KEY IDEAS


You know that 42 = 16. To undo the squaring, take the principal square root of 16, written as [image: Image]. The symbol [image: Image] is a radical sign. The number underneath the radical sign, 16 in this case, is the radicand. Squaring a number and taking the square root of a number are opposite operations in much the same way that multiplication and division are opposite operations. Because 103 = 1000, 10 is the cube root of 1000. This fact can be expressed in either radical or exponent form:


[image: Image]


SQUARE ROOTS AND PERFECT SQUARES


A square root of a nonnegative number is one of two identical factors of the number. A square root of 9 is 3 since 3 · 3 = 9. The other square root of 9 is −3 since (−3) · (−3) = 9.


A square root of [image: Image] is [image: Image] since [image: Image].


Numbers that have rational square roots are called perfect squares. For example, 9 and [image: Image] are perfect squares, but 13 is not a perfect square.


THE PRINCIPAL SQUARE ROOT OF A NUMBER


Both 4 and −4 are square roots of 16 since 42 = 16 and (−4)2 = 16. Thus, 16 has two real square roots: 4 and −4. The positive square root is called the principal square root and is indicated by [image: Image].





TWO SQUARE ROOTS


Every positive number N has two square roots: the principal or positive square root, [image: Image], and the negative square root, [image: Image]. The two square roots together are [image: Image].





THE nTH ROOT OF A NUMBER


Since 103 = 1000, 10 is a cube root of 1000. Because 34 = 81, 3 is a fourth root of 81.





nTH ROOT


The number b is an nth root of x if bn = x. The even root of a positive number is called the principal root. The even root of a negative number never represents a real number. For example, [image: Image] is not a real number since the product of two identical numbers cannot be negative.





By extending the Laws of Integer Exponents to include rational exponents, it is possible to represent the nth root of a number in exponential form. Observe that:


[image: Image]


Since [image: Image] is one of two identical factors whose product is x, [image: Image] represents the square root of x. Similarly, [image: Image] represents the cube root of x. In general, [image: Image] represents the nth root of x where n is an integer greater than 1.





FRACTIONAL EXPONENTS


If n is an integer greater than 1, then [image: Image], provided [image: Image] exists. When n is even and x is a positive, [image: Image] represents the principal (positive) nth root of x. The number n is the index.





EVALUATING [image: Image]


You know that the denominator of a fractional exponent tells what root to take of the base. Because


[image: Image]


the numerator of the exponent of [image: Image] tells what power of the base to take, while the denominator of the exponent indicates what root to take. For example, [image: Image] can be evaluated in either of the following two ways:


•Take the cube root of 8 and then raise the result to the second power:


[image: Image]


•Raise 8 to the second power and then take the cube root of the result:


[image: Image]





EVALUATING [image: Image]


Although [image: Image] can be evaluated by first taking the power or the root of the base, always find the root first. As a result, you will work with smaller numbers:


[image: Image]





EVALUATING ROOTS USING A CALCULATOR


Your graphing calculator can be used to evaluate powers and roots. If you have the Texas Instruments TI−83+/TI−84+ or a similar graphing calculator, quit the current screen and enter the Home Screen by pressing the [image: Image] key followed by the [image: Image] key, which has the QUIT command printed above it.


•To evaluate 37, press [image: Image], which produces the answer 2187, shown on the right side of the next line.


•To evaluate [image: Image], write the cube-root radical in exponential form as [image: Image]. Then press [image: Image]. You should verify that [image: Image], where the symbol ≈ is read as “is approximately equal to.” You can also press [image: Image].


•To evaluate 5−2, use this sequence of keystrokes:


[image: Image]


Verify that the answer displayed is .04 since [image: Image].


Lesson 2-4: Operations with Radicals


KEY IDEAS


Radicals may be multiplied and divided, provided that they have the same index. Radicals that have the same index and the same radicand can be added or subtracted.


SIMPLIFYING RADICALS


When simplifying square-root radicals, look for the perfect-square factors of the radicands. For example, to simplify [image: Image], first factor 75 so that one of the factors is a perfect square:


[image: Image]


To simplify [image: Image], you could factor 72 as 8 · 9. Since, however, 8 also contains a perfect-square factor, it in turn would need to be simplified later on. Try factoring 72 so that one of the factors is the greatest perfect-square factor of 72:


[image: Image]


A radicand may also include a variable factor. In this case, simplify the constant and variables separately:


[image: Image]


You can apply the same procedure to simplifying cube-root radicals, except that you look for perfect cubes in the radicand rather than perfect squares:
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Factor the numerator and the denominator:

Divide out (cancel) the common factor:

Multiply the remaining factors in the numerator
together, and multiply the remaining factors in the
denominator together:
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2. Divide out pairs of common factors:

3. Multiply the remaining factors together:






OEBPS/images/e0040-01.jpg





OEBPS/images/e0034-03.jpg





OEBPS/images/e0040-02.jpg
x. and so forth.





OEBPS/images/e0017-04.jpg
7207320 +8x _T2x° | —32a7 | 8a
8x [ 8x 8
o - 4ty

1

w0t o A% E






OEBPS/images/e0034-04.jpg
o Change to a multiplication example:

o Factor where possible: =
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x2-25  2x+10  x?2-25 x*-4

(x—4)(x+2)' 2(x+5)
(x=5)(x+5) (x+2)(x-2)

1

(x—4)M 2 ylc 5

o Divide out pairs of common factors: = (x - 5) N ; M(x - 2)

o _ 2(x-4)
o Simplify: (x—S)(x—Z)
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