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FOREWORD

Owen O’Shea is a highly effective communicator of recreational mathematics, as this new tour de force for general readers makes clear. He has a terrific eye for numerical curiosities and an infectious love of puzzles and their solutions that comes across in all his writing. When he was barely a teenager, he discovered the following little gem, which he has never published:


There are (1 + 2 + 3) primes less than (4 + 5 + 6), and the 7th prime equals (8 + 9).



Owen likes counterintuitive results in probability theory. For example, he once told me that if one repeatedly tosses a fair coin, the expected waiting time for two consecutive heads is six tosses. However, the expected waiting time for a tail followed by a head is only four tosses. This result is counterintuitive because the probability that two consecutive heads will fall is the same probability as tossing a tail followed by a head. Owen likes to point out that this result can be used as a handy little “earner”: ask a friend to repeatedly toss a coin. Bet that a tail followed by a head will turn up before two consecutive heads. You are likely to win the bet.

In the pages that follow, he shares his irrepressible enthusiasm with a new generation of readers.

Owen hails from Cobh (pronounced “cove”) near the city of Cork in the south of Ireland, the port from which Titanic sailed on its ill-fated voyage in 1912 and the birthplace (a year later, in 1913) of famed boxer Jack (the “Gorgeous Gael”) Doyle, whose 1978 funeral Owen proudly attended many years later as a young man.

Around 1990, Owen started corresponding with the great American writer Martin Gardner (1914–2010), who is remembered for his long stint writing the column “Mathematical Games” for Scientific American. Gardner was renowned for his gentle encouragement of inquiry in a playful spirit among amateurs and professionals alike and for his disdain for irrationality and pseudoscience. His wide circle included high-profile names such as Isaac Asimov, Paul Kurtz, Carl Sagan, James Randi, numerous magicians of note, and scores of mathematicians, including Sol Golomb, John H. Conway, Benoit Mandelbrot, and Roger Penrose.

Gardner and O’Shea shared a love of the puzzles of the great American puzzle master Sam Loyd (1841–1911)—indeed, Gardner had published two compendia of Loyd’s puzzles in the 1960s—and Owen first wrote to Gardner to alert him of an article (Reminiscences of Sam Loyd’s Family) that had not appeared in his extensive Loyd bibliography. The two soon became regular correspondents, discussed recreational mathematics, the philosophy of mathematics, philosophy itself, the alleged existence of God, religion, science, pseudoscience, literature, the paranormal, poetry, and myriad other subjects. Martin sometimes shared Owen’s insights with his own readers, such as in When You Were a Tadpole and I Was a Fish, the last of his 100 or so books to appear in his lifetime.

Among the original discoveries that Martin was happy to receive from Owen over the years was the following numerical nugget, which is so typical of Owen’s fertile mind:


1!2 + 2!2 + 3!2 + 4!2 + 1!2 + 2!2 + 3!2 + 4!2 = 1234.



(Recall 3! means 3 × 2 × 1 = 6 etc.). Gardner had been collecting such novelties since the 1950s, often disseminating them via tall tales involving his alleged friend Dr. I. J. Matrix, numerologist extraordinaire, one of the relatively few fictional characters to have his own Wikipedia page.

Another item O’Shea sent to Gardner mines a vein totally in synch with the spirit of Dr. Matrix:


“Cold” is the opposite meaning of “hot.” Using the usual alphabet code where A = 1, B = 2, the letters of cold sum to 34,

while the letters of hot sum to 43, which is the opposite of 34.



Following Gardner’s death in 2010, there was a flurry of tribute puzzles in the New York Times, where it was correctly pointed out that “Owen [O’Shea] seems to be the heir apparent to Dr. I. J. Matrix in numerological acumen” (https://wordplay.blogs.nytimes.com/2010/06/21/numberplay-spooky-action-at-a-distance). Significantly, Prometheus published Gardner’s The Magic Numbers of Dr. Matrix (1985).

Martin Gardner was in fact instrumental in getting the Mathematical Association of America interested in publishing Owen’s first book, The Magic Numbers of the Professor, coauthored with Underwood Dudley, for which he also wrote the preface. In January 2008, I had the pleasure of hand delivering a pristine copy of this volume to Martin at his retirement home in Oklahoma.

It was actually thanks to Martin that I first learned about Owen; he thought that two Irishmen who loved mathematics should get to know each other. Although a very private person with a low profile—despite his occasional articles in the Irish newspapers on assorted subjects over the years—Owen agreed to meet me in Cork in the summer of 2007. I can attest to his lively intellect, sparkling wit, and extraordinary ability to find patterns everywhere. Calculator ever at the ready, he can conjure up something interesting within minutes given almost any raw material. Here’s one that he recalls once telling Martin over the phone. Consider the ten-digit array as it appears on an electronic calculator:


789

456

123

0

Note that 12 + 34 + 56 + 78 + 95 − 59 − 87 − 65 − 43 − 21 = 0.



Like his mentor, whom Owen unfortunately never met, it’s all done with a twinkle in the eye. Like Martin, Owen is under no illusions that there is any paranormal significance to the coincidences he repeatedly stumbles on. And yet, there are eerie examples.

When the terrible Madrid bombings happened on March 11, 2004, days before a national election in Spain, it wasn’t long before Owen noticed that exactly 911 days had elapsed between the catastrophic World Trade Center attacks in New York City on September 11, 2001, and the Spanish atrocity. In the days immediately following the 2004 incident, nobody claimed responsibility for it, and the Spanish government was suggesting that the Basque group ETA was to blame. This turned out to be completely false, and the ruling party was promptly ousted from office that month.

Owen contacted the newsroom of an initially skeptical local newspaper to alert them of his observation and heard no more about it. About a week later, he learned that a satellite television broadcast on March 12 had mentioned that 911 days had passed between the 9/11 attack and 3/11 attacks. The story had spread fast in Ireland and farther afield, and soon thereafter the Cork Examiner belatedly credited him with his original insight.

Since early childhood, Owen has been fascinated with mathematical puzzles and number patterns. He is enchanted by the primes and how they are distributed along the number line. He considers himself a mathematical journalist, as did Martin Gardner. He is somewhat akin to the soccer reporter writing for the local newspaper: one who tries to convey the excitement of the match when writing his reports, giving various facts and figures to help the reader understand the game, but he may not be a soccer player himself. Owen does something similar when he writes about mathematics. He is not a mathematician per se but rather someone whom some others consider to be skilled in writing about the subject, particularly recreational mathematics.

Owen’s writing has appeared in the Cork Examiner, the Evening Echo (Cork), Edge Science, the Journal of Recreational Mathematics, and the College Mathematics Journal. He has written this book with a view to making mathematical puzzles attractive and interesting to the layperson. There is no difficult-to-understand mathematics in this collection. The aim of the book is to educate and amuse and to reveal to the layperson in a fun way the manner in which puzzlers solve mathematical brainteasers.

Owen thinks of the integers (the whole numbers) as his friends. They are faithful friends in the sense that their properties never change. Owen believes that the theorems of mathematics are timeless, eternal, unchanging, universal truths that we discover rather than invent.

Readers will discover a great deal of thought-provoking material in the pages that follow. Enjoy!

Colm Mulcahy

Professor of Mathematics

Spelman College

Atlanta, Georgia





INTRODUCTION

Recreational mathematics is an umbrella term used to describe the pursuit of mathematics for self-entertainment and educational purposes. Professional mathematicians and amateurs alike are counted among its many followers.

Recreational mathematics involves the investigation of numerous number patterns, magic tricks with numbers, paradoxes, fallacies, mathematical games, and, of course, mathematical puzzles. No specialized knowledge in advanced mathematics is required, and that is why so many amateurs get interested in the hobby. Many of these amateurs have been inspired to make further inquiries into mathematics generally, and some of them have made substantial and deep discoveries in this field that may not have been made were it not for their initial interest in the recreational side of mathematics.

One way of defining recreational mathematics is to say that it involves taking a playful approach to the whole concept of mathematics. Recreational mathematics is what it says it is: recreational. This book concentrates on mathematical puzzles—but not just ordinary mathematical puzzles. This book is written with a view to including only mathematical puzzles that have a surprising solution.

I have always believed that recreational mathematics should be used to gain a student’s interest in mathematics. My opinion on how mathematics should be taught rests on a basic and core belief: the pupil must like mathematics to be good at it. If a young person likes, say, baseball, there is a good chance that he or she will be good at baseball. Similarly, if a young person can be coaxed to enjoy tackling interesting mathematical puzzles, there is a good chance that that young person or adult will become good at mathematics in general and certainly good at clear, logical thinking in particular.

Thus, one of the spin-offs of encouraging people to pursue puzzle solving as a hobby is that society as a whole benefits if a sizable proportion of its members can solve mathematical puzzles because that in turn means that a reasonable number of individuals in society can use logic and reasoning to confront and solve the daily problems of life that we all face. All right-minded persons know that we need to use logic and reasoning in the world now more than ever before to solve the many problems that face humanity.

Even if a child or student finds it difficult to solve a mathematical puzzle, he or she should be encouraged and guided step-by-step through the solution. The student may then encounter what Martin Gardner (1914–2010), the famous popularizer of mathematical recreations, described as an aha moment. When the step-by-step solution is shown to the student, he or she will see not only the solution but also, it is hoped, why there is that particular solution.

When one has hooked a student on the subject of mathematics, then of course that student should gradually be introduced to the various and more serious branches of the subject. But his or her initial interest in and perhaps love of puzzles will instill in him or her a sense of wonder that will last a lifetime.

There are those, of course, who say that mathematical puzzles are frivolous and that valuable time should not be wasted on giving these puzzles to teenagers or young adults.

I would strongly argue against this point of view.

Some of the greatest minds in history have pursued recreational mathematics as a hobby. In the twelfth century, the Italian mathematician Leonardo Fibonacci (ca. 1175–1250) offered a puzzle concerning how quickly rabbits reproduce.1 The solution of the puzzle popularized the famous Fibonacci sequence. The great English scientist and mathematician Isaac Newton (1642–1727), who could not by any stretch of the imagination be described as a congenial character, formulated a few mathematical puzzles that can be described as recreational. The outstanding American theoretical physicist Richard Feynman (1918–1988) enjoyed solving mathematical puzzles, including the famous puzzle about the floating hat, which appears in this collection as puzzle 115.2 The recreational mathematics popularizer Martin Gardner once wrote that the Danish engineer and inventor Piet Hein told him that whenever he visited Albert Einstein (1879–1955), Piet found a section of Einstein’s bookshelves stocked with mathematical games and puzzles.3

It should not, however, be assumed that recreational mathematics is the sole preserve of the great minds among us. The average layperson who may have no previous experience solving mathematical puzzles can begin to take an interest in this hobby. As the old adage says, the start of a thousand-mile journey begins with the first step. The great thing about solving a mathematical problem is that like all other exercises, the more of it one does, the better one gets at it. Also, once one gets started, one will begin to learn to actually enjoy solving mathematical puzzles.

We all tackle puzzles of one sort or another on a daily basis: Should I bring my umbrella with me on my way to work when the morning is dark and cloudy? Should I take this particular job that pays such and such a salary or perhaps take the better-paid job that is sixty miles from my home, which will cost a lot in gasoline per week and make my workday much longer? Should I vote for this politician who promises this and that, or should I vote for the other politician who seems more grounded in reality?

This is the type of puzzle solving that we are all familiar with. To have a successful and happy life depends to some (perhaps a great) degree on our ability to solve puzzles.

Of course, the difference between these everyday puzzles and the mathematical problems found in puzzle books is that generally the mathematical puzzles found in the literature are a pleasure to work on. Most successful mathematical puzzlers admit that there is a wonderful sense of achievement (sometimes exhilaration!) in solving an interesting mathematical problem. It is this great thrill, this sense of achievement that the amateur feels, that is similar to the feelings of a professional mathematician when he or she conquers a more advanced problem that has long resisted attempts at yielding a solution. It is this sense of discovering something previously unknown to the amateur that is similar to the feeling the scientist experiences when he or she solves a puzzle posed by nature.

Mathematical puzzles can be divided into two groups: those that have a mundane solution and those that have an interesting solution. It is puzzles only from the second category that will be found in this book.

To see the difference between the two types of puzzle, consider the following problem, which has appeared in various forms online and in puzzle books over the years:


Alec can build a wall by himself in 3 days. Brian can build the same size wall in 4 days, while Charlie takes 5 days to build a similar wall. All three men work at a constant rate. If the three men worked together, how long would it take to build the wall?4



I would solve this puzzle by first finding a number that is a multiple of the three numbers, 3, 4, and 5. The smallest such multiple is 60. I would then recognize that Alec can build 20 such walls in 60 days; Brian can build 15 walls in 60 days, and Charlie can build 12 walls in 60 days. Thus, all three of them working can build 20 + 15 + 12, or 47, walls in 60 days. Therefore, if all three men work together, they will build one wall in 60⁄47, or

1 and 13⁄47 days.

The answer to this problem is not surprising. No one can look at this little puzzle and truthfully say, “Gosh! What a wonderful puzzle! What a surprising answer! I was certain that the answer was such and such. I am really surprised that the answer is 1 and 13⁄47 days.”

This mathematical problem and others similar to it may be interesting to some. But these types of puzzles will not be found in this little book. The problems in this book will be more like the following ancient puzzle that is suitably dressed to fit in with the modern world:


Two wealthy men, Smith and Jones, decide to invest some money in property. Smith invests $500,000, and Jones invests $300,000. They buy three beautiful, identical houses. They each take possession of one house and decide to sell the third house for $800,000. How should they fairly divide the money they received for the house?5



The solution of this puzzle is not at all obvious to the casual reader.

Many people will, it appears, say that the sum of money the two men received when they sold the house should be divided in a 5-to-3 ratio because that was the ratio of the sums of money initially invested by both men. Thus, Smith should receive $500,000 and Jones $300,000.

But, surprisingly, this division of the money is unfair and incorrect!

Here is the correct way to solve this puzzle. Both men bought three identical houses. These three houses cost a total of $800,000. Therefore, each house costs $800,000 divided by 3, or $266,666.67 each.

Smith contributed $500,000 to the investment project. Therefore, he has contributed $233,333.33 more than the cost of each house to the investment project. Jones has contributed $300,000 to the investment project. Therefore, Jones has contributed $33,333.33 more than the cost of each house to the project.

Each man received a house in return for his investment. When this is accounted for, the amount of money left in the two investments looks like this:






	





	Smith
	Jones



	$233,333.33
	$33,333.33







Thus, at this point, Smith has seven times more money invested in the project than Jones has.

Consequently, the investment return of $800,000 that they received when they sold the house should be divided in a 7-to-1 ratio in favor of Smith. In other words, Smith should receive $700,000 and Jones $100,000.

Now, this puzzle does have a surprising and totally unexpected solution! I can almost hear the reader say that he or she was certain that the correct way to divide the money obtained when the third house was sold was in a 5-to-3 ratio in favor of Smith!

When the above solution is presented to many people, they still find it difficult to believe. Generally, though, those who are good at solving mathematical puzzles will obtain this solution themselves or will gratefully and pleasantly accept the surprising solution when it is shown to them.

This is the type of problem you will find in the pages of this book. Either the solution itself will be surprising or the method used in finding the solution will be surprising.

* * *

Two of the great inventors of mathematical puzzles were the American Sam Loyd (1841–1911)6 and the Englishman Henry Ernest Dudeney (1857–1930).7 Both men were mathematical puzzle geniuses. Many of the puzzles found in Dudeney’s books are also found in Loyd’s works and vice versa. It is almost impossible to say who borrowed the most from each other. In addition to mathematical puzzles, Loyd was able to produce mechanical puzzles that caught the world’s imagination in a way that Dudeney’s puzzles did not. However, many of Dudeney’s mathematical puzzles are intellectually superior to those of Loyd. Because of that, many puzzle buffs believe that of the two, Dudeney was probably the better mathematician. There is hardly a mathematical puzzle book in print today in any part of the world that does not contain some of the work of either of these two outstanding pioneers in the art of puzzle making.

Sam Loyd had a son named Walter (1873–1934). He adopted his father’s name and became known as Sam Loyd Jr. in adulthood. It had been originally thought that Loyd Jr.—although interested in mathematical puzzles—did not possess the same inventiveness as his famous father. But recent research appears to indicate that Sam Loyd Jr. was also a mathematical genius, equally as good at puzzle making as the elder Loyd. The younger Loyd is said to have created 10,000 puzzles in his lifetime.8 When Sam Loyd Jr. died in 1934, he was laid to rest near his father in Maple Grove Cemetery in Kew Gardens in New York City.9

Both Sam Loyd Sr. and Henry Dudeney contributed their puzzles to newspapers and magazines to entertain the readers of those publications. Both began contributing puzzles from an early age and continued to do so throughout their lives. Their problems were of a remarkably high standard, and since their time, no one has come anywhere near equaling the quality and output of their puzzles.

Both Loyd and Dudeney and Loyd Jr. were always open to the idea that the solutions to the puzzles they offered could be improved on. One of Sam Loyd Sr.’s puzzles, Bixley to Quixley (puzzle 56 in this collection), was correctly solved by Loyd. However, decades later, a correspondent of the late Martin Gardner named Ronald C. Read of Kingston, Jamaica, offered a surprisingly simpler solution to Loyd’s problem. Both Loyd’s and Read’s solutions are included in this collection.

There were, of course, other inventors of mathematical puzzles besides the men mentioned above. The inventors of many mathematical problems (it is usually quite difficult to state with certainty who first stated or invented a particular puzzle) produced these puzzles in bygone days to meet people’s expectations to be challenged and entertained simultaneously. Many of these mathematical problems were passed down from one generation to the next in a similar way that songs were often passed on through the generations. The fact that these puzzles are still enjoyed today in the modern world is testimony to their quality and appeal.

Being able to solve mathematical puzzles depends to a great degree on the ability to think clearly and to reason correctly rather than having any particular knowledge of mathematics. There are of course puzzles, particularly the more difficult and advanced puzzles, that are best tackled by someone with an extensive knowledge of mathematics and mathematical techniques. But, by and large, mathematical puzzles can be tackled by the average layperson.

The puzzles in this book are suited to the intelligent and curious reader who wants to try his or her hand at some of the puzzles that have occupied and indeed captivated the minds of numerous people down through the years. The reader will not require a PhD to solve any of the puzzles in this book.

I have graded the puzzles in this collection into three parts: Easy Puzzles, Easy Teasers; Challenging Teasers; and Slightly More Challenging Puzzles. My selections, of course, are subjective, but I trust that most readers will concur with my choices. The Easy Puzzles, Easy Teasers are offered to lure the novice into the hobby of puzzle solving. The Challenging Teasers are presented for the serious puzzle solver. The Slightly More Challenging Puzzles are offered to those who like their puzzles a little more difficult than average.

Of course, while the primary aim of the puzzle solver is to obtain the solution to the puzzle at hand, it should be remembered that often finding the correct solution method is equally as—if not more important than—finding the answer. By finding the correct method of solution, the puzzler is arming him- or herself so as to be able to conquer a similar puzzle should one be encountered at a later stage.

* * *

I wish to take this opportunity to acknowledge here the outstanding contribution to recreational mathematics that the late Martin Gardner made in his long and illustrious career. He wrote a monthly column on the subject for Scientific American for twenty-five years beginning in January 1957. Martin’s columns have been collected into fifteen volumes, which are still available today. They are essential reading for the serious recreational mathematician. Persi Diaconis, professor of mathematics at Stanford University, has said that Martin Gardner was responsible for turning dozens of innocent youngsters into math professors and thousands of math professors into innocent youngsters.10 Martin also wrote many books on science and philosophy. All of his books, no matter what the subject, are worth reading.

It is my wish that you will enjoy solving some (if not all) the puzzles found between the covers of this book. But even if you do not succeed in solving all the problems, your attempts to crack the puzzles will perhaps bring you some insight into the world of mathematics. If you take the time to read through the solutions, you will almost certainly pick up some of the skills that puzzlers and mathematicians use in solving mathematical problems, and that will almost certainly make you a better puzzle solver. If you become a better puzzle solver, your life will almost certainly improve because when you think about it, life is all about solving puzzles.
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