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  A trained logistic regression classifier distinguishes between two classes of points by slicing like a cleaver through 3D space (see section 21).
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preface


  Another promising candidate had failed their data science interview, and I began to wonder why. The year was 2018, and I was struggling to expand the data science team at my startup. I had interviewed dozens of seemingly qualified candidates, only to reject them all. The latest rejected applicant was an economics PhD from a top-notch school. Recently, the applicant had transitioned into data science after completing a 10-week bootcamp. I asked the applicant to discuss an analytics problem that was very relevant to our company. They immediately brought up a trendy algorithm that was not applicable to the situation. When I tried to debate the algorithm’s incompatibilities, the candidate was at a loss. They didn’t know how the algorithm actually worked or the appropriate circumstances under which to use it. These details hadn’t been taught to them at the bootcamp.


  After the rejected candidate departed, I began to reflect on my own data science education. How different it had been! Back in 2006, data science was not yet a coveted career choice, and DS bootcamps did not yet exist. In those days, I was a poor grad student struggling to pay the rent in pricey San Francisco. My graduate research required me to analyze millions of genetic links to diseases. I realized that my skills were transferable to other areas of analysis, and thus my data science consultancy was born.


  Unbeknownst to my graduate advisor, I began to solicit analytics work from random Bay Area companies. That freelance work helped pay the bills, so I could not be too choosy about the data-driven assignments I tackled. Thus, I would sign up for a variety of data science tasks, ranging from simple statistical analyses to complex predictive modeling. Sometimes I would find myself overwhelmed by a seemingly intractable data problem, but in the end, I’d persevere. My struggles taught me the nuances of diverse analytics techniques and how to best combine them to reach elegant solutions. More importantly, I learned how common techniques can fail and how to surmount these failure points to deliver impactful results. As my skill set grew, my data science career began to flourish. Eventually, I became a leader in the field.


  Would I have achieved the same level of success through rote memorization at a 10-week bootcamp? Probably not. Many bootcamps prioritize the study of standalone algorithms over more cohesive problem-solving skills. Furthermore, the hype over an algorithm’s strengths tends to be emphasized over its weaknesses. Consequently, students are sometimes ill prepared to handle data science in real-world settings. That insight inspired me to write this book.


  I decided to replicate my own data science education by exposing you, my readers, to a set of increasingly challenging analytics problems. Additionally, I chose to arm you with tools and techniques required to handle these problems effectively. My aim is to holistically help you cultivate your analytic problem-solving skills. This way, when you interview for that junior data science position, you will be much more likely to get the job.


  
acknowledgments
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about this book


  Open-ended problem-solving abilities are essential for a data science career. Unfortunately, these abilities cannot be acquired simply by reading. To become a problem solver, you must persistently solve difficult problems. With this in mind, I’ve structured my book around case studies: open-ended problems modeled on real-world situations. The case studies range from online advertisement analysis to tracking disease outbreaks using news data. Upon completing these case studies, you will be well suited to begin a career in data science.


  
Who should read this book


  This book’s intended reader is an educated novice who is interested in transitioning to a data science career. When I imagine a typical reader, I picture a fourth-year college student studying economics who wishes to explore a broader range of analytics opportunities, or a chemistry major already out of school who is searching for a more data-centric career path. Or perhaps the reader is a successful frontend web developer with a very limited mathematics background who would like to give data science a shot. None of my potential readers have ever taken a data science class, leaving them inexperienced when it comes to diverse data analysis. The purpose of this book is to eliminate that skill deficiency.


  My readers are required to know the bare-bones basics of Python programming. Self-taught beginning Python should be sufficient to explore the exercises in the book. Your mathematical knowledge is not expected to extend beyond basic high-school trigonometry.


  
How this book is organized


  This book contains five case studies of progressing difficulty. Each case study begins with a detailed problem statement, which you will need to resolve. The problem statement is followed by two to five sections that introduce the data science skills required to solve the problem. These skill sections cover fundamental libraries, as well as mathematical and algorithmic techniques. Each final case study section describes the solution to the problem.


  Case study 1 pertains to basic probability theory:


  
    	
      Section 1 discusses how to compute probabilities using straightforward Python.

    


    	
      Section 2 introduces the concept of probability distributions. It also introduces the Matplotlib visualization library, which can be used to visualize the distributions.

    


    	
      Section 3 discusses how to estimate probabilities using randomized simulations. The NumPy numerical computing library is introduced to facilitate efficient simulation execution.

    


    	
      Section 4 contains the case study solution.

    

  


  Case study 2 extends beyond probability into statistics:


  
    	
      Section 5 introduces simple statistical measures of centrality and dispersion. It also introduces the SciPy scientific computing library, which contains a useful statistics module.

    


    	
      Section 6 dives deep into the central limit theorem, which can be used to make statistical predictions.

    


    	
      Section 7 discusses various statistical inference techniques, which can be used to distinguish interesting data patterns from random noise. Additionally, this section illustrates the dangers of incorrect inference usage and how these dangers can be best avoided.

    


    	
      Section 8 introduces the Pandas library, which can be utilized to preprocess tabular data before statistical analysis.

    


    	
      Section 9 contains the case study solution.

    

  


  Case study 3 focuses on the unsupervised clustering of geographic data:


  
    	
      Section 10 illustrates how measures of centrality can be used to cluster data into groups. The scikit-learn library is also introduced to facilitate efficient clustering.

    


    	
      Section 11 focuses on geographic data extraction and visualization. Extraction from text is carried out with the GeoNamesCache library, while visualization is achieved using the Cartopy map-plotting library.

    


    	
      Section 12 contains the case study solution.

    

  


  Case study 4 focuses on natural language processing using large-scale numeric computations:


  
    	
      Section 13 illustrates how to efficiently compute similarities between texts using matrix multiplication. NumPy’s built-in matrix optimizations are used extensively for this purpose.

    


    	
      Section 14 shows how to utilize dimension reduction for more efficient matrix analysis. Mathematical theory is discussed in conjunction with scikit-learn’s dimension-reduction methods.

    


    	
      Section 15 applies natural language processing techniques to a very large text dataset. The section discusses how to best explore and cluster that text data.

    


    	
      Section 16 shows how to extract text from online data using the Beautiful Soup HTML-parsing library.

    


    	
      Section 17 contains the case study solution.

    

  


  Case study 5 completes the book with a discussion of network theory and supervised machine learning:


  
    	
      Section 18 introduces basic network theory in conjunction with the NetworkX graph analysis library.

    


    	
      Section 19 shows how to utilize network flow to find clusters in network data. Probabilistic simulations and matrix multiplications are used to achieve effective clustering.

    


    	
      Section 20 introduces a simple supervised machine learning algorithm based on network theory. Common machine learning evaluation techniques are also illustrated using scikit-learn.

    


    	
      Section 21 discusses additional machine learning techniques, which rely on memory-efficient linear classifiers.

    


    	
      Section 22 dives into the flaws of previously introduced supervised learning methodologies. The flaws are subsequently circumvented using nonlinear decision tree classifiers.

    


    	
      Section 23 contains the case study solution.

    

  


  Each section of the book builds on the algorithms and libraries introduced in previous sections. Hence, you are encouraged to go through this book cover to cover to minimize confusion. But if you are already familiar with a subset of the material in the book, feel free to skip that familiar material. Finally, I strongly recommend that you tackle each case study problem on your own before reading the solution. Independently trying to solve each problem will maximize the value of this book.


  
About the code


  This book contains many examples of source code, both in numbered listings and inline with normal text. In both cases, the source code is formatted in a fixed-width font like this to separate it from ordinary text. The source code in the listings is structured in modular chunks, with written explanations that precede each modular bit of code. That code presentation style is well suited for display in a Jupyter notebook since notebooks bridge functional code samples with written explanations. Consequently, the source code for each case study is available for download in a Jupyter notebook at www.manning.com/books/data-science-bookcamp. These notebooks combine code listings with summarized explanations from the book. Per usual notebook style, interdependencies exist between separate notebook cells. Thus, it’s recommended that you run the code samples in the exact order they appear in the notebook: otherwise you risk encountering a dependency-driven error.
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about the cover illustration


  The figure on the cover of Data Science Bookcamp is captioned “Habitante du Tyrol,” or resident of Tyrol. The illustration is taken from a collection of dress costumes from various countries by Jacques Grasset de Saint-Sauveur (1757–1810), titled Costumes de Différents Pays, published in France in 1797. Each illustration is finely drawn and colored by hand. The rich variety of Grasset de Saint-Sauveur’s collection reminds us vividly of how culturally apart the world’s towns and regions were just 200 years ago. Isolated from each other, people spoke different dialects and languages. On the streets or in the countryside, it was easy to identify where they lived and what their trade or station in life was just by their dress.


  The way we dress has changed since then and the diversity by region, so rich at the time, has faded away. It is now hard to tell apart the inhabitants of different continents, let alone different towns, regions, or countries. Perhaps we have traded cultural diversity for a more varied personal life—certainly for a more varied and fast-paced technological life.


  At a time when it is hard to tell one computer book from another, Manning celebrates the inventiveness and initiative of the computer business with book covers based on the rich diversity of regional life of two centuries ago, brought back to life by Grasset de Saint-Sauveur’s pictures.


  
Part 1. Case study 1: Finding the winning strategy in a card game


  
Problem statement


  Would you like to win a bit of money? Let’s wager on a card game for minor stakes. In front of you is a shuffled deck of cards. All 52 cards lie face down. Half the cards are red, and half are black. I will proceed to flip over the cards one by one. If the last card I flip over is red, you’ll win a dollar. Otherwise, you’ll lose a dollar.


  Here’s the twist: you can ask me to halt the game at any time. Once you say “Halt,” I will flip over the next card and end the game. That next card will serve as the final card. You will win a dollar if it’s red, as shown in figure CS1.1.
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  Figure CS1.1 The card-flipping game. We start with a shuffled deck. I repeatedly flip over the top card from the deck. (A) I have just flipped the fourth card. You instruct me to stop. (B) I flip over the fifth and final card. The final card is red. You win a dollar.


  We can play the game as many times as you like. The deck will be reshuffled every time. After each round, we’ll exchange money. What is your best approach to winning this game?


  
Overview


  To address the problem at hand, we will need to know how to


  
    	
      Compute the probabilities of observable events using sample space analysis.

    


    	
      Plot the probabilities of events across a range of interval values.

    


    	
      Simulate random processes, such as coin flips and card shuffling, using Python.

    


    	
      Evaluate our confidence in decisions drawn from simulations using confidence interval analysis. 

    

  


  
1 Computing probabilities using Python


  This section covers


  
    	
What are the basics of probability theory?


    	
Computing probabilities of a single observation


    	
Computing probabilities across a range of observations

  


  Few things in life are certain; most things are driven by chance. Whenever we cheer for our favorite sports team, or purchase a lottery ticket, or make an investment in the stock market, we hope for some particular outcome, but that outcome cannot ever be guaranteed. Randomness permeates our day-to-day experiences. Fortunately, that randomness can still be mitigated and controlled. We know that some unpredictable events occur more rarely than others and that certain decisions carry less uncertainty than other much-riskier choices. Driving to work in a car is safer than riding a motorcycle. Investing part of your savings in a retirement account is safer than betting it all on a single hand of blackjack. We can intrinsically sense these trade-offs in certainty because even the most unpredictable systems still show some predictable behaviors. These behaviors have been rigorously studied using probability theory. Probability theory is an inherently complex branch of math. However, aspects of the theory can be understood without knowing the mathematical underpinnings. In fact, difficult probability problems can be solved in Python without needing to know a single math equation. Such an equation-free approach to probability requires a baseline understanding of what mathematicians call a sample space.


  
1.1 Sample space analysis: An equation-free approach for measuring uncertainty in outcomes


  Certain actions have measurable outcomes. A sample space is the set of all the possible outcomes an action could produce. Let’s take the simple action of flipping a coin. The coin will land on either heads or tails. Thus, the coin flip will produce one of two measurable outcomes: heads or tails. By storing these outcomes in a Python set, we can create a sample space of coin flips.


  Listing 1.1 Creating a sample space of coin flips

  sample_space = {'Heads', 'Tails'}    ❶


  ❶ Storing elements in curly brackets creates a Python set. A Python set is a collection of unique, unordered elements.


  Suppose we choose an element of sample_space at random. What fraction of the time will the chosen element equal Heads? Well, our sample space holds two possible elements. Each element occupies an equal fraction of the space within the set. Therefore, we expect Heads to be selected with a frequency of 1/2. That frequency is formally defined as the probability of an outcome. All outcomes within sample_space share an identical probability, which is equal to 1 / len(sample_space).


  Listing 1.2 Computing the probability of heads

  probability_heads = 1 / len(sample_space)
print(f'Probability of choosing heads is {probability_heads}')
 
Probability of choosing heads is 0.5


  The probability of choosing Heads equals 0.5. This relates directly to the action of flipping a coin. We’ll assume the coin is unbiased, which means the coin is equally likely to fall on either heads or tails. Thus, a coin flip is conceptually equivalent to choosing a random element from sample_space. The probability of the coin landing on heads is therefore 0.5; the probability of it landing on tails is also equal to 0.5.


  We’ve assigned probabilities to our two measurable outcomes. However, there are additional questions we could ask. What is the probability that the coin lands on either heads or tails? Or, more exotically, what is the probability that the coin will spin forever in the air, landing on neither heads nor tails? To find rigorous answers, we need to define the concept of an event. An event is the subset of those elements within sample_space that satisfy some event condition (as shown in figure 1.1). An event condition is a simple Boolean function whose input is a single sample_space element. The function returns True only if the element satisfies our condition constraints.
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  Figure 1.1 Four event conditions applied to a sample space. The sample space contains two outcomes: heads and tails. Arrows represent the event conditions. Every event condition is a yes-or-no function. Each function filters out those outcomes that do not satisfy its terms. The remaining outcomes form an event. Each event contains a subset of the outcomes found in the sample space. Four events are possible: heads, tails, heads or tails, and neither heads nor tails.


  Let’s define two event conditions: one where the coin lands on either heads or tails, and another where the coin lands on neither heads nor tails.


  Listing 1.3 Defining event conditions

  def is_heads_or_tails(outcome):  return outcome in {'Heads', 'Tails'}
def is_neither(outcome): return not is_heads_or_tails(outcome)


  Also, for the sake of completeness, let’s define event conditions for the two basic events in which the coin satisfies exactly one of our two potential outcomes.


  Listing 1.4 Defining additional event conditions

  def is_heads(outcome): return outcome == 'Heads'
def is_tails(outcome): return outcome == 'Tails'


  We can pass event conditions into a generalized get_matching_event function. That function is defined in listing 1.5. Its inputs are an event condition and a generic sample space. The function iterates through the generic sample space and returns the set of outcomes where event_condition(outcome) is True.


  Listing 1.5 Defining an event-detection function

  def get_matching_event(event_condition, sample_space):
    return set([outcome for outcome in sample_space
                if event_condition(outcome)])


  Let’s execute get_matching_event on our four event conditions. Then we’ll output the four extracted events.


  Listing 1.6 Detecting events using event conditions

  event_conditions = [is_heads_or_tails, is_heads, is_tails, is_neither]
 
for event_condition in event_conditions:
    print(f"Event Condition: {event_condition.__name__}")      ❶
    event = get_matching_event(event_condition, sample_space)
    print(f'Event: {event}\n')
Event Condition: is_heads_or_tails
Event: {'Tails', 'Heads'}
 
Event Condition: is_heads
Event: {'Heads'}
 
Event Condition: is_tails
Event: {'Tails'}
 
Event Condition: is_neither
Event: set()


  ❶ Prints the name of an event_condition function


  We’ve successfully extracted four events from sample_space. What is the probability of each event occurring? Earlier, we showed that the probability of a single-element outcome for a fair coin is 1 / len(sample_space). This property can be generalized to include multi-element events. The probability of an event is equal to len(event) / len(sample_space), but only if all outcomes are known to occur with equal likelihood. In other words, the probability of a multi-element event for a fair coin is equal to the event size divided by the sample space size. We now use event size to compute the four event probabilities.


  Listing 1.7 Computing event probabilities

  def compute_probability(event_condition, generic_sample_space):
    event = get_matching_event(event_condition, generic_sample_space)    ❶
    return len(event) / len(generic_sample_space)                        ❷
 
for event_condition in event_conditions:
    prob = compute_probability(event_condition, sample_space)
    name = event_condition.__name__
    print(f"Probability of event arising from '{name}' is {prob}")

Probability of event arising from 'is_heads_or_tails' is 1.0
Probability of event arising from 'is_heads' is 0.5
Probability of event arising from 'is_tails' is 0.5
Probability of event arising from 'is_neither' is 0.0


  ❶ The compute_probability function extracts the event associated with an inputted event condition to compute its probability.


  ❷ Probability is equal to event size divided by sample space size.


  The executed code outputs a diverse range of event probabilities, the smallest of which is 0.0 and the largest of which is 1.0. These values represent the lower and upper bounds of probability; no probability can ever fall below 0.0 or rise above 1.0.


  
1.1.1 Analyzing a biased coin


  We computed probabilities for an unbiased coin. What would happen if that coin was biased? Suppose, for instance, that a coin is four times more likely to land on heads relative to tails. How do we compute the likelihoods of outcomes that are not weighted in an equal manner? Well, we can construct a weighted sample space represented by a Python dictionary. Each outcome is treated as a key whose value maps to the associated weight. In our example, Heads is weighted four times as heavily as Tails, so we map Tails to 1 and Heads to 4.


  Listing 1.8 Representing a weighted sample space

  weighted_sample_space = {'Heads': 4, 'Tails': 1}


  Our new sample space is stored in a dictionary. This allows us to redefine the size of the sample space as the sum of all dictionary weights. Within weighted_sample_ space, that sum will equal 5.


  Listing 1.9 Checking the weighted sample space size

  sample_space_size = sum(weighted_sample_space.values())
assert sample_space_size == 5


  We can redefine event size in a similar manner. Each event is a set of outcomes, and those outcomes map to weights. Summing over the weights yields the event size. Thus, the size of the event satisfying the is_heads_or_tails event condition is also 5.


  Listing 1.10 Checking the weighted event size

  event = get_matching_event(is_heads_or_tails, weighted_sample_space)    ❶
event_size = sum(weighted_sample_space[outcome] for outcome in event)
assert event_size == 5


  ❶ As a reminder, this function iterates over each outcome in the inputted sample space. Thus, it will work as expected on our dictionary input. This is because Python iterates over dictionary keys, not key-value pairs as in many other popular programming languages.


  Our generalized definitions of sample space size and event size permit us to create a compute_event_probability function. The function takes as input a generic_sample_ space variable that can be either a weighted dictionary or an unweighted set.


  Listing 1.11 Defining a generalized event probability function

  def compute_event_probability(event_condition, generic_sample_space):
    event = get_matching_event(event_condition, generic_sample_space)
    if type(generic_sample_space) == type(set()):                      ❶
        return len(event) / len(generic_sample_space)
 
    event_size = sum(generic_sample_space[outcome]
                     for outcome in event)
    return event_size / sum(generic_sample_space.values())


  ❶ Checks whether generic_event_space is a set


  We can now output all the event probabilities for the biased coin without needing to redefine our four event condition functions.


  Listing 1.12 Computing weighted event probabilities

  for event_condition in event_conditions:
    prob = compute_event_probability(event_condition, weighted_sample_space)
    name = event_condition.__name__
    print(f"Probability of event arising from '{name}' is {prob}")
 
Probability of event arising from 'is_heads' is 0.8
Probability of event arising from 'is_tails' is 0.2
Probability of event arising from 'is_heads_or_tails' is 1.0
Probability of event arising from 'is_neither' is 0.0


  With just a few lines of code, we have constructed a tool for solving many problems in probability. Let’s apply this tool to problems more complex than a simple coin flip. 


  
1.2 Computing nontrivial probabilities


  We’ll now solve several example problems using compute_event_probability.


  
1.2.1 Problem 1: Analyzing a family with four children


  Suppose a family has four children. What is the probability that exactly two of the children are boys? We’ll assume that each child is equally likely to be either a boy or a girl. Thus we can construct an unweighted sample space where each outcome represents one possible sequence of four children, as shown in figure 1.2.
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  Figure 1.2 The sample space for four sibling children. Each row in the sample space contains 1 of 16 possible outcomes. Every outcome represents a unique combination of four children. The sex of each child is indicated by a letter: B for boy and G for girl. Outcomes with two boys are marked by an arrow. There are six such arrows; thus, the probability of two boys equals 6 / 16.


  Listing 1.13 Computing the sample space of children

  possible_children = ['Boy', 'Girl']
sample_space = set()
for child1 in possible_children:
    for child2 in possible_children:
        for child3 in possible_children:
            for child4 in possible_children:
                outcome = (child1, child2, child3, child4)    ❶
                sample_space.add(outcome)


  ❶ Each possible sequence of four children is represented by a four-element tuple.


  We ran four nested for loops to explore the sequence of four births. This is not an efficient use of code. We can more easily generate our sample space using Python’s built-in itertools.product function, which returns all pairwise combinations of all elements across all input lists. Next, we input four instances of the possible_children list into itertools.product. The product function then iterates over all four instances of the list, computing all the combinations of list elements. The final output equals our sample space.


  Listing 1.14 Computing the sample space using product

  from itertools import product
all_combinations = product(*(4 * [possible_children]))     ❶
assert set(all_combinations) == sample_space               ❷


  ❶ The * operator unpacks multiple arguments stored within a list. These arguments are then passed into a specified function. Thus, calling product(*(4 * [possible_children])) is equivalent to calling product(possible_children, possible_children, possible_children, possible_children).


  ❷ Note that after running this line, all_combinations will be empty. This is because product returns a Python iterator, which can be iterated over only once. For us, this isn’t an issue. We are about to compute the sample space even more efficiently, and all_combinations will not be use in future code.


  We can make our code even more efficient by executing set(product(possible_ children, repeat=4)). In general, running product(possible_children, repeat=n) returns an iterable over all possible combinations of n children.


  Listing 1.15 Passing repeat into product

  sample_space_efficient = set(product(possible_children, repeat=4))
assert sample_space == sample_space_efficient


  Let’s calculate the fraction of sample_space that is composed of families with two boys. We define a has_two_boys event condition and then pass that condition into compute_event_probability.


  Listing 1.16 Computing the probability of two boys

  def has_two_boys(outcome): return len([child for child in outcome
                                      if child == 'Boy']) == 2
prob = compute_event_probability(has_two_boys, sample_space)
print(f"Probability of 2 boys is {prob}")
 
Probability of 2 boys is 0.375


  The probability of exactly two boys being born in a family of four children is 0.375. By implication, we expect 37.5% of families with four children to contain an equal number of boys and girls. Of course, the actual observed percentage of families with two boys will vary due to random chance. 


  
1.2.2 Problem 2: Analyzing multiple die rolls


  Suppose we’re shown a fair six-sided die whose faces are numbered from 1 to 6. The die is rolled six times. What is the probability that these six die rolls add up to 21?


  We begin by defining the possible values of any single roll. These are integers that range from 1 to 6.


  Listing 1.17 Defining all possible rolls of a six-sided die

  possible_rolls = list(range(1, 7))
print(possible_rolls)
 
[1, 2, 3, 4, 5, 6]


  Next, we create the sample space for six consecutive rolls using the product function.


  Listing 1.18 Sample space for six consecutive die rolls

  sample_space = set(product(possible_rolls, repeat=6))


  Finally, we define a has_sum_of_21 event condition that we’ll subsequently pass into compute_event_probability.


  Listing 1.19 Computing the probability of a die-roll sum

  def has_sum_of_21(outcome): return sum(outcome) == 21
 
prob = compute_event_probability(has_sum_of_21, sample_space)
print(f"6 rolls sum to 21 with a probability of {prob}")       ❶

6 rolls sum to 21 with a probability of 0.09284979423868313


  ❶ Conceptually, rolling a single die six times is equivalent to rolling six dice simultaneously.


  The six die rolls will sum to 21 more than 9% of the time. Note that our analysis can be coded more concisely using a lambda expression. Lambda expressions are one-line anonymous functions that do not require a name. In this book, we use lambda expressions to pass short functions into other functions.


  Listing 1.20 Computing the probability using a lambda expression

  prob = compute_event_probability(lambda x: sum(x) == 21, sample_space)   ❶
assert prob == compute_event_probability(has_sum_of_21, sample_space)


  ❶ Lambda expressions allow us to define short functions in a single line of code. Coding lambda x: is functionally equivalent to coding func(x):. Thus, lambda x: sum(x) == 21 is functionally equivalent to has_sum_of_21. 


  
1.2.3 Problem 3: Computing die-roll probabilities using weighted sample spaces


  We’ve just computed the likelihood of six die rolls summing to 21. Now, let’s recompute that probability using a weighted sample space. We need to convert our unweighted sample space set into a weighted sample space dictionary; this will require us to identify all possible die-roll sums. Then we must count the number of times each sum appears across all possible die-roll combinations. These combinations are already stored in our computed sample_space set. By mapping the die-roll sums to their occurrence counts, we will produce a weighted_sample_space result.


  Listing 1.21 Mapping die-roll sums to occurrence counts

  from collections import defaultdict        ❶
weighted_sample_space = defaultdict(int)   ❷
for outcome in sample_space:               ❸
    total = sum(outcome)                   ❹
    weighted_sample_space[total] += 1      ❺


  ❶ This module returns dictionaries whose keys are all assigned a default value. For instance, defaultdict(int) returns a dictionary where the default value for each key is set to zero.


  ❷ The weighted_sample dictionary maps each summed six-die-roll combination to its occurrence count.


  ❸ Each outcome contains a unique combination of six die rolls.


  ❹ Computes the summed value of six unique die rolls


  ❺ Updates the occurrence count for a summed dice value


  Before we recompute our probability, let’s briefly explore the properties of weighted_ sample_space. Not all weights in the sample space are equal—some of the weights are much smaller than others. For instance, there is only one way for the rolls to sum to 6: we must roll precisely six 1s to achieve that dice-sum combination. Hence, we expect weighted_sample_space[6] to equal 1. We expect weighted_sample_space[36] to also equal 1, since we must roll six 6s to achieve a sum of 36.


  Listing 1.22 Checking very rare die-roll combinations

  assert weighted_sample_space[6] == 1
assert weighted_sample_space[36] == 1


  Meanwhile, the value of weighted_sample_space[21] is noticeably higher.


  Listing 1.23 Checking a more common die-roll combination

  num_combinations = weighted_sample_space[21]
print(f"There are {num_combinations } ways for 6 die rolls to sum to 21")
 
There are 4332 ways for 6 die rolls to sum to 21


  As the output shows, there are 4,332 ways for six die rolls to sum to 21. For example, we could roll four 4s, followed by a 3 and then a 2. Or we could roll three 4s followed by a 5, a 3, and a 1. Thousands of other combinations are possible. This is why a sum of 21 is much more probable than a sum of 6.


  Listing 1.24 Exploring different ways of summing to 21

  assert sum([4, 4, 4, 4, 3, 2]) == 21
assert sum([4, 4, 4, 5, 3, 1]) == 21


  Note that the observed count of 4,332 is equal to the length of an unweighted event whose die rolls add up to 21. Also, the sum of values in weighted_sample is equal to the length of sample_space. Hence, a direct link exists between unweighted and weighted event probability computation.


  Listing 1.25 Comparing weighted events and regular events

  event = get_matching_event(lambda x: sum(x) == 21, sample_space)
assert weighted_sample_space[21] == len(event)
assert sum(weighted_sample_space.values()) == len(sample_space)


  Let’s now recompute the probability using the weighted_sample_space dictionary. The final probability of rolling a 21 should remain unchanged.


  Listing 1.26 Computing the weighted event probability of die rolls

  prob = compute_event_probability(lambda x: x == 21,
                                 weighted_sample_space)
assert prob == compute_event_probability(has_sum_of_21, sample_space)
print(f"6 rolls sum to 21 with a probability of {prob}")
 
6 rolls sum to 21 with a probability of 0.09284979423868313


  What is the benefit of using a weighted sample space over an unweighted one? Less memory usage! As we see next, the unweighted sample_space set has on the order of 150 times more elements than the weighted sample space dictionary. 


  Listing 1.27 Comparing weighted to unweighted event space size

  print('Number of Elements in Unweighted Sample Space:')
print(len(sample_space))
print('Number of Elements in Weighted Sample Space:')
print(len(weighted_sample_space))
Number of Elements in Unweighted Sample Space:
46656
Number of Elements in Weighted Sample Space:
31


  
1.3 Computing probabilities over interval ranges


  So far, we’ve only analyzed event conditions that satisfy some single value. Now we’ll analyze event conditions that span intervals of values. An interval is the set of all the numbers between and including two boundary cutoffs. Let’s define an is_in_interval function that checks whether a number falls within a specified interval. We’ll control the interval boundaries by passing a minimum and a maximum parameter.


  Listing 1.28 Defining an interval function

  def is_in_interval(number, minimum, maximum):
    return minimum <= number <= maximum          ❶


  ❶ Defines a closed interval in which the min/max boundaries are included. However, it’s also possible to define open intervals when needed. In open intervals, at least one of the boundaries is excluded.


  Given the is_in_interval function, we can compute the probability that an event’s associated value falls within some numeric range. For instance, let’s compute the likelihood that our six consecutive die rolls sum to a value between 10 and 21 (inclusive).


  Listing 1.29 Computing the probability over an interval

  prob = compute_event_probability(lambda x: is_in_interval(x, 10, 21),  ❶
                                 weighted_sample_space)
print(f"Probability of interval is {prob}")
 
Probability of interval is 0.5446244855967078


  ❶ Lambda function that takes some input x and returns True if x falls in an interval between 10 and 21. This one-line lambda function serves as our event condition.


  The six die rolls will fall into that interval range more than 54% of the time. Thus, if a roll sum of 13 or 20 comes up, we should not be surprised.


  
1.3.1 Evaluating extremes using interval analysis


  Interval analysis is critical to solving a whole class of very important problems in probability and statistics. One such problem involves the evaluation of extremes: the problem boils down to whether observed data is too extreme to be believable.


  Data seems extreme when it is too unusual to have occurred by random chance. For instance, suppose we observe 10 flips of an allegedly fair coin, and that coin lands on heads 8 out of 10 times. Is this a sensible result for a fair coin? Or is our coin secretly biased toward landing on heads? To find out, we must answer the following question: what is the probability that 10 fair coin flips lead to an extreme number of heads? We’ll define an extreme head count as eight heads or more. Thus, we can describe the problem as follows: what is the probability that 10 fair coin flips produce from 8 to 10 heads?


  We’ll find our answer by computing an interval probability. However, first we need the sample space for every possible sequence of 10 flipped coins. Let’s generate a weighted sample space. As previously discussed, this is more efficient than using a non-weighted representation.


  The following code creates a weighted_sample_space dictionary. Its keys equal the total number of observable heads, ranging from 0 through 10. These head counts map to values. Each value holds the number of coin-flip combinations that contain the associated head count. We thus expect weighted_sample_space[10] to equal 1, since there is just one possible way to flip a coin 10 times and get 10 heads. Meanwhile, we expect weighted_sample_space[9] to equal 10, since a single tail among 9 heads can occur across 10 different positions.


  Listing 1.30 Computing the sample space for 10 coin flips

  def generate_coin_sample_space(num_flips=10):                         ❶
    weighted_sample_space = defaultdict(int)
    for coin_flips in product(['Heads', 'Tails'], repeat=num_flips):
        heads_count = len([outcome for outcome in coin_flips          ❷
                          if outcome == 'Heads'])
        weighted_sample_space[heads_count] += 1
 
    return weighted_sample_space
 
weighted_sample_space = generate_coin_sample_space()
assert weighted_sample_space[10] == 1
assert weighted_sample_space[9] == 1


  ❶ For reusability, we define a general function that returns a weighted sample space for num_flips coin flips. The num_flips parameter is preset to 10 coin flips.


  ❷ Number of heads in a unique sequence of num_flips coin flips


  Our weighted sample space is ready. We now compute the probability of observing an interval from 8 to 10 heads.


  Listing 1.31 Computing an extreme head-count probability

  prob = compute_event_probability(lambda x: is_in_interval(x, 8, 10),
                                 weighted_sample_space)
print(f"Probability of observing more than 7 heads is {prob}")

Probability of observing more than 7 heads is 0.0546875


  Ten fair coin flips produce more than seven heads approximately 5% of the time. Our observed head count does not commonly occur. Does this mean the coin is biased? Not necessarily. We haven’t yet considered extreme tail counts. If we had observed eight tails and not eight heads, we would have still been suspicious of the coin. Our computed interval did not take this extreme into account—instead, we treated eight or more tails as just another normal possibility. To evaluate the fairness of our coin, we must include the likelihood of observing eight tails or more. This is equivalent to observing two heads or fewer.


  Let’s formulate the problem as follows: what is the probability that 10 fair coin flips produce either 0 to 2 heads or 8 to 10 heads? Or, stated more concisely, what is the probability that the coin flips do not produce from 3 to 7 heads? That probability is computed here.


  Listing 1.32 Computing an extreme interval probability

  prob = compute_event_probability(lambda x: not is_in_interval(x, 3, 7),
                                 weighted_sample_space)
print(f"Probability of observing more than 7 heads or 7 tails is {prob}")

Probability of observing more than 7 heads or 7 tails is 0.109375


  Ten fair coin flips produce at least eight identical results approximately 10% of the time. That probability is low but still within the realm of plausibility. Without additional evidence, it’s difficult to decide whether the coin is truly biased. So, let’s collect that evidence. Suppose we flip the coin 10 additional times, and 8 more heads come up. This brings us to 16 heads out of 20 coin flips total. Our confidence in the fairness of the coin has been reduced, but by how much? We can find out by measuring the change in probability. Let’s find the probability of 20 fair coin flips not producing from 5 to 15 heads.


  Listing 1.33 Analyzing extreme head counts for 20 fair coin flips

  weighted_sample_space_20_flips = generate_coin_sample_space(num_flips=20)
prob = compute_event_probability(lambda x: not is_in_interval(x, 5, 15),
                                 weighted_sample_space_20_flips)
print(f"Probability of observing more than 15 heads or 15 tails is {prob}")

Probability of observing more than 15 heads or 15 tails is 0.01181793212890625


  The updated probability has dropped from approximately 0.1 to approximately 0.01. Thus, the added evidence has caused a tenfold decrease in our confidence in the coin’s fairness. Despite this probability drop, the ratio of heads to tails has remained constant at 4 to 1. Both our original and updated experiments produced 80% heads and 20% tails. This leads to an interesting question: why does the probability of observing an extreme result decrease as the coin is flipped more times? We can find out through detailed mathematical analysis. However, a much more intuitive solution is to just visualize the distribution of head counts across our two sample space dictionaries. The visualization would effectively be a plot of keys (head counts) versus values (combination counts) present in each dictionary. We can carry out this plot using Matplotlib, Python’s most popular visualization library. In the subsequent section, we discuss Matplotlib usage and its application to probability theory. 


  
Summary


  
    	
      A sample space is the set of all the possible outcomes an action can produce.

    


    	
      An event is a subset of the sample space containing just those outcomes that satisfy some event condition. An event condition is a Boolean function that takes as input an outcome and returns either True or False.

    


    	
      The probability of an event equals the fraction of event outcomes over all the possible outcomes in the entire sample space.

    


    	
      Probabilities can be computed over numeric intervals. An interval is defined as the set of all the numbers sandwiched between two boundary values.

    


    	
      Interval probabilities are useful for determining whether an observation appears extreme.

    

  


  
2 Plotting probabilities using Matplotlib


  This section covers


  
    	
Creating simple plots using Matplotlib


    	
Labeling plotted data


    	
What is a probability distribution?


    	
Plotting and comparing multiple probability distributions

  


  Data plots are among the most valuable tools in any data scientist’s arsenal. Without good visualizations, we are effectively crippled in our ability to glean insights from our data. Fortunately, we have at our disposal the external Python Matplotlib library, which is fully optimized for outputting high-caliber plots and data visualizations. In this section, we use Matplotlib to better comprehend the coin-flip probabilities that we computed in section 1.


  
2.1 Basic Matplotlib plots


  Let’s begin by installing the Matplotlib library.


  Note Call pip install matplotlib from the command line terminal to install the Matplotlib library.


  Once installation is complete, import matplotlib.pyplot, which is the library’s main plot-generation module. According to convention, the module is commonly imported using the shortened alias plt.


  Listing 2.1 Importing Matplotlib

  import matplotlib.pyplot as plt


  We will now plot some data using plt.plot. That method takes as input two iterables: x and y. Calling plt.plot(x, y) prepares a 2D plot of x versus y; displaying the plot requires a subsequent call to plt.show(). Let’s assign our x to equal integers 0 through 10 and our y values to equal double the values of x. The following code visualizes that linear relationship (figure 2.1).


  Listing 2.2 Plotting a linear relationship

  x = range(0, 10)
y = [2 * value for value in x]
plt.plot(x, y)
plt.show()
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  Figure 2.1 A Matplotlib plot of x versus 2x. The x variable represents integers 0 through 10.


  Warning The axes in the linear plot are not evenly spaced, so the slope of the plotted line appears less steep than it actually is. We can equalize both axes by calling plt.axis('equal'). However, this will lead to an awkward visualization containing too much empty space. Throughout this book, we rely on Matplotlib’s automated axes adjustments while also carefully observing the adjusted lengths.


  The visualization is complete. Within it, our 10 y-axis points have been connected using smooth line segments. If we prefer to visualize the 10 points individually, we can do so using the plt.scatter method (figure 2.2).


  Listing 2.3 Plotting individual data points

  plt.scatter(x, y)
plt.show()
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  Figure 2.2 A Matplotlib scatter plot of x versus 2 * x. The x variable represents integers 0 through 10. The individual integers are visible as scattered points in the plot.


  Suppose we want to emphasize the interval where x begins at 2 and ends at 6. We do this by shading the area under the plotted curve over the specified interval, using the plt.fill_between method. The method takes as input both x and y and also a where parameter, which defines the interval coverage. The input of the where parameter is a list of Boolean values in which an element is True if the x value at the corresponding index falls within the interval we specified. In the following code, we set the where parameter to equal [is_in_interval(value, 2, 6) for value in x]. We also execute plt.plot(x,y) to juxtapose the shaded interval with the smoothly connected line (figure 2.3).


  Listing 2.4 Shading an interval beneath a connected plot

  plt.plot(x, y)
where = [is_in_interval(value, 2, 6) for value in x]
plt.fill_between(x, y, where=where)
plt.show()
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  Figure 2.3 A connected plot with a shaded interval. The interval covers all values between 2 and 6.


  So far, we have reviewed three visualization methods: plt.plot, plt.scatter, and plt.fill_between. Let’s execute all three methods in a single plot (figure 2.4). Doing so highlights an interval beneath a continuous line while also exposing individual coordinates.


  Listing 2.5 Exposing individual coordinates within a continuous plot

  plt.scatter(x, y)
plt.plot(x, y)
plt.fill_between(x, y, where=where)
plt.show()
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  Figure 2.4 A connected plot and a scatter plot combined with a shaded interval. The individual integers in the plot appear as points marking a smooth, indivisible line.


  No data plot is ever truly complete without descriptive x-axis and y-axis labels. Such labels can be set using the plt.xlabel and plt.ylabel methods (figure 2.5).


  Listing 2.6 Adding axis labels

  plt.plot(x, y)
plt.xlabel('Values between zero and ten')
plt.ylabel('Twice the values of x')
plt.show()
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  Figure 2.5 A Matplotlib plot with x-axis and y-axis labels


  
    Common Matplotlib methods


    
      	
        plt.plot(x, y)—Plots the elements of x versus the elements of y. The plotted points are connected using smooth line segments.

      


      	
        plt.scatter(x, y)—Plots the elements of x versus the elements of y. The plotted points are visualized individually and are not connected by any lines.

      


      	
        plt.fill_between(x, y, where=booleans)—Highlights a subset of the area beneath a plotted curve. The curve is obtained by plotting x versus y. The where parameter defines all highlighted intervals; it takes a list of Booleans that correspond to elements of x. Each Boolean is True if its corresponding x value is located within a highlighted interval.

      


      	
        plt.xlabel(label)—Sets the x label of the plotted curve to equal label.

      


      	
        plt.ylabel(label)—Sets the y label of the plotted curve to equal label. 

      

    

  


  
2.2 Plotting coin-flip probabilities


  We now have tools to visualize the relationship between a coin-flip count and the probability of heads. In section 1, we examined the probability of seeing 80% or more heads across a series of coin flips. That probability decreased as the coin-flip count went up, and we wanted to know why. We’ll soon find out by plotting head counts versus their associated coin-flip combination counts. These values were already computed in our section 1 analysis. The keys in the weighted_sample_space dictionary contain all possible head counts across 10 flipped coins. These head counts map to combination counts. Meanwhile, the weighted_sample_space_20_flips dictionary contains the head-count mappings for 20 flipped coins.


  Our aim is to compare the plotted data from both these dictionaries. We begin by plotting the elements of weighted_sample_space: we plot its keys on the x-axis versus the associated values on the y-axis. The x-axis corresponds to 'Head-count', and the y-axis corresponds to 'Number of coin-flip combinations with x heads'. We use a scatter plot to visualize key-to-value relationships directly without connecting any plotted points (figure 2.6).


  Listing 2.7 Plotting the coin-flip weighted sample space

  x_10_flips = list(weighted_sample_space.keys())
y_10_flips = [weighted_sample_space[key] for key in x_10_flips]
plt.scatter(x_10_flips, y_10_flips)
plt.xlabel('Head-count')
plt.ylabel('Number of coin-flip combinations with x heads')
plt.show()
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  Figure 2.6 A scatter plot representation of the sample space for 10 flipped coins. The symmetric plot is centered around a peak at 5 of 10 counted heads.


  The visualized sample space takes on a symmetric shape. The symmetry is set around a peak head count of 5. Therefore, head-count combinations closer to 5 occur more frequently than those that are further from 5. As we learned in the previous section, such frequencies correspond to probabilities. Thus, a head count is more probable if its value is closer to 5. Let’s emphasize this by plotting the probabilities directly on the y-axis (figure 2.7). The probability plot will allow us to replace our lengthy y-axis label with a more concisely stated 'Probability'. We can compute the y-axis probabilities by taking our existing combination counts and dividing them by the total sample space size.


  Listing 2.8 Plotting the coin-flip probabilities

  sample_space_size = sum(weighted_sample_space.values())
prob_x_10_flips = [value / sample_space_size for value in y_10_flips]
plt.scatter(x_10_flips, prob_x_10_flips)
plt.xlabel('Head-count')
plt.ylabel('Probability')
plt.show()
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  Figure 2.7 A scatter plot mapping head counts to their probability of occurrence. Probabilities can be inferred by looking directly at the plot.


  Our plot permits us to visually estimate the probability of any head count. Thus, just by glancing at the plot, we can determine that the probability of observing five heads is approximately 0.25. This mapping between x-values and probabilities is referred to as a probability distribution. Probability distributions exhibit certain mathematically consistent properties that make them useful for likelihood analysis. For instance, consider the x-values of any probability distribution: they correspond to all the possible values of a random variable r. The probability that r falls within some interval is equal to the area beneath the probability curve over the span of that interval. Therefore, the total area beneath a probability distribution always equals 1.0. This holds for any distribution, including our head-count plot. Listing 2.9 confirms this by executing sum(prob_ x_10_flips).


  Note We can compute the area beneath each head-count probability p by using a vertical rectangle. The height of the rectangle is p. The width of the rectangle is 1.0, since all consecutive head counts on the x-axis are spaced one unit apart. Hence, the area of the rectangle is p * 1.0, which equals p. Consequently, the total area beneath the distribution equals sum([p for p in prob_x_10_flips]). In section 3, we’ll do a deeper dive into how rectangles can be used to determine the area.


  Listing 2.9 Confirming that all probabilities sum to 1.0

  assert sum(prob_x_10_flips) == 1.0


  The area beneath the head-count interval of 8 through 10 is equal to the probability of observing eight heads or more. Let’s visualize that area using the plt.fill_ between method. We also utilize plt.plot and plt.scatter to display individual head counts encompassing the shaded interval (figure 2.8).


  Listing 2.10 Shading the interval under a probability curve

  plt.plot(x_10_flips, prob_x_10_flips)
plt.scatter(x_10_flips, prob_x_10_flips)
where = [is_in_interval(value, 8, 10) for value in x_10_flips]
plt.fill_between(x_10_flips, prob_x_10_flips, where=where)
plt.xlabel('Head-count')
plt.ylabel('Probability')
plt.show()
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  Figure 2.8 Overlaid smooth plot and scatter plot representations of the coin-flip probability distribution. A shaded interval covers head counts 8 through 10. The shaded area equals the probability of observing eight or more heads.


  Note We’ve purposefully smoothed the shaded interval to make a visually appealing plot. However, the true interval area is not smooth: it is composed of discrete, rectangular blocks, which resemble steps. The steps are discrete because the head counts are indivisible integers. If we wish to visualize the actual step-shaped area, we can pass a ds="steps-mid" parameter into plt.plot and a step="mid" parameter into plt.fill_between.


  Now, let’s also shade the interval demarcating the probability of observing eight tails or more. The following code highlights the extremes along both tail ends of our probability distribution (figure 2.9).


  Listing 2.11 Shading the interval under the extremes of a probability curve

  plt.plot(x_10_flips, prob_x_10_flips)
plt.scatter(x_10_flips, prob_x_10_flips)
where = [not is_in_interval(value, 3, 7) for value in x_10_flips]
plt.fill_between(x_10_flips, prob_x_10_flips, where=where)
plt.xlabel('Head-count')
plt.ylabel('Probability')
plt.show()
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  Figure 2.9 Overlaid smooth plot and scatter plot representations of the coin-flip probability distribution. Two shaded intervals span an extreme number of heads and tails. The intervals are symmetric, visually implying that their probabilities are equal.


  The two symmetrically shaded intervals cover the right and left tail ends of the coin-flip curve. Based on our previous analysis, we know that the probability of observing more than seven heads or tails is approximately 10%. Therefore, each of the symmetrically shaded tail segments should cover approximately 5% of the total area under the curve.


  
2.2.1 Comparing multiple coin-flip probability distributions


  Plotting the 10-coin-flip distribution makes it easier to visually comprehend the associated interval probabilities. Let’s extend our plot to also encompass the distribution for 20 flipped coins. We’ll plot both distributions on a single figure, although first we must compute the x-axis head counts and y-axis probabilities for the 20-coin-flip distribution.


  Listing 2.12 Computing probabilities for a 20-coin-flip distribution

  x_20_flips = list(weighted_sample_space_20_flips.keys())
y_20_flips = [weighted_sample_space_20_flips[key] for key in x_20_flips]
sample_space_size = sum(weighted_sample_space_20_flips.values())
prob_x_20_flips = [value / sample_space_size for value in y_20_flips]


  Now we are ready to visualize the two distributions simultaneously (figure 2.10). We do this by executing plt.plot and plt.scatter on both probability distributions. We also pass a few style-related parameters into these method calls. One of the parameters is color: to distinguish the second distribution, we set its color to black by passing color='black'. Alternatively, we can avoid typing out the entire color name by passing 'k', Matplotlib’s single-character code for black. We can make the second distribution stand out in other ways: passing linestyle=='--' into plt.plot ensures that the distribution points are connected using dashed lines instead of regular lines. We can also distinguish the individual points using x-shaped markers rather than filled circles by passing marker='x' into plt.scatter. Finally, we add a legend to our figure by passing a label parameter into each of our two plt.plot calls and executing the plt.legend() method to display the legend. Within the legend, the 10-coin-flip distribution and the 20-coin-flip distribution are labeled A and B, respectively.


  Listing 2.13 Plotting two simultaneous distributions

  plt.plot(x_10_flips, prob_x_10_flips, label='A: 10 coin-flips')
plt.scatter(x_10_flips, prob_x_10_flips)
plt.plot(x_20_flips, prob_x_20_flips, color='black', linestyle='--',
        label='B: 20 coin-flips')
plt.scatter(x_20_flips, prob_x_20_flips, color='k', marker='x')
plt.xlabel('Head-count')
plt.ylabel('Probability')
plt.legend()
 
plt.show()
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  Figure 2.10 The probability distributions for 10 coin flips (A) and 20 coin flips (B). The 20-coin-flip distribution is marked by dashed lines and x-shaped scattered points.


  
    Common Matplotlib style parameters


    
      	
        color—Determines the color of the plotted output. This setting can be a color name or a single-character code. Both color='black' and color='k' generate a black plot, and both color='red' and color='r' generate a red plot.

      


      	
        linestyle—Determines the style of the plotted line that connects the data points. Its default value equals '-'. Inputting linestyle='-' generates a connected line, linestyle='--' generates a dashed line, linestyle=':' generates a dotted line, and linestyle='.' generates a line composed of alternating dots and dashes.

      


      	
        marker—Determines the style of markers assigned to individually plotted points. Its default value equals 'o'. Inputting marker='o' generates a circular marker, marker='x' generates an x-shaped marker, marker='s' generates a square-shaped marker, and marker='p' generates a pentagon-shaped marker.

      


      	
        label—Maps a label to the specified color and style. This mapping appears in the legend of the plot. A subsequent call to plt.legend() is required to make the legend visible.

      

    

  


  We’ve visualized our two distributions. Next, we highlight our interval of interest (80% heads or tails) across each of the two curves (figure 2.11). Note that the area beneath the tail ends of distribution B is very small; we remove the scatter points to highlight the tail-end intervals more clearly. We also replace the line style of distribution B with the more transparent linestyle=':'.


  Listing 2.14 Highlighting intervals beneath two plotted distributions

  plt.plot(x_10_flips, prob_x_10_flips, label='A: 10 coin-flips')
plt.plot(x_20_flips, prob_x_20_flips, color='k', linestyle=':',
         label='B: 20 coin-flips')
 
where_10 = [not is_in_interval(value, 3, 7) for value in x_10_flips]
plt.fill_between(x_10_flips, prob_x_10_flips, where=where_10)
where_20 = [not is_in_interval(value, 5, 15) for value in x_20_flips]
plt.fill_between(x_20_flips, prob_x_20_flips, where=where_20)
 
plt.xlabel('Head-Count')
plt.ylabel('Probability')
plt.legend()
plt.show()
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  Figure 2.11 The probability distributions for 10 coin flips (A) and 20 coin flips (B). Shaded intervals beneath both distributions represent an extreme number of heads and tails. The shaded interval beneath B occupies one-tenth the area of the shaded interval beneath A.


  The shaded area beneath the tail ends of distribution B is much lower than the shaded interval beneath distribution A. This is because distribution A has fatter, more elevated tail ends that cover a thicker area quantity. Thickness in the tails accounts for differences in interval probabilities.


  The visualization is informative, but only if we highlight the interval areas beneath both curves. Without the calls to plt.fill_between, we cannot answer the question we posed earlier: why does the probability of observing 80% or more heads decrease as the fair coin is flipped more times? The answer is hard to extrapolate because the two distributions show little overlap, making it difficult to do a direct visual comparison. Perhaps we can improve the plot by aligning the distribution peaks. Distribution A is centered at 5 head counts (out of 10 coin flips), and distribution B is centered at 10 head counts (out of 20 coin flips). If we convert the head counts into frequencies (by dividing by the total coin flips), then both distribution peaks should align at a frequency of 0.5. The conversion should also align our head-count intervals of 8-to-10 and 16-to-20 so that they both lie on the interval 0.8-to-1.0. Let’s execute this conversion and regenerate the plot (figure 2.12).


  Listing 2.15 Converting head counts into frequencies

  x_10_frequencies = [head_count /10 for head_count in x_10_flips]
x_20_frequencies = [head_count /20 for head_count in x_20_flips]
 
plt.plot(x_10_frequencies, prob_x_10_flips, label='A: 10 coin-flips')
plt.plot(x_20_frequencies, prob_x_20_flips, color='k', linestyle=':', label='B: 20 coin-flips')
plt.legend()
 
plt.xlabel('Head-Frequency')
plt.ylabel('Probability')
plt.show()
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  Figure 2.12 The head-count frequencies for 10 coin flips (A) and 20 coin flips (B) plotted against their probabilities. Both y-axis peaks align at a frequency of 0.5. The area of A fully covers the area of B because the total area of each plot no longer sums to 1.0.


  As expected, the two peaks now both align at the head frequency of 0.5. However, our division by the head counts has reduced the areas beneath the two curves by tenfold and twentyfold, respectively. The total area beneath each curve no longer equals 1.0. This is a problem: as we’ve discussed, the total area under a curve must sum to 1.0 if we wish to infer an interval probability. However, we can fix the area sums if we multiply the y-axis values of curves A and B by 10 and 20. The adjusted y-values will no longer refer to probabilities, so we’ll have to name them something else. The appropriate term to use is relative likelihood, which mathematically refers to a y-axis value within a curve whose total area is 1.0. We therefore name our new y-axis variables relative_ likelihood_10 and relative_likelihood_20.


  Listing 2.16 Computing relative likelihoods of frequencies

  relative_likelihood_10 = [10 * prob for prob in prob_x_10_flips]
relative_likelihood_20 = [20 * prob for prob in prob_x_20_flips]


  The conversion is complete. It’s time to plot our two new curves while also highlighting the intervals associated with our where_10 and where_20 Boolean arrays (figure 2.13).


  Listing 2.17 Plotting aligned relative likelihood curves

  plt.plot(x_10_frequencies, relative_likelihood_10, label='A: 10 coin-flips')
plt.plot(x_20_frequencies, relative_likelihood_20, color='k',
         linestyle=':', label='B: 20 coin-flips')
 
plt.fill_between(x_10_frequencies, relative_likelihood_10, where=where_10)
plt.fill_between(x_20_frequencies, relative_likelihood_20, where=where_20)
 
plt.legend()
plt.xlabel('Head-Frequency')
plt.ylabel('Relative Likelihood')
plt.show()
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  Figure 2.13 The head-count frequencies for 10 coin flips (A) and 20 coin flips (B) plotted against their relative likelihoods. Shaded intervals beneath both plots represent an extreme number of heads and tails. The areas of these intervals correspond to probabilities because the total area of each plot sums to 1.0.


  Within the plot, curve A resembles a short yet wide-shouldered bodybuilder, while curve B could be compared to a taller and thinner individual. Since curve A is wider, its area over more extreme head-frequency intervals is larger. Hence, observed recordings of such frequencies are more likely to occur when the coin-flip count is 10 and not 20. Meanwhile, the thinner, more vertical curve B covers more area around the central frequency of 0.5.


  If we flip more than 20 coins, how will this influence our frequency distribution? According to probability theory, each additional coin flip will cause the frequency curve to grow even taller and thinner (figure 2.14). The curve will transform like a stretched rubber band that’s being pulled vertically upward: it will lose thickness in exchange for vertical length. As the total number of coin flips extends into the millions and billions, the curve will completely lose its girth, becoming a single very long vertical peak whose center lies at a frequency of 0.5. Beyond that frequency, the non-existent area beneath the vertical line will approach zero. It follows that the area beneath the peak will approach 1.0 because our total area must always equal 1.0. The area of 1.0 corresponds to a probability of 1.0. Thus, as the number of coin flips approaches infinity, the frequency of heads will come to equal the actual probability of heads with absolute certainty.
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  Figure 2.14 Hypothetical head-count frequencies plotted over an increasing number of coin flips. All y-axis peaks align at a frequency of 0.5. The peaks grow higher and more narrow as the coin-flip count goes up. At 2,000 coin flips, the constricted area of the peak is centered almost entirely at 0.5. With infinite coin flips, the resulting peak should stretch into a single, vertical line that’s perfectly positioned at 0.5.


  The relationship between infinite coin flips and absolute certainty is guaranteed by a fundamental theorem in probability theory: the law of large numbers. According to that law, the frequency of an observation becomes virtually indistinguishable from the probability of that observation when the number of observations grows high. Therefore, with enough coin flips, our frequency of heads will equal the actual probability of heads, which is 0.5. Beyond mere coin flips, we can apply the law to more complex phenomena, such as card games. If we run enough card game simulations, then our frequency of a win will equal the actual probability of a win.


  In the subsequent section, we will show how the law of large numbers can be combined with random simulations to approximate complex probabilities. Eventually, we will execute simulations to find the probabilities of randomly drawn cards. However, as the law of large numbers indicates, these simulations must be run on a large, computationally expensive scale. Therefore, efficient simulation implementation requires us to familiarize ourselves with the NumPy numeric computation library. That library is discussed in section 3. 


  
Summary


  
    	
      By plotting every possible numeric observation versus its probability, we generate a probability distribution. The total area beneath a probability distribution sums to 1.0. The area beneath a specific interval of the distribution equals the probability of observing some value within that interval.

    


    	
      The y-axis values of a probability distribution do not necessarily need to equal probabilities, as long as the plotted area sums to 1.0.

    


    	
      The probability distribution of a fair coin-flip sequence resembles a symmetric curve. Its x-axis head counts can be converted into frequencies. During that conversion, we can maintain an area of 1.0 by converting y-axis probabilities into relative likelihoods. The peak of the converted curve is centered at a frequency of 0.5. If the coin-flip count is increased, then the peak will also rise as the curve becomes more narrow on its sides.

    


    	
      According to the law of large numbers, the frequency of any observation will approach the probability of that observation as the observation count grows large. Thus, a fair-coin distribution becomes dominated by its central frequency of 0.5 as the coin-flip count goes up.

    

  


  
3 Running random simulations in NumPy


  This section covers


  
    	
Basic usage of the NumPy library


    	
Simulating random observations using NumPy


    	
Visualizing simulated data


    	
Estimating unknown probabilities from simulated observations

  


  NumPy, which stands for Numerical Python, is the engine that powers Pythonic data science. Python, despite its many virtues, is simply not suited for large-scale numeric analysis. Hence, data scientists must rely on the external NumPy library to efficiently manipulate and store numeric data. NumPy is an incredibly powerful tool for processing large collections of raw numbers. Thus, many of Python’s external data processing libraries are NumPy compatible. One such library is Matplotlib, which we introduced in the previous section. Other NumPy-driven libraries are discussed in later portions of the book. This section focuses on randomized numerical simulations. We will use NumPy to analyze billions of random data points; these random observations will allow us to learn hidden probabilities.


  
3.1 Simulating random coin flips and die rolls using NumPy


  NumPy should already be installed in your working environment as one of the Matplotlib requirements. Let’s import NumPy as np based on common NumPy usage convention.


  Note NumPy can also be installed independently of Matplotlib by calling pip install numpy from the command line terminal.


  Listing 3.1 Importing NumPy

  import numpy as np


  Now that NumPy is imported, we can carry out random simulations using the np.random module. That module is useful for generating random values and simulating random processes. For instance, calling np.random.randint(1, 7) produces a random integer between 1 and 6. The method chooses from the six possible integers with equal likelihood, thus simulating a single roll of a standard die.


  Listing 3.2 Simulating a randomly rolled die

  die_roll = np.random.randint(1, 7)
assert 1 <= die_roll <= 6


  The generated die_roll value is random, and its assigned value will vary among the readers of this book. The inconsistency could make it difficult to perfectly re-create certain random simulations in this section. We need a way of ensuring that all our random outputs can be reproduced at home. Conveniently, consistency can easily be maintained by calling np.random.seed(0); this method call makes sequences of randomly chosen values reproducible. After the call, we can directly guarantee that our first three dice rolls will land on values 5, 6, and 1.


  Listing 3.3 Seeding reproducible random die rolls

  np.random.seed(0)
die_rolls = [np.random.randint(1, 7) for _ in range(3)]
assert die_rolls == [5, 6, 1]


  Adjusting the inputted x into np.random.randint(0, x) allows us to simulate any number of discrete outcomes. For instance, setting x to 52 will simulate a randomly drawn card. Alternatively, setting x to 2 will simulate a single flip of an unbiased coin. Let’s generate that coin flip by calling np.random.randint(0, 2); this method call returns a random value equal to either 0 or 1. We assume that 0 stands for tails and 1 stands for heads.


  Listing 3.4 Simulating one fair coin flip

  np.random.seed(0)
coin_flip = np.random.randint(0, 2)
print(f"Coin landed on {'heads' if coin_flip == 1 else 'tails'}")

Coin landed on tails


  Next, we simulate a sequence of 10 coin flips and then compute the observed frequency of heads.


  Listing 3.5 Simulating 10 fair coin flips

  np.random.seed(0)
def frequency_heads(coin_flip_sequence):
    total_heads = len([head for head in coin_flip_sequence if head == 1])  ❶
    return total_heads / len(coin_flip_sequence)
 
coin_flips = [np.random.randint(0, 2) for _ in range(10)]
freq_heads = frequency_heads(coin_flips)
print(f"Frequency of Heads is {freq_heads}")

Frequency of Heads is 0.8


  ❶ Note that we can compute the head count more efficiently by running sum(coin_flip_sequence).


  The observed frequency is 0.8, which is quite disproportionate to the actual probability of heads. However, as we have learned, 10 coin flips will produce such extreme frequencies approximately 10% of the time. More coin flips are required to estimate the actual probability.


  Let’s see what happens when we flip the coin 1,000 times. After each flip, we record the total frequency of heads observed in the sequence. Once the coin flips are completed, we visualize our output by plotting the coin-flip count versus the frequency count (figure 3.1). Our plot also includes a horizontal line along the actual probability of 0.5. We generate that line by calling plt.axhline(0.5, color='k').


  Listing 3.6 Plotting simulated fair coin-flip frequencies

  np.random.seed(0)
coin_flips = []
frequencies = []
for _ in range(1000):
    coin_flips.append(np.random.randint(0, 2))
    frequencies.append(frequency_heads(coin_flips))
 
plt.plot(list(range(1000)), frequencies)
plt.axhline(0.5, color='k')
plt.xlabel('Number of Coin Flips')
plt.ylabel('Head-Frequency')
plt.show()
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  Figure 3.1 The number of fair coin flips plotted against the observed head-count frequency. The frequency fluctuates wildly before stabilizing at around 0.5.


  The probability of heads slowly converges to 0.5. Thus, the law of large numbers appears to hold up.


  
3.1.1 Analyzing biased coin flips


  We’ve simulated a sequence of unbiased coin flips, but what if we wish to simulate a coin that falls on heads 70% of the time? Well, we can generate that biased output by calling np.random.binomial(1, 0.7). The binomial method name refers to the generic coin-flip distribution, which mathematicians call the binomial distribution. The method takes as input two parameters: the number of coin flips and the probability of the desired coin-flip outcome. The method executes the specified number of biased coin flips and then counts the instances when the desired outcome was observed. When the number of coin flips is set to 1, the method returns a binary value of 0 or 1. In our case, a value of 1 represents our desired observation of heads.


  Listing 3.7 Simulating biased coin flips

  np.random.seed(0)
print("Let's flip the biased coin once.")
coin_flip = np.random.binomial(1, 0.7)
print(f"Biased coin landed on {'heads' if coin_flip == 1 else 'tails'}.")
 
print("\nLet's flip the biased coin 10 times.")
number_coin_flips = 10
head_count = np.random.binomial(number_coin_flips, .7)
print((f"{head_count} heads were observed out of "
       f"{number_coin_flips} biased coin flips"))
Let's flip the biased coin once.
Biased coin landed on heads.
 
Let's flip the biased coin 10 times.
6 heads were observed out of 10 biased coin flips


  Let’s generate a sequence of 1,000 biased coin flips. We then check if the frequency converges to 0.7.


  Listing 3.8 Computing coin-flip-frequency convergence

  np.random.seed(0)
head_count = np.random.binomial(1000, 0.7)
frequency = head_count / 1000
print(f"Frequency of Heads is {frequency}")
 
Frequency of Heads is 0.697


  The frequency of heads approximates 0.7 but is not actually equal to 0.7. In fact, the frequency value is 0.003 units smaller than the true probability of heads. Suppose we recompute the frequency of 1,000 coin flips five more times. Will all the frequencies be lower than 0.7? Will certain frequencies hit the exact value of 0.7? We’ll find out by executing np.random.binomial(1000, 0.7) over five looped iterations.


  Listing 3.9 Recomputing coin-flip-frequency convergence

  np.random.seed(0)
assert np.random.binomial(1000, 0.7) / 1000 == 0.697     ❶
for i in range(1, 6):
    head_count = np.random.binomial(1000, 0.7)
    frequency = head_count / 1000
    print(f"Frequency at iteration {i} is {frequency}")
    if frequency == 0.7:
        print("Frequency equals the probability!\n")
 
Frequency at iteration 1 is 0.69
Frequency at iteration 2 is 0.7
Frequency equals the probability!
 
Frequency at iteration 3 is 0.707
Frequency at iteration 4 is 0.702
Frequency at iteration 5 is 0.699


  ❶ As a reminder, we seeded our random number generator to maintain consistent output. Thus, our first pseudorandom sampling will return the previously observed frequency of 0.697. We’ll skip over this result to generate five fresh frequencies.


  Just one of the five iterations produced a measurement that equaled the real probability. Twice the measured frequency was slightly too low, and twice it was slightly too high. The observed frequency appears to fluctuate over every sampling of 1,000 coin flips. It seems that even though the law of large numbers allows us to approximate the actual probability, some uncertainty still remains. Data science is somewhat messy, and we cannot always be certain of the conclusions we draw from our data. Nevertheless, our uncertainty can be measured and contained using what mathematicians call a confidence interval. 


  
3.2 Computing confidence intervals using histograms and NumPy arrays


  Suppose we’re handed a biased coin whose bias we don’t know. We flip the coin 1,000 times and observe a frequency of 0.709. We know the frequency approximates the actual probability, but by how much? More precisely, what are the chances of the actual probability falling within an interval close to 0.709 (such as an interval between 0.7 and 0.71)? To find out, we must do additional sampling.


  We’ve previously sampled our coin over five iterations of 1,000 coin flips each. The sampling produced some fluctuations in the frequency. Let’s explore these fluctuations by increasing our frequency count from 5 to 500. We can execute this supplementary sampling by running [np.random.binomial(1000, 0.7) for _ in range(500)].


  Listing 3.10 Computing frequencies with 500 flips per sample

  np.random.seed(0)
head_count_list = [np.random.binomial(1000, 0.7) for _ in range(500)]


  However, we can more efficiently sample over 500 iterations by running np.random.binomial(coin_flip_count, 0.7, size=500). The optional size parameter allows us to execute np.random.binomial(coin_flip_count, 0.7) 500 times while using NumPy’s internal optimizations.


  Listing 3.11 Optimizing the coin-flip-frequency computation

  np.random.seed(0)
head_count_array = np.random.binomial(1000, 0.7, 500)


  The output is not a Python list but a NumPy array data structure. As previously noted, NumPy arrays can more efficiently store numeric data. The actual numeric quantities stored in both head_count_array and head_count_list remain the same. We prove this by converting the array into a list using the head_count_array.tolist() method.


  Listing 3.12 Converting a NumPy array to a Python list

  assert head_count_array.tolist() == head_count_list


  Conversely, we can also convert our Python list into a value-equivalent NumPy array by calling np.array(head_count_list). The equality between the converted array and head_count_array can be confirmed using the np.array_equal method.


  Listing 3.13 Converting a Python list to a NumPy array

  new_array = np.array(head_count_list)
assert np.array_equal(new_array, head_count_array) == True


  Why should we prefer to use a NumPy array over a standard Python list? Well, besides the aforementioned memory optimizations and analysis speed-ups, NumPy makes it easier to implement clean code. For instance, NumPy offers more straightforward multiplication and division. Dividing a NumPy array directly by x creates a new array whose elements are all divided by x. Thus, executing head_count_array / 1000 will automatically transform our head counts into frequencies. By contrast, frequency calculation across head_count_list requires that we either iterate over all elements in the list or use Python’s convoluted map function.


  Listing 3.14 Computing frequencies using NumPy

  frequency_array = head_count_array / 1000
assert frequency_array.tolist() == [head_count / 1000
                                    for head_count in head_count_list]
assert frequency_array.tolist() == list(map(lambda x: x / 1000,
                                        head_count_list))


  
    Useful NumPy methods for running random simulations


    
      	
        np.random.randint(x, y)—Returns a random integer between x and y-1, inclusive.

      


      	
        np.random.binomial(1, p)—Returns a single random value equal to 0 or 1. The probability that the value equals 1 is p.

      


      	
        np.random.binomial(x, p)—Runs x instances of np.random.binomial (1, p) and returns the summed result. The returned value represents the number of nonzero observations across x samples.

      


      	
        np.random.binomial(x, p, size=y)—Returns an array of y elements. Each array element is equal to a random output of np.random.binomial(x, p).

      


      	
        np.random.binomial(x, p, size=y) / x—Returns an array of y elements. Each element represents the frequency of nonzero observations across x samples.

      

    

  


  We’ve converted our head-count array into a frequency array using a simple division operation. Let’s explore the contents of frequency_array in greater detail. We start by outputting the first 20 sampled frequencies using the same : index-slicing delimiter utilized by Python lists. Note that unlike a printed list, the NumPy array does not contain commas in its output.


  Listing 3.15 Printing a NumPy frequency array

  print(frequency_array[:20])
 
[ 0.697  0.69   0.7    0.707  0.702  0.699  0.723  0.67   0.702  0.713
  0.721  0.689  0.711  0.697  0.717  0.691  0.731  0.697  0.722  0.728]


  The sampled frequencies fluctuate from 0.69 to approximately 0.731. Of course, an additional 480 frequencies remain in frequency_array. Let’s extract the minimum and maximum array values by calling the frequency_array.min() and frequency_ array.max() methods.


  Listing 3.16 Finding the largest and smallest frequency values

  min_freq = frequency_array.min()
max_freq = frequency_array.max()
print(f"Minimum frequency observed: {min_freq}")
print(f"Maximum frequency observed: {max_freq}")
print(f"Difference across frequency range: {max_freq - min_freq}")

Minimum frequency observed: 0.656
Maximum frequency observed: 0.733
Difference across frequency range: 0.07699999999999996


  Somewhere in the frequency range of 0.656 to 0.733 lies the true probability of heads. That interval span is noticeably large, with a more than 7% difference between the largest and smallest sampled values. Perhaps we can narrow the frequency range by plotting all unique frequencies against their occurrence counts (figure 3.2).
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  Figure 3.2 A scatter plot of 500 head-count frequencies plotted against the frequency counts. The frequencies are centered around 0.7. Certain proximate frequencies appear as overlapping dots in the plot.


  Listing 3.17 Plotting measured frequencies

  frequency_counts = defaultdict(int)
for frequency in frequency_array:
    frequency_counts[frequency] += 1
 
frequencies = list(frequency_counts.keys())
counts = [frequency_counts[freq] for freq in frequencies]
plt.scatter(frequencies, counts)
plt.xlabel('Frequency')
plt.ylabel('Count')
plt.show()


  The visualization is informative: frequencies close to 0.7 occur more commonly than other, more distant values. However, our plot is also flawed, since nearly identical frequencies appear as overlapping dots in the chart. We should group these proximate frequencies together instead of treating them as individual points.


  
3.2.1 Binning similar points in histogram plots


  Let’s try a more nuanced visualization by binning together frequencies that are in close proximity to each other. We subdivide our frequency range into N equally spaced bins and then place all frequency values into one of those bins. By definition, the values in any given bin are at most 1/N units apart. Then we count the total values in each bin and visualize the counts using a plot.


  The bin-based plot we just described is called a histogram. We can generate histograms in Matplotlib by calling plt.hist. The method takes as input the sequence of values to be binned and an optional bins parameter, which specifies the total number of bins. Thus, calling plt.hist(frequency_array, bins=77) will split our data across 77 bins, each covering a width of .01 units. Alternatively, we can pass in bins=auto, and Matplotlib will select an appropriate bin width using a common optimization technique (the details of which are beyond the scope of this book). Let’s plot a histogram while optimizing bin width by calling plt.hist(frequency_array, bins='auto') (figure 3.3).


  Note In listing 3.18, we also include an edgecolor='black' parameter. This helps us visually distinguish the boundaries between bins by coloring the bin edges black.


  Listing 3.18 Plotting a frequency histogram using plt.hist

  plt.hist(frequency_array, bins='auto', edgecolor='black')
plt.xlabel('Binned Frequency')
plt.ylabel('Count')
plt.show()


  In our plotted histogram, the bin with the highest frequency count falls between 0.69 and 0.70. This bin rises noticeably higher than the dozen or so other bins. We can obtain a more precise bin count using counts, which is a NumPy array returned by plt.hist. The array holds the y-axis frequency counts for each binned group. Let’s call plt.hist to return counts and subsequently access counts.size to find the total number of binned groups.


  Listing 3.19 Counting bins in a plotted histogram

  counts, _, _ = plt.hist(frequency_array, bins='auto',    ❶
                        edgecolor='black')
 
print(f"Number of Bins: {counts.size}")

Number of Bins: 16


  ❶ counts is one of three variables returned by plt.hist. The other variables are discussed later in this section.


  There are 16 bins in the histogram. How wide is each bin? We can find out by dividing the total frequency range by 16. Alternatively, we can use the bin_edges array, which is the second variable returned by plt.hist. This array holds the x-axis positions of the vertical bin edges in the plot. Thus, the difference between any two consecutive edge positions equals the bin width.


  Listing 3.20 Finding the width of bins in a histogram

  counts, bin_edges, _ = plt.hist(frequency_array, bins='auto',
                                edgecolor='black')
 
bin_width = bin_edges[1] - bin_edges[0]
assert bin_width == (max_freq - min_freq) / counts.size
print(f"Bin width: {bin_width}")

Bin width: 0.004812499999999997
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  Figure 3.3 A histogram of 500 binned frequencies plotted against the number of elements in each bin. The bin with the most elements is centered around a frequency of 0.7.


  Note The size of bin_edges is always one greater than the size of the counts. Why is that the case? Imagine if we had only one rectangular bin: it would be bounded by two vertical lines. Adding an additional bin would also increase the boundary size by 1. If we extrapolate that logic to N bins, then we’d expect to see N + 1 boundary lines.


  The bin_edges array can be used in tandem with counts to output the element count and coverage range for any specified bin. Let’s define an output_bin_coverage function that prints the count and coverage for any bin at position i.


  Listing 3.21 Getting a bin’s frequency and size

  def output_bin_coverage(i):

    count = int(counts[i])                                 ❶
    range_start, range_end = bin_edges[i], bin_edges[i+1]  ❷
    range_string = f"{range_start} - {range_end}"
    print((f"The bin for frequency range {range_string} contains "
           f"{count} element{'' if count == 1 else 's'}"))
 
output_bin_coverage(0)
output_bin_coverage(5)
The bin for frequency range 0.656 - 0.6608125 contains 1 element
The bin for frequency range 0.6800625 - 0.684875 contains 20 elements


  ❶ A bin at position i contains counts[i] frequencies.


  ❷ A bin at position i covers a frequency range of bin_edges[i] through bin_edges[i+1].


  Now, let’s compute the count and frequency range for the highest peak in our histogram. For this, we need the index of counts.max(). Conveniently, NumPy arrays have a built-in argmax method, which returns the index of the maximum value in an array.


  Listing 3.22 Finding the index of an array’s maximum value

  assert counts[counts.argmax()] == counts.max()


  Thus, calling output_bin_coverage(counts.argmax()) should provide us with the output we’ve requested. 


  Listing 3.23 Using argmax to return a histogram’s peak

  output_bin_coverage(counts.argmax())
 
The bin for frequency range 0.6945 - 0.6993125 contains 72 elements


  
3.2.2 Deriving probabilities from histograms


  The most-occupied bin in the histogram contains 72 elements and covers a frequency range of approximately 0.694 to 0.699. How can we determine whether the actual probability of heads falls within that range (without knowing the answer in advance)? One option is to calculate the likelihood that a randomly measured frequency falls within 0.694 to 0.699. If that likelihood were 1.0, then 100% of measured frequencies would be covered by the range. These measured frequencies would occasionally include the actual probability of heads, so we would be 100% confident that our true probability lay somewhere between 0.694 and 0.699. Even if the likelihood were lower, at 95%, we would still be fairly confident that the range enclosed our true probability value.


  How should we calculate the likelihood? Earlier, we showed that the likelihood of an interval equals its area under a curve, but only when the total plotted area sums to 1.0. The area under our histogram is greater than 1.0 and thus must be modified by passing density=True into plt.hist. The passed parameter maintains the histogram’s shape while forcing its area’s sum to equal 1.0.


  Listing 3.24 Plotting a histogram’s relative likelihoods

  likelihoods, bin_edges, _ = plt.hist(frequency_array, bins='auto',
                                     edgecolor='black', density=True)
plt.xlabel('Binned Frequency')
plt.ylabel('Relative Likelihood')
plt.show()


  The binned counts have now been replaced by relative likelihoods, which are stored in the likelihoods array (figure 3.4). As we’ve discussed, relative likelihood is a term applied to the y-values of a plot whose area sums to 1.0. Of course, the area beneath our histogram now sums to 1.0. We can prove this by summing the rectangular area of each bin, which equals the bin’s vertical likelihood value multiplied by bin_width. Hence, the area beneath the histogram is equal to the summed likelihoods multiplied by bin_width. Consequently, calling likelihoods.sum() * bin_width should return an area of 1.0.
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  Figure 3.4 A histogram of 500 binned frequencies plotted against their associated relative likelihoods. The area of the histogram sums to 1.0. That area can be computed by summing over the rectangular areas of each bin.


  Note The total area equals the summed rectangle areas in the histogram. In figure 3.4, the length of the longest rectangles is quite large, so we visually estimate that the total area is greater than 1.0.


  Listing 3.25 Computing the total area under a histogram

  assert likelihoods.sum() * bin_width == 1.0


  The histogram’s total area sums to 1.0. Thus, the area beneath the histogram’s peak now equals the probability of a randomly sampled frequency falling within the 0.694 to 0.699 interval range. Let’s compute this value by calculating the area of the bin positioned at likelihoods.argmax().


  Listing 3.26 Computing the probability of the peak frequencies

  index = likelihoods.argmax()
area = likelihoods[index] * bin_width
range_start, range_end = bin_edges[index], bin_edges[index+1]
range_string = f"{range_start} - {range_end}"
print(f"Sampled frequency falls within interval {range_string} with
        probability {area}")

Sampled frequency falls within interval 0.6945 - 0.6993125 with probability 0.144


  The probability is approximately 14%. That value is low, but we can increase it by expanding our interval range beyond one bin. We stretch the range to cover neighboring bins at indices likelihoods.argmax() - 1 and likelihoods.argmax() + 1.


  Note As a reminder, Python’s indexing notation is inclusive of the start index and exclusive of the end index. Hence, we set the end index to equal likelihoods.argmax() + 2 to include likelihoods.argmax() + 1.


  Listing 3.27 Increasing the probability of a frequency range

  peak_index = likelihoods.argmax()
start_index, end_index = (peak_index - 1, peak_index + 2)
area = likelihoods[start_index: end_index + 1].sum() * bin_width
range_start, range_end = bin_edges[start_index], bin_edges[end_index]
range_string = f"{range_start} - {range_end}"
print(f"Sampled frequency falls within interval {range_string} with
        probability {area}")

Sampled frequency falls within interval 0.6896875 - 0.704125 with probability 0.464


  The three bins cover a frequency range of approximately 0.689 to 0.704. Their associated probability is 0.464. Thus, the three bins represent what statisticians call a 46.4% confidence interval, which means we are 46.4% confident that our true probability falls within the three-bin range. That confidence percentage is too low. Statisticians prefer a confidence interval of 95% or more. We reach that confidence interval by iteratively expanding our leftmost bin and rightmost bin until the interval area stretches past 0.95.


  Listing 3.28 Computing a high confidence interval

  def compute_high_confidence_interval(likelihoods, bin_width):
    peak_index = likelihoods.argmax()
    area = likelihoods[peak_index] * bin_width
    start_index, end_index = peak_index, peak_index + 1
    while area < 0.95:
        if start_index > 0:
            start_index -= 1
        if end_index < likelihoods.size - 1:
            end_index += 1
 
        area = likelihoods[start_index: end_index + 1].sum() * bin_width
 
    range_start, range_end = bin_edges[start_index], bin_edges[end_index]
    range_string = f"{range_start:.6f} - {range_end:.6f}"
    print((f"The frequency range {range_string} represents a "
           f"{100 * area:.2f}% confidence interval"))
    return start_index, end_index
 
compute_high_confidence_interval(likelihoods, bin_width)

The frequency range 0.670438 - 0.723375 represents a 95.40% confidence interval


  The frequency range of roughly 0.670 to 0.723 represents a 95.4% confidence interval. Thus, a sampled sequence of 1,000 biased coin flips should fall within that range 95.4% of the time. We’re fairly confident that the true probability lies somewhere between 0.670 and 0.723. However, we still cannot tell for sure whether the true probability is closer to 0.67 or 0.72. We need to somehow narrow that range to obtain a more informative probability estimation. 


  
3.2.3 Shrinking the range of a high confidence interval


  How can we taper down our range while maintaining a 95% confidence interval? Perhaps we should try elevating the frequency count from 500 to something noticeably larger. Previously, we’ve sampled 500 frequencies, where each frequency represented 1,000 biased coin flips. Instead, let’s sample 100,000 frequencies while keeping the coin-flip count constant at 1,000.


  Listing 3.29 Sampling 100,000 frequencies

  np.random.seed(0)
head_count_array = np.random.binomial(1000, 0.7, 100000)
frequency_array = head_count_array / 1000
assert frequency_array.size == 100000


  We will recompute the histogram on the updated frequency_array, which now holds 200-fold more frequency elements. Then we visualize that histogram while also searching for a high confidence interval. Let’s incorporate the confidence interval into our visualization by coloring the histogram bars in its range (figure 3.5). The histogram bars can be visually modified by relying on patches, which is the third variable returned by plt.hist. The graphical details of each bin at index i are accessible through patches[i]. If we wish to color the ith bin yellow, we can simply call patches[i].set_facecolor('yellow'). In this manner, we can highlight all the specified histogram bars that fall within the updated interval range.
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  Figure 3.5 A histogram of 100,000 binned frequencies plotted against their associated relative likelihoods. Highlighted bars delineate the 95% confidence interval, which represents 95% of the histogram’s area. That interval covers a frequency range of roughly 0.670–0.727.


  Listing 3.30 Coloring histogram bars over an interval

  likelihoods, bin_edges, patches = plt.hist(frequency_array, bins='auto',
                                           edgecolor='black', density=True)
bin_width = bin_edges[1] - bin_edges[0]
start_index, end_index = compute_high_confidence_interval(likelihoods,
                                                          bin_width)
 
for i in range(start_index, end_index):
     patches[i].set_facecolor('yellow')
plt.xlabel('Binned Frequency')
plt.ylabel('Relative Likelihood')
 
plt.show()

The frequency range 0.670429 - 0.727857 represents a 95.42% confidence interval


  The recomputed histogram resembles a symmetric bell-shaped curve. Many of its bars have been highlighted using the set_facecolor method. The highlighted bars represent a 95% confidence interval. The interval covers a frequency range of roughly 0.670 to 0.727. This new frequency range is nearly identical to the one we saw before: increasing the frequency sample size did not reduce the range. Perhaps we should also increase the number of coin flips per frequency sample from 1,000 to 50,000 (figure 3.6). We keep the frequency sample size steady at 100,000, thus leading to 5 billion flipped coins.


  Listing 3.31 Sampling 5 billion flipped coins

  np.random.seed(0)
head_count_array = np.random.binomial(50000, 0.7, 100000)
frequency_array = head_count_array / 50000
 
likelihoods, bin_edges, patches = plt.hist(frequency_array, bins='auto',
                                           edgecolor='black', density=True)
bin_width = bin_edges[1] - bin_edges[0]
start_index, end_index = compute_high_confidence_interval(likelihoods,
                                                          bin_width)
 
for i in range(start_index, end_index):
     patches[i].set_facecolor('yellow')
plt.xlabel('Binned Frequency')
plt.ylabel('Relative Likelihood')
 
plt.show()

The frequency range 0.695769 - 0.703708 represents a 95.06% confidence interval
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  Figure 3.6 A histogram of 100,000 binned frequencies plotted against their associated relative likelihoods. Highlighted bars delineate the 95% confidence interval, which represents 95% of the histogram’s area. That interval covers a frequency range of roughly 0.695–0.703.


  The new 95.06% confidence interval covers a frequency range of roughly 0.695 to 0.703. If we round the range to two decimal places, it equals 0.70 to 0.70. We are thus exceedingly confident that our true probability is approximately 0.70. By increasing the coin flips per sample, we’ve successfully narrowed the range of our 95% confidence interval.


  On a separate note, our updated histogram once again resembles a bell-shaped curve. That curve is referred to as either the Gaussian distribution or the normal distribution. The normal distribution is incredibly important to probability theory and statistics due to the central limit theorem. According to this theorem, sampled frequency distributions take the shape of a normal distribution when the number of samples is large. Furthermore, the theorem predicts a narrowing of likely frequencies as the size of each frequency sample increases. This is perfectly consistent with our observations, which are summarized here:


  
    	
      Initially, we sampled 1,000 coin flips 500 times.

    


    	
      Each sequence of 1,000 coin flips was converted to a frequency.

    


    	
      We plotted the histogram of 500 frequencies representing 50,000 total coin flips.

    


    	
      The histogram shape was not symmetric. It peaked at approximately 0.7.

    


    	
      We increased the frequency count from 500 to 100,000.

    


    	
      We plotted the histogram of 100,000 frequencies representing 1 million total coin flips.

    


    	
      The new histogram’s shape resembled a normal curve. It continued peaking at 0.7.

    


    	
      We summed the rectangular area of bins around the peak. We stopped once the added bins covered 95% of the area under the histogram.

    


    	
      These bins represented a frequency range of approximately 0.670–0.723.

    


    	
      We increased the coin flips per sample from 1,000 to 50,000.

    


    	
      We plotted the histogram of 100,000 frequencies representing 5 billion total coin flips.

    


    	
      The updated histogram’s shape continued to resemble a normal curve.

    


    	
      We recomputed the range covering 95% of the histogram’s area.

    


    	
      The range width shrank to approximately 0.695–0.703.

    


    	
      Thus, when we increased our per-frequency flip count, the range of likely frequencies began to narrow at around 0.7. 

    

  


  
3.2.4 Computing histograms in NumPy


  Calling the plt.hist method automatically generates a histogram plot. Can we obtain the histogram likelihoods and bin edges without creating a plot? Yes, because plt.hist uses NumPy’s non-visual np.histogram function. This function takes as input all parameters that don’t relate to histogram visualization, such as frequency_arrays, bins= 'auto', and density=True. It then returns two variables not associated with plot manipulation: likelihoods and bin_edges. Therefore, we can run compute_high_ confidence_interval while bypassing visualization simply by calling np.histogram.


  Listing 3.32 Computing a histogram using np.histogram

  np.random.seed(0)
 
likelihoods, bin_edges = np.histogram(frequency_array, bins='auto',
                                      density=True)
bin_width = bin_edges[1] - bin_edges[0]
compute_high_confidence_interval(likelihoods, bin_width)     ❶

The frequency range 0.695769 - 0.703708 represents a 95.06% confidence interval


  ❶ We no longer store the start and end index variables returned by this function since there is no longer a need to highlight an interval range in a histogram plot.


  
    Useful histogram functions


    
      	
        plt.hist(data, bins=10)—Plots a histogram in which the elements of data are distributed across 10 equally spaced bins.

      


      	
        plt.hist(data, bins='auto')—Plots a histogram whose bin count is determined automatically, based on the data distribution. auto is the default setting of _bins.

      


      	
        plt.hist(data, edges='black')—In the plotted histogram, the edges of each bin are marked by black vertical lines.

      


      	
        counts, _, _ = plt.hist(data)—The counts array is the first of the three variables returned by plt.hist. It holds the count of elements contained in each bin. These counts appear on the y-axis of the histogram plot.

      


      	
        _, bin_edges, _ = plt.hist(data)—The bin_edges array is the second of the three variables returned by plt.hist. It holds the x-axis positions of the vertical bin edges in the plot. Subtracting bin_edges[i] from bin_edges[i + 1] returns the width of every bin. Multiplying the width by counts[i] returns the area of the rectangular bin at position i.

      


      	
        likelihoods, _, _ = plt.hist(data, density=True)—The binned counts are transformed into likelihoods so that the area beneath the histogram sums to 1.0. Thus, the histogram is transformed into a probability distribution. Multiplying the bin width by likelihoods[i] returns the probability of a random outcome falling within a range of bin_edges[i] - bin_edges[i +1].

      


      	
        _, _, patches = plt.hist(data)—The patches list is the third of the three variables returned by plt.hist. The graphical  settings of each bin at index i are stored in patches[i]. Calling patches[i].set_facecolor('yellow') changes the color of the histogram bin at position i.

      


      	
        likelihoods, bin_edges = np.histogram(data, density=True)—Returns the histogram likelihoods and bin edges without actually plotting the results. 

      

    

  


  
3.3  Using confidence intervals to analyze a biased deck of cards


  Suppose you’re shown a biased 52-card deck. Each card is either red or black, but the color counts aren’t equal. How many red cards are present in the deck? You could find out by counting all the red cards one by one, but that would be too easy. Let’s add a constraint to make the problem more interesting. You are only allowed to see the first card in the deck! If you wish to see a new card, you must first reshuffle. You’re permitted to reshuffle as many times as you like and to view the top card after each shuffle.


  Given these constraints, we must solve the problem using random sampling. Let’s begin by modeling a 52-card deck with an unknown number of red cards. That red count is an integer between 0 and 52, which we can generate using np.random.randint. We’ll keep the value of our random red_card_count value hidden until we’ve found a solution using sampling.


  Listing 3.33 Generating a random red card count

  np.random.seed(0)
total_cards = 52
red_card_count = np.random.randint(0, total_cards + 1)


  Now let’s compute black_card_count by using the constraint that red_card_count and black_card_count must sum to 52 cards total. We also maintain bias by ensuring that the two counts are not equal.


  Listing 3.34 Generating a black card count

  black_card_count = total_cards - red_card_count
assert black_card_count != red_card_count


  During the modeling phase, we’ll shuffle the deck and flip over the first card. What is the probability the card will be red? Well, a red card represents one of two possible outcomes: red or black. These outcomes can be characterized by the sample space {'red_card', 'black_card'}, but only when the two outcomes are equally likely. However, in our biased deck, the outcomes are weighted by red_card_count and black_card_count. A weighted sample space dict is therefore required, in which the dictionary values equal the count variables. We label the associated keys 'red_card' and 'black_card'. Passing weighted_sample_space into compute_event_probability will allow us to compute the probability of drawing a red card.


  Listing 3.35 Computing card probabilities using a sample space

  weighted_sample_space = {'red_card': red_card_count,
                         'black_card': black_card_count}
prob_red = compute_event_probability(lambda x: x == 'red_card',
                                     weighted_sample_space)


  As a reminder, the compute_event_probability function divides the red_card_count variable by the sum of red_card_count and black_card_count to compute the probability. Furthermore, the sum of red_card_count and black_card_count is equal to total_cards. Therefore, the probability of drawing a red card is equal to red_ card_count divided by total_cards. Let’s verify that.


  Listing 3.36 Computing card probabilities using division

  assert prob_red == red_card_count / total_cards


  How should we utilize prob_red to model a flipped-over first card? Well, the card flip will produce one of two possible outputs: red or black. These two outcomes can be modeled as coin flips in which heads and tails are replaced by colors. Therefore, we can model the flipped card using the binomial distribution. Calling np.random.binomial (1, prob_red) returns 1 if the first card is red and 0 otherwise.


  Listing 3.37 Simulating a random card

  np.random.seed(0)
color = 'red' if np.random.binomial(1, prob_red) else 'black'
print(f"The first card in the shuffled deck is {color}")

The first card in the shuffled deck is red


  We shuffle the deck 10 times and flip over the first card after each shuffle.


  Listing 3.38 Simulating 10 random cards

  np.random.seed(0)
red_count = np.random.binomial(10, prob_red)
print(f"In {red_count} of out 10 shuffles, a red card came up first.")

In 8 of out 10 shuffles, a red card came up first.


  A red card appeared at the top of the deck in 8 out of 10 random shuffles. Does this mean that 80% of the cards are red? Of course not. We’ve previously shown how such outcomes are common when the sampling size is low. Instead of shuffling the deck 10 times, let’s shuffle it 50,000 times. Then we compute the frequency and then redo the shuffling procedure another 100,000 times. We execute these steps by calling np.random .binomial(50000, prob_red, 100000) and dividing by 50,000. The resulting frequency array can be transformed into a histogram that will allow us to compute a 95% confidence interval for flipping over a red card. We compute the confidence interval by expanding the range of bins around the histogram’s peak until that range covers 95% of the histogram’s area.


  Listing 3.39 Computing card probability confidence intervals

  np.random.seed(0)
red_card_count_array = np.random.binomial(50000, prob_red, 100000)      ❶
frequency_array = red_card_count_array / 50000                          ❷
 
likelihoods, bin_edges = np.histogram(frequency_array, bins='auto',
                                      density=True)                     ❸
bin_width = bin_edges[1] - bin_edges[0]
start_index, end_index = compute_high_confidence_interval(likelihoods,  ❹
                                                          bin_width)

The frequency range 0.842865 - 0.849139 represents a 95.16% confidence interval


  ❶ Counts the observed red cards out of 50,000 shuffles; repeats 100,000 times


  ❷ Converts 100,000 red counts into 100,000 frequencies


  ❸ Computes the frequency histogram


  ❹ Computes the 95% confidence interval for the histogram


  We are very confident that prob_red lies between 0.842865 and 0.849139. We also know that prob_red equals red_card_count / total_cards, and therefore red_card_ count equals prob_red * total_cards. Thus, we are highly confident that red_card_ count lies between 0.842865 * total_cards and 0.849139 * total_cards. Let’s compute the likely range of red_card_count. We round the end points of the range to the nearest integers because red_card_count corresponds to an integer value.


  Listing 3.40 Estimating the red card count

  range_start = round(0.842771 * total_cards)
range_end = round(0.849139 * total_cards)
print(f"The number of red cards in the deck is between {range_start} and {range_end}")

The number of red cards in the deck is between 44 and 44


  We are very confident that there are 44 red cards in the deck. Let’s check if our solution is correct.


  Listing 3.41 Validating the red card count

  if red_card_count == 44:
    print('We are correct! There are 44 red cards in the deck')
else:
    print('Oops! Our sampling estimation was wrong.')

We are correct! There are 44 red cards in the deck


  There are indeed 44 red cards in the deck. We were able to determine this without manually counting all the cards. Our use of random card-shuffle sampling and confidence interval calculations proved sufficient to uncover the solution. 


  
3.4 Using permutations to shuffle cards


  Card shuffling requires us to randomly reorder the elements of a card deck. That random reordering can be carried out using the np.random.shuffle method. The function takes as input an ordered array or list and shuffles its elements in place. The following code randomly shuffles a deck of cards containing two red cards (represented by 1s) and two black cards (represented by 0s).


  Listing 3.42 Shuffling a four-card deck

  np.random.seed(0)
card_deck = [1, 1, 0, 0]
np.random.shuffle(card_deck)
print(card_deck)

[0, 0, 1, 1]


  The shuffle method has rearranged the elements in card_deck. If we prefer to carry out the shuffle while retaining a copy of the original unshuffled deck, we can do so using np.random.permutation. The method returns a NumPy array containing a random ordering of cards. Meanwhile, the elements of the original inputted deck remain unchanged.


  Listing 3.43 Returning a copy of the shuffled deck

  np.random.seed(0)
unshuffled_deck = [1, 1, 0, 0]
shuffled_deck = np.random.permutation(unshuffled_deck)
assert unshuffled_deck == [1, 1, 0, 0]
print(shuffled_deck)

[0 0 1 1]


  The random ordering of elements returned by np.random.permutation is mathematically called a permutation. Random permutations vary from the original ordering most of the time. On rare occasions, they may equal the original, unshuffled permutation. What is the probability that a shuffled permutation will exactly equal unshuffled_deck?


  We can of course find out through sampling. However, the four-element deck is small enough to be analyzed using sample spaces. Composing the sample space requires us to cycle through all possible permutations of the deck. We can do so using the itertools.permutations function. Calling itertools.permutations(unshuffled_deck) will return an iterable over every possible permutation of the deck. Let’s use the function to output the first three permutations. Note that these permutations are printed as Python tuples, not as arrays or lists. Tuples, unlike arrays or lists, cannot be modified in place: they are represented using parentheses.


  Listing 3.44 Iterating over card permutations

  import itertools
for permutation in list(itertools.permutations(unshuffled_deck))[:3]:
    print(permutation)

(1, 1, 0, 0)
(1, 1, 0, 0)
(1, 0, 1, 0)


  The first two generated permutations are identical to each other. Why is that the case? Well, the first permutation is just the original unshuffled_deck with no rearranged elements. Meanwhile, the second permutation was generated by swapping the third and fourth elements of the first permutation. However, both those elements were zeros, so the swap did not impact the list. We can confirm that the swap actually took place by examining the first three permutations of [0, 1, 2, 3].


  Listing 3.45 Monitoring permutation swaps

  for permutation in list(itertools.permutations([0, 1, 2, 3]))[:3]:
    print(permutation)

(0, 1, 2, 3)
(0, 1, 3, 2)
(0, 2, 1, 3)


  Certain permutations of the four-card deck occur more than once. Thus, we can hypothesize that certain permutations might occur more frequently than others. Let’s check this hypothesis by storing the permutation counts in a weighted_sample_space dictionary.


  Listing 3.46 Computing permutation counts

  weighted_sample_space = defaultdict(int)
for permutation in itertools.permutations(unshuffled_deck):
    weighted_sample_space[permutation] += 1
 
for permutation, count in weighted_sample_space.items():
    print(f"Permutation {permutation} occurs {count} times")

Permutation (1, 1, 0, 0) occurs 4 times
Permutation (1, 0, 1, 0) occurs 4 times
Permutation (1, 0, 0, 1) occurs 4 times
Permutation (0, 1, 1, 0) occurs 4 times
Permutation (0, 1, 0, 1) occurs 4 times
Permutation (0, 0, 1, 1) occurs 4 times


  All the permutations occur with equal frequency. Consequently, all card arrangements are equally likely, and a weighted sample space is not required. An unweighted sample space equal to set(itertools.permutations(unshuffled_deck)) should sufficiently resolve the problem.


  Listing 3.47 Computing permutation probabilities

  sample_space = set(itertools.permutations(unshuffled_deck))       ❶
event_condition = lambda x: list(x) == unshuffled_deck            ❷
prob = compute_event_probability(event_condition, sample_space)   ❸
assert prob == 1 / len(sample_space)
print(f"Probability that a shuffle does not alter the deck is {prob}")

Probability that a shuffle does not alter the deck is 0.16666666666666666


  ❶ The unweighted sample space equals the set of all the unique permutations of the deck.


  ❷ Defines a lambda function that takes as input some x and returns True if x equals our unshuffled deck. This one-line lambda function serves as our event condition.


  ❸ Computes the probability of observing an event that satisfies our event condition


  Suppose we are handed a generic unshuffled_deck of size N containing N/2 red cards. Mathematically, it can be shown that all the color permutations of the deck will occur with equal likelihood. Thus, we can compute probabilities directly using the deck’s unweighted sample space. Unfortunately, creating this sample space is not feasible for a 52-card deck since the number of possible permutations is astronomically large: 8.06 × 1067, which is larger than the number of atoms on Earth. If we attempted to compute a 52-card sample space, our program would run for many days before eventually running out of memory. However, such a sample space can easily be computed for a smaller 10-card deck.


  Listing 3.48 Computing a 10-card sample space

  red_cards = 5 * [1]
black_cards = 5 * [0]
unshuffled_deck = red_cards + black_cards
sample_space = set(itertools.permutations(unshuffled_deck))
print(f"Sample space for a 10-card deck contains {len(sample_space)}
        elements")

Sample space for a 10-card deck contains 252 elements


  We have been tasked with finding the best strategy for drawing a red card. The 10-card sample_space set could prove useful in these efforts: the set allows us to compute the probabilities of various competing strategies directly. We can thus rank our strategies based on their 10-card deck performance and then apply the top-ranking strategies to a 52-card deck. 


  
Summary


  
    	
      The np.random.binomial method can simulate random coin flips. The method gets its name from the binomial distribution, which is a generic distribution that captures coin-flip probabilities.

    


    	
      When a coin is flipped repeatedly, its frequency of heads converges toward the actual probability of heads. However, the final frequency may differ slightly from the actual probability.

    


    	
      We can visualize the variability of recorded coin-flip frequencies by plotting a histogram. A histogram shows binned counts of observed numeric values. The counts can be transformed into relative likelihoods so that the area beneath the histogram sums to 1.0. Effectively, the transformed histogram becomes a probability distribution. The area around the distribution’s peak represents a confidence interval. A confidence interval is the likelihood that an unknown probability falls within a certain frequency range. Generally, we prefer a confidence interval that is at 95% or higher.

    


    	
      The shape of a frequency histogram resembles a bell-shaped curve when the number of sampled frequencies is high. That curve is referred to as either the Gaussian distribution or the normal distribution. According to the central limit theorem, the 95% confidence interval associated with the bell curve becomes narrower as the size of each frequency sample increases.
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