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Introduction



A Qualified Welcome


Welcome to GMAT Advanced Quant! In this venue, we decided to be a little nerdy and call the introduction Chapter 0. After all, the point (0, 0) in the coordinate plane is called the origin, isn’t it? (That’s the first and last math joke in this book.)


Unfortunately, we have to qualify our welcome right away, because this book isn’t for everyone. At least, it’s not for everyone right away.


Who Should Use This Book


You should use this book if you meet the following conditions:




	You have achieved a scaled score of at least 80 (out of 90) on the Quant section of the official practice computer-adaptive test (CAT).


	You have worked through the Manhattan Prep All the Quant + DI guide, which covers all of the topics and strategies you need for the Quant section, or you have worked through similar material from another company. This material should include the following:



	Algebra


	Fractions, Decimals, Percents, and Ratios


	Number Properties


	Word Problems







	You are already comfortable with the core principles in these topics.


	You want to raise your performance to a scaled score of 83 or higher.


	You want to become a significantly smarter test-taker.





If you match this description, then please turn the page.


If you don’t match this description, then you will probably find this book too difficult at this stage of your preparation.


For now, you are better off working on topic-focused material, as found in the All the Quant + DI guide, and ensuring that you have mastered that material before you return to this book.


Try It Yourself


Throughout the chapters of this guide, you’ll see Try-It problems—problems designed to test your skills on certain aspects of GMAT problems. Take a look at the following three Try-It problems, which are very difficult. They are at least as hard as any real GMAT problem—probably even harder.


Go ahead and give these problems a try. You should not expect to solve any of them in two minutes. In fact, you might find yourself completely stuck. If that’s the case, switch gears. Do your best to eliminate some incorrect answer choices and take an educated guess.


Try-It #0-1


A jar is filled with red, white, and blue tokens that are equivalent except for their color. The chance of randomly selecting a red token, replacing it, then randomly selecting a white token is the same as the chance of randomly selecting a blue token. If the number of tokens of every color is a multiple of 3, what is the smallest possible total number of tokens in the jar?


(A)  9


(B)12


(C)15


(D)18


(E)21


Try-It #0-2


When Mira exercises, she likes to do pushups in short sets as follows: 1 pushup, then 2 pushups, then 3 pushups, and so on, with the number of pushups in each set ascending consecutively until a set of n pushups, where n is a positive integer, after which the number of pushups in each set descends consecutively until a final set of just 1 pushup. If Mira did less than 100 total pushups, what is the maximum number of pushups she could have done following this pattern?


(A)64


(B)72


(C)81


(D)90


(E)97


Try-It #0-3


When guests invited to a certain dinner party respond to the invite, they can request a vegetarian meal. One week before the dinner, 10% of the guests who will attend have responded, and [image: ] of those who have responded requested a vegetarian meal. What fraction of the guests who will attend but have not yet responded must NOT request a vegetarian meal so that only [image: ] of the guests will be given a vegetarian meal?


(A)[image: ]


(B)[image: ]


(C)[image: ]


(D)[image: ]


(E)[image: ]


The Purpose of This Book


This book is designed to prepare you for the most difficult math problems on the GMAT.


So . . . what is a difficult math problem, from the point of view of the GMAT?


A difficult math problem is one that most GMAT test-takers get wrong under exam conditions. In fact, this is essentially how the GMAT measures difficulty: by the percent of test-takers who get the problem wrong.


So what kinds of math questions do most test-takers get wrong? What characterizes these problems? There are two kinds of features:


1.Topical nuances or obscure principles




	Connected to a particular topic


	Inherently hard to grasp or unfamiliar


	Easy to mix up





These topical nuances are largely covered in the Manhattan Prep All the Quant + DI guide. This book includes many problems that involve topical nuances. However, the exhaustive theory of divisibility and primes, for instance, is not repeated here.


2.Complex structures




	May use simple principles in ways that aren’t obvious


	May require multiple steps


	May make you consider many cases


	May combine more than one topic


	May need a flash of real insight to complete


	May make you change direction or switch strategies along the way





Complex structures are essentially disguises for simpler content. These disguises may be difficult to pierce. The path to the answer is twisted or clouded somehow.


To solve problems that have simple content but complex structures, you need approaches that are both more general and more creative. This book focuses on these more general and more creative approaches.


The three problems on the previous page have complex structures; the solutions are a bit later in this chapter. In the meantime, take a look at another problem.


An Illustration


Give this problem a whirl. Don’t go on until you have spent a few minutes on it—or until you have figured it out.


Try-It #0-4


What should the next number in this sequence be?


12964___


Note: This problem is not exactly GMAT-like, because there is no mathematically definite rule. However, you’ll know when you’ve solved the problem. The answer will be elegant.


This problem has very simple content but a complex structure. Researchers in cognitive science have used sequence-completion problems such as this one to develop realistic models of human thought. Here is one such model, simplified but practical.


Top-Down Brain and Bottom-Up Brain


To solve the sequence-completion problem above, you need two kinds of thinking:


[image: ] and [image: ]


You might even say that you need two types of brain.


The top-down brain is your conscious self. If you imagine the contents of your head as a big corporation, then your top-down brain is the CEO, responding to input, making decisions, and issuing orders. In cognitive science, the top-down brain is called the executive function. Top-down thinking and planning is indispensable to any problem-solving process.


But the corporation in your head is a big place. For one thing, how does information get to the CEO? And how preprocessed is that information?


The bottom-up brain is your preconscious processor. After raw sensory input arrives, your bottom-up brain processes that input extensively before it reaches your top-down brain.


For instance, to your optic nerve, every word on this page is just a lot of black squiggles. Your bottom-up brain immediately turns these squiggles into letters, joins the letters into words, summons relevant images and concepts, and finally serves these images and concepts to your top-down brain. This all happens automatically and swiftly. In fact, it takes effort to interrupt this process. Also, unlike your top-down brain, which does things one at a time, your bottom-up brain can easily do many things at once.


How does all this relate to solving the sequence problem above?


Each of your brains needs the other one to solve difficult problems.


Your top-down brain needs your bottom-up brain to notice patterns, sniff out valuable leads, and make quick, intuitive leaps and connections.


But your bottom-up brain is inarticulate and distractible. Only your top-down brain can build plans, pose explicit questions, follow procedures, and state findings.


Imagine that you are trying to solve a tough murder case. To find all the clues in the woods, you need both a savvy detective and a sharp-nosed bloodhound.


[image: ]


To solve difficult GMAT problems, try to harmonize the activity of your two brains by following an organized, fast, and flexible problem-solving process.


Organized


You need a general step-by-step approach to guide you. One such approach, inspired by expert mathematician George Pólya, is Understand, Plan, Solve (UPS):


1. Understand the problem first.


2. Plan your attack by adapting known techniques in new ways.


3. Solve by executing your plan.


You may never have thought explicitly about steps 1 and 2 before. It may have been easy or even automatic for you to Understand easier problems and to Plan your approach to them. As a result, you may tend to dive right into the Solve stage. This is a bad strategy. Mathematicians know that the real math on hard problems is not Solve; the real math is Understand and Plan.


Fast


Speed is important for its own sake on the GMAT, of course. What you may not have thought as much about is that being fast can also lower your stress level and promote good process. If you know you can solve quickly, then you can take more time to comprehend the question, consider the given information, and select a strategy. To this end, make sure that you can complete calculations and manipulations fairly rapidly so that you can afford to spend some time on the Understand and Plan stages of your problem-solving process. A little extra time invested up front can pay off handsomely later.


Flexible


To succeed against difficult problems, you sometimes have to “unstick” yourself. Expect to run into brick walls and encounter dead ends. Returning to first principles and to the general process (e.g., making sure that you fully Understand the problem) can help you back up out of the mud.


Let’s return to the sequence problem and play out a sample interaction between the two brains. The path is not linear; there are several dead ends, as you would expect. This dialog will lead to the answer, so don’t start reading until you’ve given the problem a final shot (if you haven’t already solved it). The top-down brain is labeled TD; the bottom-up brain is labeled BU.


[image: ]
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Your own process was almost certainly different in the details. Also, your internal dialog was very rapid—parts of it probably only took fractions of a second to transpire. After all, you think at the speed of thought.


The important thing is to recognize how the bottom-up bloodhound and the top-down detective worked together in the case above. The TD detective set the overall agenda and then pointed the BU bloodhound at the clues. The bloodhound did practically all the “noticing,” which in some sense is where all the magic happened. But sometimes the bloodhound got stuck, so the detective had to intervene, consciously trying a new path. For instance, 64 reads so strongly as 82 that the detective had to actively give up on that reading.


There are so many possible meaningful sequences that it wouldn’t have made sense to apply a strict recipe from the outset: “Try X first, then Y, then Z . . .” Such an algorithm would require hundreds of possibilities. Should you always look for 1, 2, 3, 4? Should you never find differences or prime factors because they weren’t that useful here? Of course not! A computer can rapidly and easily apply a complicated algorithm with hundreds of steps, but humans can’t. (If you are an engineer or programmer, maybe you wish you could program your own brain, but so far, that’s not possible!)


What humans are good at, though, is noticing patterns. The bottom-up brain is extremely powerful—far more powerful than any computer yet built.


As you gather problem-solving tools, the task becomes knowing when to apply which tool. This task becomes harder as problem structures become more complex. But if you deploy your bottom-up bloodhound according to a general problem-solving process such as Understand, Plan, Solve, then you can count on the bloodhound to notice the relevant aspects of the problem—the aspects that tell you which tool to use.


You can break down Understand, Plan, Solve into several discrete steps:




















	

Understand




	

Glance at the problem briefly: does anything stand out?


Read the problem.


Jot down any obvious formulas or numbers.
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Plan




	

Reflect on what you were given: what clues might help tell you how to approach this problem?


Organize your approach: choose a solution path.









	

Solve




	

Work the problem!















You’ll get lots of practice using the UPS process throughout this guide.


Learning How to Think


This book is intended to make you smarter.


It is also intended to make you scrappier.


That description encompasses two main ideas: employing GMAT strategies as well as textbook solution methods and knowing when to let go.


If you have traditionally been good at paper-based standardized tests, then you may be used to solving practically every problem the “textbook” way. Problems that forced you to get down and dirty—to work backwards from the choices, to estimate and eliminate—may have annoyed you.


A major purpose of this book is to help you learn to choose the best GMAT approach. On the hardest Quant problems, the textbook approach is often not the best GMAT approach.


Unfortunately, advanced test-takers are sometimes very stubborn. Sometimes they feel they should solve a problem according to some theoretical approach. Or they fail to move to Plan B or C rapidly enough, so they don’t have enough time left to execute that plan. In the end, they might wind up guessing purely at random—and that’s a shame.


GMAT problems often have back doors—ways to solve that don’t involve crazy computation or genius-level insights. Remember that in theory, GMAT problems can all be solved in two minutes. By searching for the back door, you might avoid all the bear traps that the problem writer set out by the front door!


In addition to learning alternative solution methods, you also need to learn when to let go. As you know, the GMAT is an adaptive test. If you keep getting questions correct, the test will keep getting harder . . . and harder . . . and harder . . .


At some point, there will appear a monster problem, one that announces “I must break you.” In your battle with this problem, you could actually lose the bigger war—even if you ultimately conquer this particular problem. Maybe it takes you eight minutes, or it beats you up so badly that your head starts pounding. This will take its toll on your score.


This will happen to everyone, no matter how good you are at the GMAT. Why?


The GMAT is not an academic test, though it certainly appears to be. Business schools are primarily interested in whether you’re going to be an effective businessperson. Good businesspeople are able to assess a situation rapidly, manage scarce resources, distinguish between good opportunities and bad ones, and make decisions accordingly.


The GMAT wants to put you in a situation where the best decision is, in fact, to guess and move on, because business schools are interested in learning whether you have the presence of mind to recognize a bad opportunity and the discipline to let it go.


Show the GMAT that you know how to manage your scarce resources (time and mental energy) and that you can recognize and cut off a bad opportunity. Moreover, remember that on the GMAT, should you finish a section with time still on the clock, you can revisit any problem you like from that section and change your answer on up to three of them. When you find yourself struggling to move on from a problem, think “If I finish with time left over, I can come back to this, but if I finish right on time, that means I needed that time for other problems!”


Plan of This Book


The rest of this book has two parts:


Part One: Problem Solving Strategies




Chapter 1: Problem Solving: Advanced Principles


Chapter 2: Problem Solving: Strategies & Tactics





Part Two: Strategies for All Problem Types




Chapter 3: Pattern Recognition


Chapter 4: Common Terms & Quadratic Templates


Chapter 5: Visual Solutions


Chapter 6: Hybrid Problems





The two chapters in Part One focus on principles, strategies, and tactics related to the only question format you will see on the Quant section of the GMAT: Problem Solving (PS). The next four chapters, in Part Two, focus on techniques that apply across several topics but are more specific than the approaches in Part One.


Each of the six chapters in Part One and Part Two contains the following:




	
Try-It Problems embedded throughout the text


	
Problem Sets at the end of the chapter





Many of these problems will be GMAT-like in format, but many will not.


This book also comes with online access to a question bank of over 100 additional hard problems that you can use to master the techniques covered in these pages. Go to manhattanprep.com, log in to your account (or create a free one), and register your copy of this book. In your online portal, you will be able to try individual problems from this question bank or set parameters to create longer random sets of hard problems, allowing you to practice the timing and decision-making skills necessary for a top GMAT score.


Solutions to Try-It Problems


If you haven’t tried to solve the first three Try-It problems in the Try It Yourself section at the beginning of this chapter, then go back and try them now. Think about how to get your top-down brain and your bottom-up brain to work together like a detective and a bloodhound. Come back when you’ve tackled the problems, even if you don’t get to an answer (in this case, do make a guess).


In these solutions, we’ll outline sample dialogs between the top-down detective and the bottom-up bloodhound.


Try-It #0-1


A jar is filled with red, white, and blue tokens that are equivalent except for their color. The chance of randomly selecting a red token, replacing it, then randomly selecting a white token is the same as the chance of randomly selecting a blue token. If the number of tokens of every color is a multiple of 3, what is the smallest possible total number of tokens in the jar?




(A)  9


(B)12


(C)15


(D)18


(E)21






Solution to Try-It #0-1


[image: ]
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The correct answer is (D). Let’s look at another pathway—one that moves more quickly to the back door.



Alternative Solution to Try-It #0-1


[image: ]
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Many people find this second approach less stressful and more efficient than the textbook approach. In fact, there is no way to find the correct answer by pure algebra. Ultimately, you have to test suitable numbers.


Try-It #0-2


When Mira exercises, she likes to do pushups in short sets as follows: 1 pushup, then 2 pushups, then 3 pushups, and so on, with the number of pushups in each set ascending consecutively until a set of n pushups, where n is a positive integer, after which the number of pushups in each set descends consecutively until a final set of just 1 pushup. If Mira did less than 100 total pushups, what is the maximum number of pushups she could have done following this pattern?




(A)64


(B)72


(C)81


(D)90


(E)97






Solution to Try-It #0-2


[image: ]


[image: ]


The correct answer is (C).


Try-It #0-3


When guests invited to a certain dinner party respond to the invite, they can request a vegetarian meal. One week before the dinner, 10% of the guests who will attend have responded, and [image: ] of those who have responded requested a vegetarian meal. What fraction of the guests who will attend but have not yet responded must NOT request a vegetarian meal so that only [image: ] of the guests will be given a vegetarian meal?




(A)[image: ]


(B)[image: ]


(C)[image: ]


(D)[image: ]


(E)[image: ]






Solution to Try-It #0-3


[image: ]


[image: ]


The correct answer is (E).


Note that after some initial observations from the bottom-up brain, the top-down brain took over most of that last solution. Sometimes, your top-down brain needs to ignore the bottom-up brain. Remember, when you’re actually taking the GMAT, you have to solve problems quickly—and you don’t need to publish your solutions in a mathematics journal. What you want is to get the correct answer as quickly and as easily as possible.


Did you solve any of these problems differently? It is worthwhile to look for multiple solution paths as you practice. Your top-down brain will become faster, more organized, and more flexible, enabling your bottom-up brain to have more flashes of insight.


That was a substantial introduction. Now, on to Chapter 1!
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largest perfect square less than 100.”

' BU notices that the sum is . for the simple
- examples.
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TD: “How about looking at 2. Write it with exponents:

2 =2". Actually, 1 doesn’t have to be 12. One can be to any
power and still be 1. The power is a question mark.”

BU norices 2" then 3°. Likes the counting numbers.

BU really wanss 1, 2, 3, 4 somehow.

TD: “Try 4 in that last position. Could the last term be 4
somehow?”

BU likes the look of this. 8 and 4 are relared.

TD: “64 is 4 to the what? 4% = 16, times another 4 equals 64,
50 it’s 4 to the third power. That fits.”

BU is thrilled: 1, 2, 3, 4 below and 1, 2, 3 up rop.

TD: “Extend left. It’s 1°. Confirmed. The bases are 1, 2, 3, 4,
etc., and the powers are 0, 1, 2, 3, etc.”

BU is content.

TD: “So the answer is 5, which is 257, or 625.”
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1 BU notices there’s one last constraint in the question
...s0 that only = of the guests will be given a -
s iself:

vegetarian meal?

TD: “Okay, so out of the 30 total guests, % of

1
[Z} 30 = 5 Vegetarian meals total them, or 5 guests, end up with a vegetarian meal.

Pve already accounted for 2 of those 5 in my

0G
S diagram, so there must be 3 more.
3 Resp 27 No Resp
TD: “Now let’s make sure we answer the right
question: there are 27 guests who have NOT
2Veg INoVeg 3 Veg 24 No Veg responded and 24 of them do NOT request a

vegetarian meal. So the answer is (E).”
Of the 27 guests who have NOT yet responded,
24 of them must NOT request a vegetarian meal.

24 _8

279
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...jar is filled with red, white, and blue tokens
....chance of randomly selecting....

....chance of randomly selecting a red token,
replacing it, then randomly selecting a white
token is the same as the chance of randomly
selecting a blue token.

....number of tokens of every color is a multiple

of3...

...smallest possible total number of tokens in

the jar?
R « W _ B
R+W+B"R+W+B R+W+B

__RW B

(R+W +B? R+W+B
RW = B(R+ W + B)
RW = BR+ BW + B?

The chance of randomly selecting a red token,
replacing it, then randomly selecting a white token
is the same as the chance of randomly selecting a
blue token...

TD: “I need to Understand this problem first.
There’s a jar, and it’s got red, white, and blue
tokens in it.”

BU notices “chance” and “randomly.” That’s probabil-
ity.

TD: “All right, this is a probability problem. Now,
what's the situation?”

BU notices that there are fwo situations.

TD: “Let’s rephrase. In simpler words, if I pick a
red, then a white, that’s the same chance as if T
pick a blue. /or that down. Okay, what else?”

BU doesn’t want to deal with this “multiple of 3"
thing yet.

TD: “Okay, what are they asking me?”
BU notices “smallest possible total number.” Glances
at answer choices. They're small, but not tiny. Hmm.

TD: “Let’s Reflect for a moment to figure out a
Plan. How can I approach this? How about
algebra—if I name the number of each color, then
T can represent each fact and also what 'm looking
for. Okay, I use R, W, and B. Make probability
fractions. Multiply red and white fractions.
Simplify algebraically.”

BU is now unsure. No obvious path forward.

TD: “Let’s start over conceptually. Reread the
problem. Can I learn anything interesting?”
BU notices that blues are different.

TD: “How are blues different? Hmm. Picking a
red, then a white is as likely as picking a blue.
‘What does that mean?”

BU notices that it’s unlikely to pick a blue. So there
aren’t many blues compared to reds or whites.
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....chance of randomly selecting. ..

....the number of tokens of every color is a
multiple of 3...

Ajar is filled with red, white, and blue tokens. ..

(A9 B)12 (C)15 (D) 18 (E) 21

@9

Select a red: g - %

Select a white: % = %

11— 1 hich is not “select a blue”
3379

%59 (B)12 (O) 15 (D) 18 (B)21

(B) 12

Selectared: 3. — L
127 4

Select a white: & — 1
12 2

x % — 1, which is not “select a blue”

=

9Btz (O) 15 (D) 18 (E) 21

BU notices “chance.” BU doesn’t like probability.
TD: “Oh man, probability. Okay, let’s make sense
of this and see whether there are any back doors.

That's the Plan.”

BU notices that there are only limited possibilities for
each number.

TD: “Okay, every quantity is a multiple of 3. That
simplifies things. There are 3, 6, 9, etc., of each
color.”

BU is alert—whar abour 07

TD: “What about 02 Hmm... the wording at the
beginning assumes that there actually are tokens
of each color. So there can’t be 0 tokens of any

kind.”

TD: “Now let’s look at the answer choices.”
BU notices that they're small.

TD: “Try plugging in the choices. Lets start at the
easy end—in this case, the smallest number.”

BU notices 9= 3+ 3+ 3.

TD: “The only possible way to have 9 total tokens
is to have 3 reds, 3 whites, and 3 blues. So. .. does
that work? Plug into probability formula.”

TD: “No, that doesn’t work. This is good. Knock
out (A). Let’s keep going. Try (B).”
BU notices 12=3+ 3+ 6.

TD: “Only way to have 12 total is 3, 3, and 6.
Which one’s which? Picking a red and then a
white s the same as picking a blue, so the blue
should be one of the 3's. Let's say red is 3 and
white is 6.”

TD: “That doesn’t work either. Knock out (B).
Keep going”
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©15

Select a red: & — 2

15 5
Select a white: E =

%x % - 215 , which is not “select a blue”

2
15

2
5
i 1
5% 5
Hr9Br2+Sy15 (D) 18 (E) 21

(D) 18

« 3 — 3, which is not “select a blue”
5 25

1. 1% which IS “select a blue”

BU notices 15 has a few options.

TD: “T can make 15 by 3, 6, and 6 or by 3, 3, and 9.
Try 3-6-6; make blue the 3.

TD: “Nope. What about 3-3-9.”

TD: “Not this one either.”

TD: “Knock out (C). Try (D).

TD: “Maybe 3-6-9 first. Make blue the 3.”

TD: “That’s it! Answer’s (D).”
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Your top-down brain is the detective.

Your bottom-up brain is the bloodhound.

Be organized, fast, and flexible
to crack the case.
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TD: “Okay, let’s Understand this thing. At a glance, they've
given me an increasing list of numbers, and they want me to
find the number that “should” go in the blank, whatever
“should” means. What's a good Plan? Hmm. No idea. Stare at
the numbers given?”

BU notices thar 9= 3* and 64 = 8. Likes the wo squares.

TD: “Write in the two squares.”
BU norices thar 1 is a square, too.

TD: “Are they all perfect squares? No, since 2 isn’t.”
BU doesn’r like this break in the partern.

TD: “Wait, back up. What about primes, factoring all the way.
8=2% and so 82 = (232 =2°”

BU notices 6= 2 x 3, but so whar?

TD: “Let’s write 2° as (2%)2. Anything there?”

BU norices lovs of 2’s and 3, bur so whar?

TD: “Okay, keep looking at this. Are the 2’s and 3’s stacked
somehow?”

BU norices no real partern. There’s 2-3-2 nwice as you go across,
bur so whar? And the 1 is weird by irself.

TD: “No good leads there. Hmm... time to go back to the
original and try taking differences.”
BU norices no parvern. The numbers look even uglier.

TD: “Hmm. No good. Go back to original numbers again.
‘What's going on there?”

BU norices thar the numbers are growing quickly, like squares or
exponentials.

TD: “Must have something to do with those squares. I should
look at those again.”
BU norices a gap on the lefr, among the powers.
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