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Dear Reader,

I first heard the joke “Q: Define aftermath. A: Algebra.” very early in my teaching career, when the only people who studied elementary algebra were the “college-bound” students, and the only ones likely to take intermediate algebra were those who were headed toward physics, engineering, or mathematics.

The times have changed. Since the introduction of the scientific calculator, the personal computer, and the graphing calculator, the changes in educational expectations have become much more intense. The PC did not quite live up to its claim that users would have more free time. Instead, the amount of data that was available to the general public grew exponentially. Employers expected that more of their employees would access and analyze the data. With this increase in expectations came a significant increase in the number of students taking more than elementary algebra.

You will find that this book uses the graphing calculator with some regularity. This text also contains traditional symbol manipulation, because these skills are the building blocks for more advanced topics.

I hope that this book helps you better understand some of these basic principles of algebra and that you enjoy working through the material.

Chris Monahan
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These handy, accessible books give you all you need to tackle a difficult project, gain a new hobby, comprehend a fascinating topic, prepare for an exam, or even brush up on something you learned back in school but have since forgotten.

You can choose to read an Everything® book from cover to cover or just pick out the information you want from our four useful boxes: e-rules, e-questions, e-alerts, and e-ssentials. We give you everything you need to know on the subject, but throw in a lot of fun stuff along the way, too.

We now have more than 400 Everything® books in print, spanning such wide-ranging categories as weddings, pregnancy, cooking, music instruction, foreign language, crafts, pets, New Age, and so much more. When you’re done reading them all, you can finally say you know Everything®!
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Top 10 Reasons Why—And How—
You Should Study Algebra

1. Mathematicians Are The Original Texters. There Really Is No Difference Between Using Statements Like Lol And Bff To Save Space And Using x For The Number That Is Unknown. Don’T Let The Use Of Symbols Scare You.

2. Mathematics Is Not As Rigid As People Think. There Are Many Ways To Solve Problems. Algebraic, Graphical, And Tabular Approaches Are Often Equally Good Options For Getting To The Answer.

3. Algebra Has Many Applications Outside Of The Mathematics Classroom.

4. You Use Mathematics More Than You Think You Do—You Just Call It Reasoning. Don’T Be Afraid To Apply Common Sense And Your Own Experiences To Solving Problems.

5. Using Technology In Studying Mathematics Is Here To Stay. More Problems Can Be Solved Through The Application Of Graphing Calculators And Computer Programs.

6. Most Fields Of Study Have A Mathematical Component To Them. Very Often, This Component Is Statistics. Algebra Is A Basic Tool In The Study Of Statistics.

7. Remember That x Is Only One Letter In The Alphabet. When Choosing A Variable, Use A Letter That Is Related To The Value Sought (n For Number, t For Time, v For Volume, And r For Radius Are All Good Choices).

8. Some Of The Best Learning Happens Right After You Make A Mistake. Work Through The Exercises In The Text Before Working On The Exercises At The End Of The Chapter. Make Sure That You Understand The Process Being Discussed.

9. This Is A Pencil-And-Paper Book. Make Sure That You Have Plenty Of Paper And A Writing Implement With You As You Read. Do The Exercises In The Section Before You Look At The Exercises At The End Of The Chapter.

10. You Will Enjoy Your Success When You Have Finished The Text And Have More Confidence In Your Ability To Use Algebra.





Introduction




IT IS FAIRLY COMMON knowledge that geometry has its roots in Egypt and Greece. The Egyptians used geometry for practical purposes, and the Greeks formalized the study of geometry (and of most other subjects) through their use of logic. What we know as the Pythagorean Theorem, perhaps the most famous of all the formulas in geometry, was actually being used in Egypt well before Pythagoras was born and was being used in China centuries before Pythagoras. Much of what is studied in mathematics has a European slant to it because that is where the founders of the Western world originated. But algebra was developed and refined in India and along the sub-Asian continent as a problem-solving tool while Europe was living through the Dark Ages. Foremost in its development was the mathematician al-Kwarizimi, who lived 1,200 years ago in Baghdad.

During the European Renaissance and in the years that followed, mathematicians such as Cardano, Tartaglia, Fibonacci, Descartes, Leibnitz, Newton, Pascal, Euler, and the Bernoullis used algebra to solve more interesting and complex problems. Geometry, calculus, probability, and statistics are topics studied in today’s high school mathematics classes. Each branch was developed to yield more information about the world—as it is, and as it might be. This may be the most important piece of information for you to keep in mind as you work through (note that we say, “work through,” not just “read”) this book. Mathematics has, for the most part, been developed to solve problems that have not been solved. Sometimes, the motivation is pride (as in the cases of Cardano and Tartaglia); sometimes it is financial, as in the case of Fibonacci. But very often physics is a major motivator.

The human drive to be more efficient in the workplace requires a better understanding of the forces that machines and nature exert. Leibnitz and Newton developed calculus on the basis of the analytic geometry created by Descartes, and their work was improved upon by Euler, the Bernoullis, and a host of other mathematicians, including many who are still continuing their investigations today. Pascal, who designed the first mechanical calculator (which was too complicated to be engineered with the technology of his day), is better remembered for formalizing the laws of probability. All of the work done by these men had its basis in algebra.

Just as the basic addition facts are the fundamental building blocks for elementary and middle school mathematics, algebra is the basic tool of high school mathematics, and calculus serves that purpose for higher-level mathematics. This book will serve as an extra resource for those who are currently studying elementary and intermediate algebra. It can also offer a review for those who need to refresh their skills.

Technology is a tool often applied in the study of algebra, and it is used in this text when appropriate. Appendix A gives a general overview of the topic, but the nuts and bolts of deriving the equations of best fit are included in the chapters themselves. The two tools used in writing this text are the TI 84 and TI Nspire calculators. An indispensable application of technology is its use to model behavior from a set of data with an equation of best fit. This, too, is included in the text, and it may be a new area of study for those using this book for review.






CHAPTER 1
The Basic Building Blocks


In math, as in any form of communication, there are rules that are agreed upon so that everyone can understand exactly what is being communicated. Oral and written languages use vocabulary, grammar, and sentence structure to communicate effectively. Mathematics uses its own form of these entities as well. Learning the language of mathematics is a key aspect of understanding the concepts being communicated. Numbers (analogous in some ways to the alphabet in which a language is written) and how these numbers are combined (much as letters are combined in the spelling of words) are the foundation for the study of algebra. This chapter will introduce the basic building blocks of algebra and give you a sturdy foundation for your future study.



Real Numbers and Subsets

Children learn about numbers quickly. Youngsters are taught to hold up their fingers when asked their age. They learn quickly to notice whether they received the same number of cookies as their siblings during snack time. Counting comes naturally. The natural numbers (or counting numbers) are 1, 2, 3, 4, …. These are the basic values from which we start.

Children learn about zero when they do not get what they asked for. Including zero with the set of natural numbers gives you the set of whole numbers. Students, especially those from colder climates, learn about the negative numbers when “it is too cold to play outside.”

When combined, the whole numbers and their negatives make up the set of integers. Children encounter fractions when they break their cookies apart or share their toys with a playmate. The formal name for fractions, rational numbers, comes from the idea that a fraction is the ratio of two integers. You can see that children have been exposed to a fair amount of mathematics before they have even entered their first classroom!


[image: ]

Having learned about square roots of the “nice” numbers (1, 4, 9, 16, 25, and so on), students are often confused when their teacher asks about the square root of 3. There is some relief in the class when they learn that numbers such as the square root of 3 are irrational. For the record, the numbers are irrational merely because they are not rational. That is, irrational numbers cannot be written as the ratio of two integers.



There is a hierarchy for these sets of numbers. All of the natural numbers are included in the set of whole numbers; all of the whole numbers are included in the set of integers; and all of the integers are included in the set of rational numbers. Of course, there are no numbers that are common to both the set of rational numbers and the set of irrational numbers. However, when these two sets are combined (this is called taking the union of the sets), a new set of numbers is formed, the set of real numbers. A simple explanation for the set of real numbers is that it represents all the numbers that can be placed on a number line. A graphical representation for the relationship among these sets of numbers follows.

Set of Real Numbers and Its Subsets

[image: ]

The number 8, for example, is a counting number (N), a whole number (W), an integer (Z), a rational number (Q), and a real number (R). [image: ] is a rational number (Q) and a real number (R), but it belongs to none of the other categories. [image: ] is an irrational number (I) and a real number (R).

Integer Arithmetic

A geometric approach to the arithmetic of integers will tie together what you have known for a long time, will reinforce or clarify what may have been a fuzzy rule, and will, we hope, make sense. Start with a simple example: 2 + 3 = 5. You can recall any number of different manipulatives (chips, coins, marbles, or blocks, for instance) that helped you with this problem when you were younger. The following figure illustrates another way in which this problem may have been shown to you.

Adding on a Number Line

[image: ]

Note that the starting point of the second number lines up with the arrow tip of the first number. Accordingly, the next figure shows the sum 2 + (-3).

Adding Signed Numbers on Number Line

[image: ]

To show subtraction, you need to realize that the direction for the second arrow must be reversed. The diagram for 5 − 2 is shown in the following figure, as is the sum 5 + (-2). Yes, the subtraction of a positive number is the same as the addition of the first number and the negative of the second number.

Subtracting on a Number Line

[image: ]

Because subtraction requires that you change the direction of the arrow, and because the arrow for a negative number points to the left, 5 − (-2) looks the same as 5 + 2.

Recall that to multiply 2 * 3, you were taught to think of taking the number 2 and adding it 3 times. The following figure shows this.

Multiplying Positive Numbers on a Number Line

[image: ]

In the same manner, -2 * 3 requires that we take -2 and add it 3 times, as shown in the next figure.

Multiplying a Negative Number by a Positive Number on a Number Line

[image: ]

Because multiplication is known to be commutative (2 * 3 = 3 * 2), it should also be the case that 3 * (-2) is the same as -6. But how do you interpret the geometry? The length 3 is written twice to get 6, but the direction of the product must be rotated to the other side of the number line to account for the negative result, as shown in this figure.

Multiplying a Negative Number by a Positive Number on a Number Line

[image: ]

The last rule to examine is the product of two negative numbers, such as (-2) * (-3). The directed segment -2 must be written three times, and the result is rotated to the other side of the number line to get 6, as shown in the following figure.

Multiplying a Negative Number by a Negative Number on a Number Line

[image: ]

Bases and Exponents

What is the value of 3 × 3 × 3 × 3? One possible response you may have when you read this problem is “3 × 3 is 9, 9 × 3 is 27, and 27 × 3 is 81. The answer is 81.” Mathematicians have developed a shorthand notation for writing the product of the same number multiple times: exponents. In this example, the number 3 is used as a factor four times. The short hand notation for this problem is 3 × 3 × 3 × 3 = 34. We say that 3 is the base and 4 is the exponent. What is the value of 25? Well, 25 means to use 2 as a factor 5 times, so the product is 32. The first definition for an exponent is that, as a positive integer, the exponent indicates the number of times the base should be used as a factor.

[image: ]

Please note that you can write multiplication problems using a set of parentheses, rather than using × or * to represent the operation.

Order of Operations

If the set of real numbers is the alphabet for elementary algebra, then the order of operations are the first rules used for putting these blocks into a meaningful order. The order in which we carry out the operations that connect our numbers is as follows:


	Parentheses (or any other grouping process, such as brackets or braces)


	Exponents


	Multiplication and Division, as they occur from left to right in the problem


	Addition and Subtraction, as they occur from left to right




PEMDAS − Please Excuse My Dear Aunt Sally is mnemonic device for remembering the order of operations.




	Calculate the value: 8 + 9(12 + 5) − 82 + 85 ÷ 17



	
Parentheses
	8 + 9(17) − 82 + 85 ÷ 17



	
Exponents
	8 + 9(17) − 64 + 85 ÷ 17



	
Multiplication and Division
	8 + 153 − 64 + 5




	
Addition and Subtraction
	
161 − 64 + 5



	 
	
97 + 5



	 



	102






	Calculate the value: 120 − 5(8 + 122 − 2 × 9) ÷ 67



	 
	120 − 5(8 + 144 − 2 × 9) ÷ 67



	 
	120 − 5(8 + 144 − 18) ÷ 67



	 
	120 − 5(134) ÷ 67



	 
	120 − 670 ÷ 67



	 
	120 − 10



	 
	110






A more difficult example is [image: ] because it is hard to read the problem “from left to right.” The translation of this problem into one that is clearer to read gives you




	((33 + 52) ÷ (40 − 62))2

	= ((27 + 25) ÷ (40 − 36))2




	 
	= (52 ÷ 4)2




	 
	= (13)2 = 169






Properties of Operations

The human brain, which is capable of incredibly complex thought processes, is a very simple organ when it comes to computation. Like a computer, the brain can deal with only two numbers at a time. The speed with which some people—and some computers—can do computations can be very impressive, but fundamentally, the brain is fairly simple. Do the following problem by speaking aloud as you work through the process of getting the answer.

Multiply: 2 × 3 × 4

Did you say, “2 × 3 is 6 and 6 × 4 is 24”? Or maybe you said, “4 × 3 is 12 and 12 × 2 is 24.” Then there is the rare person who will say, “2 × 4 is 8 and 8 × 3 is 24.” But in each case, do you see how the brain handles just two numbers at a time? Did you also notice that different approaches can lead to the same answer?

Addition and multiplication are much more flexible than subtraction and division in allowing for attaining answers using different approaches. For example, 2 + 3 gives the same answer as 3 + 2. In the same way, 2 × 3 = 3 × 2. The commutative property, which means that the operation can be performed in either order, exists for addition and for multiplication, but not for subtraction or for division. (Note that 2 − 3 is not the same as 3 − 2 and that 2 ÷ 3 does not equal 3 ÷ 2.) When operating with more than two numbers, we must decide which two to begin with. In mathematics, we often use grouping symbols to show the reader how a problem is done, and the most common grouping symbols are parentheses. Did you say 2 × 3 first or 3 × 4 first when you did the multiplication problem earlier? As we have seen, with multiplication we have some flexibility when determining the answer. Using grouping symbols, we see that (2 × 3) × 4 = 2 × (3 × 4), with the problem in parentheses computed first. The associative property for addition and for multiplication states that the manner in which we group the initial numbers to be computed does not change the outcome. Verify for yourself that the associative property does not work for subtraction or division by computing the values of (12 − 5) − 6 and 12 − (5 − 6) and then the values of (40 ÷ 4) ÷ 5 and 40 ÷ (4 ÷ 5).

Identities

The identity element for addition and subtraction is 0. Add 0 to any number or subtract 0 from any number, and the result is identical to the number with which you started. The identity element for multiplication and division is 1. The identity elements will prove crucial when you begin to solve equations. Getting back to the identities is also very important. Which number, when added to 6, gives the identity additive 0? Which number, when added to -7, gives the identity additive 0? You know that the answers are -6 and 7, respectively. Thus we say that the additive inverse of 6 is -6 and the additive inverse of 7 is -7.


[image: ]

You may have called additive inverse numbers opposites in the past, but this may lead to confusion because the word opposite can have a variety of interpretations. From now on, you should use the term additive inverse so that you will become accustomed to it.



What number, when multiplied by 6, gives the multiplicative identity 1? What number, when multiplied by -7, gives the multiplicative identity 1? The answers are 1/6 and -1/7, respectively. We say that multiplicative inverse of 6 is 1/6 and the multiplicative inverse of -7 is -1/7. In the past you may have called these numbers reciprocals. Because the word reciprocal has only this one meaning in mathematics, you may continue to use it, but be sure you understand that it has the same meaning as multiplicative inverse.

Distributive Operation of Multiplication over Division

The last of the properties to be examined in this section is the distributive operation of multiplication over division. How is the distributive property used? Compute 6 (7 + 3). According to the order of operations, do the work in the parentheses first: 7 + 3 = 10. You next do the problem 6 × 10 = 60. Note, however, that (6 × 7) + (6 × 3) = 42 + 18 = 60 is equivalent to the original problem.


[image: ]

Although this is frequently called the distributive property, be sure to remember that it is multiplication that is being distributed over addition.



An important example of the distributive property is the problem -6(-8 + 8). When we add first, the problem becomes -6(0) = 0. When we apply the distributive property, the problem becomes (-6)(-8) + (-6)(8). (-6)(-8) + (-48) must equal 0. Thus (-6)(-8) must equal 48, which reinforces the rule that the product of two negative numbers is a positive number.

Evaluating Algebraic Expressions

A variable is a symbol used to represent a number. In your earlier education, you may have seen expressions that included a square or a rectangle in which you were to enter a number. Because this notation tends to be cumbersome, it is traditional to use letters to represent unknown quantities. Sentence fragments using variables are called algebraic expressions. When a relational verb such as =, <, or > is added to the statement, the expression becomes a sentence. 2(l + w) and bh are algebraic expressions. Expressions are evaluated using the order of operations. For example, evaluating 2(l + w) with l = 10 and w = 4 yields 2(10 + 4) = 2(14) = 28.

Evaluate each of the following with a = 4, b = -9, c = 12, and k = -2.


1. 5a – b(c + k2)÷(b + 1)

Substitute the values.  5(4) – (-9)(12 + (-2)2)÷(-9 + 1)

Parentheses first.        5(4) – (-9)(12 + 4)÷(-8)

                                  5(4) – (-9)(16)÷(-8)

Multiply/divide.          20 + 144 ÷ 8

                                 20 + 18

                                 38

2.    b2



We know that -9 squared is 81, because (-9) * (-9) is 81. But if you are using a calculator and are not careful, you will get the incorrect answer -81. The entry in the calculator -92 involves the order of operations. First the number 9 is squared (exponents), and then this result is multiplied by -1.
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