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Preface





  Surely the title makes it clear that this is a book about π, but you may be wondering how a book could be written about just one number. We will hope to convince you throughout this book that π is no ordinary number. Rather, it is special and comes up in the most unexpected places. You will also find how useful this number is throughout mathematics. We hope to present π to you in a very “reader-friendly” way—mindful of the beauty that is inherent in the study of this most important number.




  You may remember that in the school curriculum the value that π took on was either 3.14, [image: frn_fig_005] or [image: frn_fig_006] For a student’s purposes, this was more than adequate. It might have even been easier to simply use π = 3. But what is π? What is the real value of π? How do we determine the value of π? How was it calculated in ancient times? How can the value be found today using the most modern technology? How might π be used? These are just some of the questions that we will explore as you embark on the chapters of this book.




  We will begin our introduction of π by telling you what it is and roughly where it came from. Just as with any biography (and this book is no exception), we will tell you who named it and why, and how it grew up to be what it is today. The first chapter tells you what π essentially is and how it achieved its current prominence.




  In chapter 2 we will take you through a brief history of the evolution of π. This history goes back about four thousand years. To understand how old the concept of π is, compare it to our number system, the place value decimal system, that has only been used in the Western world for the past 802 years!1 We will recall the discovery of the π ratio as a constant and the many efforts to determine its value. Along the way we will consider such diverse questions as the value of π as it is mentioned in the Bible and its value in connection with the field of probability. Once the computer enters the chase for finding the “exact” value of π, the story changes its complexion. Now it is no longer a question of finding the mathematical solution, but rather how fast and how accurate can the computer be in giving us an ever-greater accuracy for the value of π.




  Now that we have reviewed the history of the development of the value of π, chapter 3 provides a variety of methods for arriving at its value. We have chosen a wide variety of methods, some precise, some experimental, and some just good guessing. They have been selected so that the average reader can not only understand them but also independently apply them to generate the value of π. There are many very sophisticated methods to generate the value of π that are well beyond the scope of this book. We have the general reader in mind with the book’s level of difficulty.




  With all this excitement through the ages centered on π, it is no wonder that it has elicited a cultlike following in pursuit of this evasive number. Chapter 4 centers on activities and findings by mathematicians and math hobbyists who have explored the value of π and related fields in ways that the ancient mathematicians would never have dreamed of. Furthermore, with the advent of the computer, they have found new avenues to explore. We will look at some of these here.




  As an offshoot of chapter 4, we have a number of curious phenomena that focus on the value and concept of π. Chapter 5 exhibits some of these curiosities. Here we investigate how π relates to other famous numbers and to other seemingly unrelated concepts such as continued fractions. Again, we have limited our presentation to material that would require no more mathematical knowledge than that of high school mathematics. Not only will you be amused by some of the π equivalents, but you may even be inspired to develop your own versions of them.




  Chapter 6 is dedicated to applications of π. We begin this chapter with a discussion of another figure that is very closely related to the circle but isn’t round. This Reuleaux triangle is truly a fascinating example of how π just gets around to geometry beyond the circle. From here we move on to some circle applications. You will see how π is quite ubiquitous—it always comes up! There are some useful problem-solving techniques incorporated into this chapter that will allow you to look at an ordinary situation from a very different point of view—which may prove quite fruitful.




  In our final chapter, we present some astonishing relationships involving π and circles. The situation that we will present regarding a rope placed around the earth will surely challenge everyone’s intuition. Though a relatively short chapter, it will surely surprise you.




  It is our intention to make the general reader aware of the myriad of topics surrounding π that contribute to making mathematics beautiful. We have provided a bibliography of this famous number and many of its escapades through the fields of mathematics. Perhaps you will feel motivated to pursue some of these aspects of π further, and some of you may even join the ranks of the π enthusiasts.




  Alfred S. Posamentier
and Ingmar Lehmann




  April 18, 2004




   Footnotes




  1. The first publication in western Europe, where the Arabic numerals appeared, was Fibonacci’s book Liber abaci in 1202.











  Chapter 1




  What Is π?




  Introduction to π




  This is a book about the mysterious number we call π (pronounced “pie,” while in much of Europe it is pronounced “pee”). What most people recall about π is that it was often mentioned in school mathematics. Conversely, one of the first things that comes to mind, when asked what we learned in mathematics during our school years, is something about π. We usually remember the popular formulas attached to π, such as 2πr or πr2. (To this day, there are adults who love to repeat the silly response to πr2: “No, pie are round!”). But do we remember what these formulas represent or what this thing called π is? Usually not. Why, then, write a book about π? It just so happens that there is almost a cultlike following that has arisen over the concept of π. Other books have been written about π. Internet Web sites report about its “sightings,” clubs meet to discuss its properties, and even a day on the calendar is set aside to celebrate it, this being March 14, which coincidentally just happens also to be Albert Einstein’s birthday (in 1879). You may be wondering how March 14 was selected as π day. For those who remember the common value (3.14) that π took on in the schools, the answer will become obvious.1




  It surely comes as no surprise that the symbol π is merely a letter in the Greek alphabet. While there is nothing special about this particular letter in the Greek alphabet, it was chosen, for reasons that we will explore later, to represent a ratio that harbors curious intrigue and stories of all kinds. It found its way from a member of the Greek alphabet to represent a most important geometric constant and subsequently has unexpectedly appeared in a variety of other areas of mathematics. It has puzzled generations of mathematicians who have been challenged to define it, determine its value, and explain the many related areas in which it sometimes astoundingly appears. Ubiquitous numbers, such as π, make mathematics the interesting and beautiful subject that many find it to be. It is our intent to demonstrate this beauty through an acquaintance with π.




  Aspects of π




  Our aim here is not to decipher numerous complicated equations, to solve difficult problems, or to try to explain the unexplainable. Rather, it is to explore the beauty and even playfulness of this famous number, π, and to show why it has inspired centuries of mathematicians and math enthusiasts to further pursue and investigate its related concepts. We will see how π takes on unexpected roles, comes up in the most unexpected places, and provides the never-ending challenge to computer specialists of finding evermore-accurate decimal approximations for the value of π. Attempts at getting further accuracy of the value of π may at first seem senseless. But allow yourselves to be open to the challenges that have intrigued generations of enthusiasts.




  The theme of this book is understanding π and some of its most beautiful aspects. So we should begin our discussion and exploration of π by defining it. While for some people π is nothing more than a touch of the button on a calculator, where then a particular number appears on the readout, for others this number holds an unimaginable fascination. Depending on size of the calculator’s display, the number shown will be




  3.1415927,




  3.141592654,




  3.14159265359,




  3.1415926535897932384626433832795, or even longer.




  This push of a button still doesn’t tell us what π actually is. We merely have a slick way of getting the decimal value of π. Perhaps this is all students need to know about π: that it represents a specific number that might be useful to know. However, here students would be making a colossal mistake to dismiss the importance of the topic, by just focusing on the application of π in particular formulas and getting its value automatically just by the push of a button.




  The Symbol π




  The symbol π is the sixteenth letter of the Greek alphabet, yet it has gained fame because of its designation in mathematics. In the Hebrew and the Greek languages of antiquity, there were no numerical symbols. Hence, the letters of the respective alphabets served as numerical symbols. Since the Greek alphabet had only twenty-four letters, though twenty-seven were needed, they used three letters of Semitic origin, namely, [image: chpt_fig_001] [digamma] (for 6), [image: chpt_fig_002] [qoph] (for 90), and [image: chpt_fig_003] [san] (for 900).




  The Greeks at the beginning of the fifth century BCE then used the notation represented in the following table:2




  [image: chpt_fig_004]




  Thus in the old Greek texts π was used to represent the number 80. By coincidence, the Hebrew letter פ (pe) has the same value.




  Recollections of π




  Perhaps by coincidence or by some very loose associations, the letter π was later chosen by mathematicians to represent a very important constant value related to the circle. Remember, the circle is the most symmetric plane geometric figure and one that goes back in history to prehistoric times. Specifically, π was chosen to represent the ratio of the circumference of a circle to its diameter.3 This would be expressed symbolically as [image: chpt_fig_005] where C represents the length of the circumference and d represents the length of the diameter. The diameter of a circle is twice the length of the radius, d = 2r, where r is the length of the radius. If we substitute 2r for d, we get [image: chpt_fig_006] which leads us to the famous formula for the circumference of a circle: C = 2πr, an alternative of which is C = πd.




  The other familiar formula containing π, is that the area of a circle is πr2. This formula is more complicated to establish than that for the circumference of the circle, which followed directly from the definition of π.




  Formula for the Area of a Circle




  Let’s consider a relatively simple “derivation” for the formula (A = πr2) for the area of a circle with radius r. We begin by drawing a convenient-size circle on a piece of cardboard. Divide the circle (which consists of 360°) into sixteen equal arcs. This may be done by marking off consecutive arcs of 22.5° or by consecutively dividing the circle into two parts, then four parts, then bisecting each of these quarter arcs, and so on.




  
[image: chpt_fig_007]





  Fig. 1-1




  The sixteen sectors we have constructed (shown above) are then to be cut apart and placed in the manner shown in the figure below.




 [image: chpt_fig_008]




  Fig. 1-2




  This placement suggests that we have a figure that approximates a parallelogram.4 That is, were the circle cut into more sectors, then the figure would look even more like a true parallelogram. Let us assume it is a parallelogram. In this case, the base would have a length of half the circumference of the original circle, since half of the circle’s arcs are used for each of the two sides of the approximate parallelogram. In other words, we formed something that resembles a parallelogram where one pair of opposite sides are not straight lines, rather they are circle arcs. We will progress as though they were straight lines, realizing that we will have lost some accuracy in the process. The length of the base is [image: chpt_fig_009] Since C = 2πr, the base length is, therefore, πr. The area of a parallelogram is equal to the product of its base and altitude. Here the altitude is actually the radius, r, of the original circle. Therefore, the area of the “parallelogram” (which is actually the area of the circle we just cut apart) is (πr)(r) = πr2, which gives us the commonly known formula for the area of a circle. For some readers this might be the first time that the famous formula for the area of a circle, A = πr2, actually has some real meaning.




  The Square and the Circle




  Without taking the reader’s attention too far afield, it might also be interesting to point out that π has the unique distinction of taking the area of a square, whose side has the length of the radius of a circle, and converting its area to that of the circle. It is the constant value connector in this case. The area of the square (fig. 1-3) is r2 and, when multiplied by π, gives us the area of the circle: πr2.




  
[image: chpt_fig_010]





  Fig. 1-3




  The Value of π




  Now that we have an understanding of what π meant in the context of these old familiar formulas, we shall explore what the actual value is of this ratio π. One way to determine this ratio would be to carefully measure the circumference of a circle and its diameter and then find the quotient of these two values. This might be done with a tape measure or with a piece of string. An extraordinarily careful measurement might yield 3.14, but such accuracy is rare. As a matter of fact, to exhibit the difficulty of getting this two-place accuracy, imagine twenty-five people carrying out this measurement experiment with different-size circular objects. Imagine then taking the average of their results (i.e., each of their measured circumferences divided by their measured diameters). You would likely be hard pressed to achieve the accuracy of 3.14.




  You may recall that in school the commonly used value for π is 3.14 or [image: chpt_fig_011];. Either is only an approximation. We cannot get the exact value of π. So how does one get a value for π? We will now look at some of the many ingenious ways that mathematicians over the centuries have tried to get ever-more-precise values for π. Some are amusing; others are baffling. Yet most had significance beyond just getting closer approximations of π.




  One of the more recent attempts to get a closer approximation of π took place in Tokyo. In his latest effort, in December 2002, Professor Yasumasa Kanada (a longtime pursuer of π) and nine others at the Information Technology Center at Tokyo University calculated the value of π to 1.24 trillion decimal places, which is six times the previously known accuracy, calculated in 1999. They accomplished this feat with a Hitachi SR8000 supercomputer, which is capable of doing 2 trillion calculations per second. You may ask, why do we need such accuracy for the value of π? We don’t. The methods of calculation are simply used to check the accuracy of the computer and the sophistication of the calculating procedure (sometimes referred to as an algorithm), that is, how accurate and efficient it is. Another way of looking at this is how long will it take the computer to get an accurate result? In the case of Dr. Kanada, it took his computer over six hundred hours to do this record-setting computation.




  It might be worthwhile to consider the magnitude of 1.24 trillion. How old do you think a person who has lived 1.24 trillion seconds might be? The question may seem irksome since it requires having to consider a very small unit a very large number of times. However, we know how long a second is. But how big is one trillion? A trillion is 1,000,000,000,000, or one thousand billion. Thus, to calculate how many seconds there are in one year: 365 x 24 x 60 x 60 = 31,536,000 seconds. Therefore, [image: chpt_fig_012] years, or one would have to be in his 31,710th year of life to have lived one trillion seconds!




  The value of π continues to fascinate us. Whereas a common fraction results in a periodic decimal, π does not. A periodic decimal is a decimal that eventually repeats its digits indefinitely. Consider the common fraction [image: chpt_fig_013] By dividing 1 by 3, we get its decimal equivalent as 0.3333333.5 This decimal has a period of one, which means that the one digit, 3, repeats indefinitely. Here are some other periodic decimals:




  [image: chpt_fig_014]




  We place a bar over the last repeating period to indicate its continuous repetition. The decimal [image: chpt_fig_015] has a period of six, since there are six places continuously repeating.




  There is no periodic repetition in the decimal value of π. As a matter of fact, although some would use the decimal approximation of π to many places as a table of random numbers—useful in randomizing a statistical sample—there is even a flaw there. When you look at, say, the first 1,000 decimal places of π, you will not see the same number of each of the ten digits represented. Should you choose to count, you will find that the digits do not appear with equal frequency even in the first 150 places. For example, there are fewer sevens (10 in the first 150 places) than threes (16 in the first 150 places). We will examine this situation later.




  π Peculiarities




  There are many peculiarities in this list of digits. Mathematician John Conway has indicated that if you separate the decimal value of π into groups of ten places, the probability of each of the ten digits appearing in any of these blocks is about one in forty thousand. Yet he shows that it does occur in the seventh such group of ten places, as you can see from the grouping below:




 [image: chpt_fig_016]




  Another way of saying this is that every other grouping of ten has at least one repeating digit. The sums of these digits also show some nice results: the sum of the first 144 places is 666, a number with some curious properties as we shall see later.




  On occasion, we stumble upon phenomena involving π that have nothing whatsoever to do with a circle. For example, the probability that a randomly selected integer (whole number) has only unique prime divisors6 is [image: chpt_fig_017] Clearly this relationship has nothing to do with a circle, yet it involves the circle’s ratio, π. This is just another feature that adds to the centuries-old fascination with π.




  The Evolution of the Value of π




  There is much to be said for the adventures of calculating the value of π. We will consider some unusual efforts in the next few chapters. However, it is interesting to note that Archimedes of Syracuse (287–212 BCE) showed the value of π to lie between [image: chpt_fig_018] and [image: chpt_fig_019] That is,




 [image: chpt_fig_020]


 

  The Dutch mathematician Ludolph van Ceulen (1540–1610) calculated π to thirty-five places, so for a time the ratio π was called Ludolph’s number. When Ludolph van Ceulen finished his calculations, he wrote the following: “Die lust heeft, can naerder comen” (“The one who has the desire, can come closer”).




  Another early technique for calculating π was discovered by John Wallis (1616–1703), a professor of mathematics at Cambridge and Oxford universities, who subsequently published it in his book, Arithmetica infinitorum (1655). There he presented a formula for π (actually [image: chpt_fig_021] which we then merely double to get π). The following is Wallis’s formula:




  [image: chpt_fig_022]


  

  This product converges to the value of [image: chpt_fig_023] That means it gets closer and closer to the value of [image: chpt_fig_024] as the number of terms increases.




  What is it about the value of π that evokes so much fascination? For one, it cannot be calculated by a combination of the operations of addition, subtraction, multiplication, and division, which was suspected by Aristotle (384–322 BCE). He hypothesized that π is an irrational number;7 in other words, the circumference and the radius of a circle are incommensurable. That means there doesn’t exist a common unit of measure that will allow us to measure both the circumference and the radius. This was proved in 18068 by the French mathematician Adrien-Marie Legendre (1752–1833)—more than two millennia later!




  But even more fascinating is the fact that π cannot be calculated by a combination of the operations of addition, subtraction, multiplication, division, and square root extraction. This means π is a type of nonrational number called a transcendental number.9 This was already suspected by the Swiss mathematician Leonhard Euler (1707–1783),10 but it was first proved in 1882 by the German mathematician (Carl Louis) Ferdinand Lindemann (1852–1939). Remember, it is sometimes more difficult to prove that something cannot be done than to prove it is possible to be done. Thus, for Lindemann to establish that π could not be produced by a combination of the five operations—addition, subtraction, multiplication, division, and square root extraction—was quite an important contribution to the development of our understanding of mathematics.




  The establishment of the transcendence of π extinguished the hopes of all those who sought a method to “square the circle,” that is, to construct11 a square of side s, such that its area equals that of the given circle of radius r. Lindemann killed that hope for all time. You will see when we discuss the history of π in the next chapter that it was in large part this quest for squaring the circle that resulted in more and more accurate approximations for the value of π. Despite Lindemann’s work and that of others, many enthusiasts keep sending their “proofs” for squaring the circle to universities every year. They don’t, or can’t, accept the notion of the impossibility of squaring a circle. They cannot understand that when something has been proved to be impossible, it doesn’t mean that we just weren’t able to figure out how to do it; rather, we proved it is impossible to do.




  Sharpening Our Intuition with π




  Even in everyday life, knowledge of what π really represents can heighten our understanding of our faulty perceptions. Here is a simple illustration of how this knowledge lets us see the geometric world more objectively. Take a tall and narrow cylindrical drinking glass. Ask a friend if the circumference is greater or less than the height. The glass should be chosen so that it would “appear” to have a longer height than its circumference. (The typical tall narrow drinking glass fits this requirement.) Now ask your friend how she might test her conjecture (aside from using a piece of string). Recall for her that the formula for the circumference of a circle is C = πd (π times the diameter). She should recall that π ≈ 3.14 is the usual approximation, but we’ll be even more crude and use π = 3. Thus the circumference will be 3 times the diameter, which can be easily “measured” with a stick or a pencil and then marked off 3 times along the height of the tall glass. Usually you will find that the circumference is longer than the height of the tall glass, even though it does not “appear” to be so. This little optical trick is useful to demonstrate the value of knowing the ratio of the circumference of a circle to its diameter, namely, π.




  
What the Bible Has as the Value of π




  Let’s stay with this “crude” approximation of π for a moment. You’ll be surprised to know that for centuries scholars believed that this was the value that π was to have had in biblical times. For many years virtually all the books on the history of mathematics stated that in its earliest manifestation in history, namely, in the Old Testament of the Bible, the value of π is given as 3. Yet recent “detective work” shows otherwise.12




  One always relishes the notion that a hidden code can reveal long-lost secrets. Such is the case with the common interpretation of the value of π in the Bible. There are two places in the Bible where the same sentence appears, identical in every way except for one word, which is spelled differently in the two citations. The description of a pool, or fountain, in King Solomon’s temple is referred to in the passages that may be found in 1 Kings 7:23 and 2 Chronicles 4:2, and reads as follows:






   And he made the molten sea13 of ten cubits from brim to brim, round in compass, and the height thereof was five cubits; and a line of thirty cubits did compass it round about.







  The circular structure described here is said to have a circumference of 30 cubits14 and a diameter of 10 cubits. From this we notice that the Bible has [image: chpt_fig_025] This is obviously a very primitive approximation of π. A late-eighteenth-century rabbi, Elijah of Vilna (1720–1797),15 one of the great modem biblical scholars who earned the title “Gaon of Vilna” (meaning genius of Vilna), came up with a remarkable discovery, one that could make most history-of-mathematics books faulty if they say that the Bible approximated the value of π as 3. Elijah of Vilna noticed that the Hebrew word for “line measure” was written differently in each of the two biblical passages mentioned above.




  In 1 Kings 7:23 it was written as קוה, whereas in 2 Chronicles קו it was written as ip. Elijah applied the ancient biblical analysis technique (still used by talmudic scholars today) called gematria, where the Hebrew letters are given their appropriate numerical values according to their sequence in the Hebrew alphabet, to the two spellings of the word for “line measure” and found the following. The letter values are ק‎ = 100, ו‎ = 6, and ה‎ = 5. Therefore, the spelling for “line measure” in 1 Kings 7:23 is קוה‎ = 5 + 6 + 100 = 111, while in 2 Chronicles 4:2 the spelling קו‎ = 6 + 100 = 106. Using gematria in an accepted way, he then took the ratio of these two values: [image: chpt_fig_026] (rounded to four decimal places), which he considered the necessary “correction factor.” By multiplying the Bible’s apparent value of π, 3, by this “correction factor,” one gets 3.1416, which is π correct to four decimal places! “Wow!” is a common reaction. Such accuracy is quite astonishing for ancient times. Moreover, remember how just getting π = 3.14 using string measurements was quite a feat. Now imagine getting π accurate to four decimal places. We would contend that this would be nearly impossible with typical string measurements. Try it if you need convincing.




  Let’s keep our focus on our effort to just getting acquainted with π. For the moment we are merely surveying the nature of π and what it means.




  
Where the Symbol π in Mathematics Came From




  You may be wondering by now where mathematicians actually got the idea to represent the ratio of the circumference of a circle to its diameter with the Greek letter π. According to the well-known mathematics historian Florian Cajori (1859–1930), the symbol π was first used in mathematics by William Oughtred (1575–1660) in 1652 when he referred to the ratio of the circumference of a circle to its diameter as [image: chpt_fig_027] where π represented the periphery16 of a circle and δ represented the diameter. In 1665 John Wallis used the Hebrew letter מ (mem), to equal one-quarter of the ratio of the circumference of a circle to its diameter (what, today, we would refer to as [image: chpt_fig_028]).




  In 1706 William Jones (1675–1749) published his book Synopsis palmariorum matheseos, in which he used π to represent the ratio of the circumference of a circle to its diameter. This is believed to have been the first time that π was used as it is defined today. Yet, Jones’s book alone would not have made the use of the Greek letter π to represent this geometric ratio as popular as it has become today. It was the legendary Swiss mathematician Leonhard Euler, often considered the most prolific writer in the history of mathematics, who is largely responsible for today’s common use of π. In 1736 Euler began using π to represent the ratio of the circumference of a circle to its diameter. But not until he used the symbol π in 1748 in his famous book Introductio in analysin infinitorum did the use of π to represent the ratio of the circumference of a circle to its diameter become widespread.




  
Euler




  Euler is not only the most prolific contributor to the development of mathematics, he also has given us quite a few symbols that are still commonly used today. These include the following:






   f(x), for the common notation for a mathematical function




  e, for the base of natural logarithms




  a, b, c, for the lengths of the sides of a triangle




  s, for the semiperimeter of a triangle




  r, for the length of the radius of the inscribed circle of a triangle




  R, for the length of the radius of a circumscribed circle of a tri angle




  Σ, for the summation sign




  i, for the value of [image: chpt_fig_029]







  Euler discovered one of the most famous formulas in mathematics. It involves the symbols e, i, and π in the following way: eiπ = –1. The mathematicians Edward Kasner and James Newman, in their book Mathematics and the Imagination, make the following statement about this formula: “Elegant, concise, and full of meaning, we can only reproduce it and not stop to inquire into its implications. It appeals equally to the mystic, the scientist, the philosopher, and the mathematician. For each it has its own meaning.”17 They go on to tell the anecdote about the nineteenth-century Harvard mathematician Benjamin Peirce, who having come upon the formula “turned to his students and made a remark which supplies in dramatic quality and appreciation what it may lack in learning and sophistication: ‘Gentlemen,’ he said, ‘that is surely true, it is absolutely paradoxical; we cannot understand it, and we don’t know what it means, but we have proved it, and therefore, we know it must be the truth.’” So it is with much of mathematics—we prove something and it becomes accepted—understanding can follow!




  Since Euler is the father of the symbol that has the title role of this book, we ought to take a glimpse into his interesting life history. Born in Basel, Switzerland, in 1707, he was initially taught mathematics by his father, who himself studied under the famous mathematician Jakob Bernoulli. This connection served him well, for as the father noticed his son’s proclivity for the subject, he arranged for him to study with Jakob Bernoulli’s son (also a famous mathematician) Johann Bernoulli. Through the influence of the Bernoulli family, Euler got a position at age twenty with the Russian Academy in St. Petersburg, where he stayed for fourteen years. During this time he rose to the position of chief mathematician. Although Euler spent the next twenty-five years at the Prussian Academy, he never lost touch with the Russian Academy, to which he returned for the remaining seventeen years of his life.




  It is well known that Ludwig van Beethoven spent the last years of his life totally deaf and, despite this enormous handicap, continued to produce magnificent musical compositions—most notably his Ninth Symphony. An analogous calamity struck Euler. Clearly the requirement of being able to see is essential to do mathematics, as one’s ability to hear sound is imperative to being able to compose music. Euler lost the sight in his right eye as early as 1735, yet he was unimpaired in his mathematical output. This, by the way, accounts for the poses that we see in pictures of Euler (see fig. 4).




  Soon after his return to St. Petersburg at the invitation of Catherine the Great, Euler became blind, yet, largely due to his incredible memory, remained just as productive. However, now he had to dictate his ideas to his secretary. Euler’s record-setting output is about 530 books and articles during his lifetime, and many more manuscripts were left to posterity. These continued to appear in the Proceedings of the St. Petersburg Academy for forty-seven years after his death. It is estimated that his total production was about 886 books and articles.18 Truly astonishing—especially since he himself could not see many of these!
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  Leonhard Euler




  Fig. 1-4 a
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  Leonhard Euler




  Fig. 1-4 b-c-d-e




  
A π Paradox




  We mentioned earlier that the interest taken in π is partially due to its ubiquity. It quickly transcends the ratio that is used to define it. The concept of π pops up in places where we are left truly perplexed. One such involves an entertaining illustration of a paradox in geometry. This example may also be considered a geometric fallacy. Follow along as we explain it, and see if you can determine “what’s wrong here.”




  In the figure below, the smaller semicircles extend from one end of the large semicircle’s diameter to the other.




  [image: chpt_fig_032]




  Fig. 1-5




  Let us begin by showing that the sum of the arc lengths of the smaller semicircles is equal to the arc length of the larger semicircle.




  That is, the sum of the smaller semicircles equals




   [image: chpt_fig_033]




  which is the arc length of the large semicircle, since the large semi-circle’s arc length is one-half the diameter (AB) times π. This may not “appear” to be true, but it is! Let’s imagine that we were to increase the number of smaller semicircles along the fixed line segment AB.




  This sort of progression of increasing the number of semicircles can be seen in the following figures.




 [image: chpt_fig_034]




  Fig. 1-6 a-b-c-d-e




  They, of course, get smaller. The sum of these smaller semicircular arcs “appears” to be approaching the length of the diameter AB (referring back to the earlier figure), but, in fact, does not! Suppose the diameter of the large semicircle is 2; then the semicircular arc length is π. If the sum of the increasingly smaller semicircles becomes π, then π is equal to 2, the length of the diameter. Impossible! (By now we know that even in the Bible it was recognized that π was at least 3.) So what “appears” to be true from the diagram and some “logical” extension of it, namely, that the semicircular arc length is equal to the straight-line segment, leads to an absurd conclusion. It does not follow, however, that the sum of the semicircles approaches the length of the limit, which in this case is AB. This “apparent limit sum” is absurd, since the shortest distance between points A and B is the length of segment AB, not the semi-circle arc AB (which equals the sum of the smaller semicircles). Just as this faulty reasoning led us to a weird conclusion, some faulty thinking led some Indiana legislators to hold a place in the history of mathematics with some rather strange actions. Read on.




  Legislating π




  The value of π has vexed mathematicians and others for centuries, yet perhaps the most outrageous attempt to “nail down” the value of π occurred in Indiana in 1897. A physician there by the name of Edward Johnson Goodwin (1828–1902) wrote a paper on measurements of the circle and convinced his local legislative representative, Taylor I. Record, to introduce it as a bill in the legislature. The epoch-making suggestion that he put to Taylor I. Record was this: If the state would pass an act recognizing his, Goodwin’s, discovery, then he would allow all Indiana textbooks to use it without paying him a royalty.




  He had already copyrighted his findings in various European countries and in the United States. His attempt to present his findings at the Columbian Exposition in Chicago in 1893 failed however. He did publish a monograph in the American Mathematical Monthly, a new journal, eager to accept almost anything in its first year. From Goodwin’s monograph one can get as many as nine different values of π. These were calculated by mathematician David Singmaster19 to be:




   [image: chpt_fig_035]




  On January 18, 1897, the monograph was entered into the legislature as House bill no. 246.






   A bill for an act introducing a new mathematical truth and offered as a contribution to education to be used only by the State of Indiana free of cost by paying any royalties whatever on the same, provided it is accepted by the official action of the legislature of 1897.







  At first it was accepted without negative vote in the House of Representatives of Indiana. It could have attained legal status, where all other states would have to pay for the right to this “exact value” of π. Till then, clearly, one needed to pay nothing for mathematical truths.




  By legislating the value of π, Goodwin believed he would put the problem of determining the value of π to rest. Fortunately, through the newspapers in Indianapolis, Chicago, and New York, much ridicule was cast upon this silly bill, and the Indiana Senate eventually killed it. This is just one of many unreasonable efforts to secure a value for π.




  
π in Probability




  π shows up in some of the strangest places. To whet your appetite, we offer one example of how π seems, amazingly enough, to invade fields of mathematics that apparently have nothing to do with geometry, such as probability.




  The French naturalist Georges Louis Leclerc, Comte de Buffon (1707–1788) is primarily remembered for his work to popularize the natural sciences in France, and his Histoire naturelle (1749–1767) is still prized today, largely because of the exceptional beauty of the illustrations. In it all the known facts of the natural sciences are eloquently discussed, and Buffon even foreshadowed the theory of evolution. Yet in mathematics he is remembered for two things: his French translation of Newton’s Method of Fluxions, the forerunner of today’s calculus, and more so even for the “Buffon needle problem.”20 It is the latter that is of particular interest to us here.




  In his “Essai d’arithmétique morale,” published in 1777, he proposes a very intriguing phenomenon relating π to probability. It goes this way: suppose you have a piece of paper with ruled parallel lines throughout, equally spaced (at a distance d between lines), and a thin needle of length l (where l < d). You then toss the needle onto the paper many times. Buffon claimed that the probability that the needle will touch one of the ruled lines is [image: chpt_fig_036] Since Buffon was a man of wealth and had much time to spare, he tried this experiment with thousands of tosses to substantiate his conclusions. For the next thirty-five years this problem was essentially forgotten until the preeminent mathematician Pierre Simon Laplace (1749–1827) popularized it. We must bear in mind that Laplace was one of the greatest French mathematicians, and in 1812 he published a major work in probability, Théorie analytique des probabilities, which gave him much prominence in the field.




  You may want to try Buffon’s experiment yourself. Begin by simplifying the problem (without any loss of generality) by letting l = d, so that the probability of the needle (now with a length equal to the space between the lines) touching one of the lines is [image: chpt_fig_037] That is, [image: chpt_fig_038] where P is the probability that the needle will intersect the line, which is




   [image: chpt_fig_039]




  So to calculate π this way, just toss the needle and tally the line-touching tosses and the total number of tosses. Then put them into this formula:




   [image: chpt_fig_040]




  The more tosses you have, the more accurate your estimate of π should be. In 1901 the Italian mathematician Mario Lazzarini tried this with 3,408 tosses of the needle and got π= 3.1415929, an amazing accuracy. You might also try to have a computer simulate the needle tossing. It’s much easier that way. In any case, this is by far not the most accurate way to calculate the value of π. It is, however, quite novel. Just think about it. The probability of a tossed needle intersecting a line is related to π, the ratio of the circumference of a circle to its diameter.




  We will next provide you with a simple tour through the long journey mathematicians have taken over four thousand years to get an increasingly more accurate estimate for the value of π. This history of π will take some large leaps; however, we will highlight the more significant and easily understood methods developed over the millennia.




  Footnotes




  1. In the United States we write the date as 3/14.




  2. A comma at the left indicates thousands. The ten thousands are indicated with an M below the number symbol. Table from Georges Ifrah, Universal History of Numerals (New York: Campus, 1986), p. 289.




  3. A purist might ask: how do we know that this ratio is the same for all circles? We will assume this constancy for now.




  4. A parallelogram is a quadrilateral (a four-sided polygon) with opposite sides parallel.




  5. The bar over the 3 indicates that the 3 repeats indefinitely.




  6. “Unique prime divisors” refers to divisors of a number that are prime numbers and not used more than once. For example, the number 105 is a number with unique prime divisors: 3, 5, and 7, while 315 is a number that does not have unique prime divisors: 3, 3, 5, and 7, since the prime divisor 3 is repeated.




  7. An irrational number is one that cannot be expressed as a fraction that has integers in its numerator and denominator.




  8. The proof in 1767 by the German mathematician Johann Heinrich Lambert (1728–1777) had a flaw in it.




  9. A transcendental number is one that is not the root of a polynomial equation with rational coefficients. Another way of saying this is that it is a number that cannot be expressed as a combination of the four basic arithmetic operations and root extraction. In other words, it is a number that cannot be expressed algebraically. π is such a number.




  10. The term transcendental number was introduced by Euler.




  11. By “construct” we refer to the Euclidean constructions, namely, using a pair of compasses (or as it is commonly called “a compasses”) and an unmarked straightedge.




  12. Alfred S. Posamentier and Noam Gordon, “An Astounding Revelation on the History of π,” Mathematics Teacher 77, no. 1 (January 1984): 52.




  13. The “molten sea” was a gigantic bronze vessel for ritual ablutions in the court of the First Temple (966–955 BCE). It was supported on the backs of twelve bronze oxen (volume ≈ 45,000 liters).




  14. A cubit is the distance from a person’s fingertip to his elbow.




  15. In those days Vilna was in Poland, while today the town is named Vilnius and is in Lithuania.




  16. Note well, this is not what π was later on to represent.




  17. Edward Kasner and James Newman, Mathematics and the Imagination (New York: Simon and Schuster, 1940), p. 103.




  18. Howard Eves, An Introduction into the History of Mathematics, 5th ed. (New York: CBS College Publishing, 1983).




  19. David Singmaster, “The Legal Values of Pi,” Mathematical Intelligencer (New York: Springer Verlag) 7, no. 2 (1985): 69–72.




  20. For a more complete discussion of Buffon’s needle problem see Lee L. Schroeder, “Buffon’s Needle Problem: An Exciting Application of Many Mathematicals Concepts,” Mathematics Teacher 67, no. 2 (1974): 183–86.
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