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How to Use This Book

This book provides comprehensive review and extensive practice for the latest AP Statistics course and exam.


About the Exam

Start with the Exam Overview, which outlines the exam format. Familiarize yourself with all of the units covered on this test, review the different question types, and learn how the exam will be scored.




Review and Practice

Study all nine units in Part 2, which are organized according to the nine units of AP Statistics, and cover the topics recommended by the AP Statistics Development Committee. Every chapter includes Learning Objectives that will be covered, a review of each topic, dozens of figures and tables that illustrate key concepts, and end-of-chapter summaries. Interspersed among these units are 29 quizzes (mini-AP exams with both multiple-choice and free-response questions), which should be used as progress checks.

Then, consult Part 3, the Final Review, which has several invaluable sections.


	“Selecting an Appropriate Inference Procedure” offers hints on inference recognition followed by two quizzes on naming the procedure to use, defining parameters, listing conditions to be checked, and stating hypotheses, if appropriate.

	“Statistical Insights into Social Issues” includes two quizzes of comprehensive review questions that cover the whole AP Statistics curriculum. These quizzes aim to give an appreciation of the power of statistics and show how this subject gives insights into some of society’s most pressing issues.

	“The Investigative Task” helps you prepare for free-response Question 6, which counts for one-eighth of your total grade on the exam; there are three illustrative examples followed by a quiz with seven practice investigative tasks.

	“50 Misconceptions,” “50 Common Errors on the AP Exam,” and “50 AP Exam Hints, Advice, and Reminders” provide tips to remember and pitfalls to avoid on test day.






Diagnostic Test

When you are ready for final review, take the full-length diagnostic test in Part 1 to determine which topics you know well and which ones you may want to brush up on. Complete the entire test, and then check all of the answer explanations, especially for any questions you may have missed. Then, consult the Study Guide for units in the book that you should focus on in your review.




Practice Tests

There are four full-length practice tests in the book that mirror the actual exam in format, content, and level of difficulty. Each test is followed by detailed answers and explanations for all questions.




Appendices



The end of this book consists of a series of helpful appendices, including the answers and explanations for all quizzes, important formulas to know, templates, a guide to inference, and much more. Be sure to go over these sections before completing your final review.




Online Practice

There are also four additional full-length practice tests online where all questions are answered and explained. You may take these tests in practice (untimed) mode or in timed mode.




For Students

This book is intended both as a topical review during the year and as a final review in the weeks before the AP exam. Study the text and illustrative examples carefully, and try to complete the practice quiz problems before referring to the solutions. Simply reading the detailed explanations without first striving to work through the questions on your own is not the best approach. Remember, mathematics is not a spectator sport! Use the practice quizzes at appropriate times throughout the school year, and you will develop confidence and a deeper understanding of the material.

A good piece of advice is to develop critical practices (like checking assumptions and conditions), acquire strong technical skills, and always write clear and thorough, yet to the point, interpretations and conclusions in context. Final answers to most problems should not be numbers but, rather, sentences explaining and analyzing numerical results. To help develop skills and insights to tackle AP free-response questions (which often choose contexts students haven’t seen before), read newspapers and magazines, and figure out how to apply what you are learning to better understand articles that reference numbers, graphs, and studies.

On the day of the exam, eat a healthy meal before the test. Bring a watch (not a cell phone or smartwatch) to help pace yourself. Do not bring a ruler, white out, or highlighters. Bring extra batteries for your calculator and more than one sharp pencil with good erasers. Know that scoring at least 40% correct on the exam should be enough for at least a 3 or higher, so don't panic if you can't answer a question. And scoring 70% should earn you a 5! Furthermore, no matter what your score, plan to take more statistics classes in college.

The AP Statistics course is one of the fastest growing and most important courses offered in the high school curriculum. If you work with your teacher and study hard, you will find this to be an enjoyable course, you will do well on the AP exam, and you will develop into a more thoughtful citizen of this world! One day, when you’re a data scientist, an engineer, a doctor or nurse, a manager, or whatever it is you do, you may look back on the AP exam as only a distant memory, but you’ll remember the truly important things you learned in your AP Statistics class. You’ll remember how to think critically and compassionately about the world around you and how to communicate your knowledge, insights, and discoveries; these are skills you’ll carry with you for the rest of your life.




For Teachers

This book is fully aligned with the nine units and exam format outlined in the AP Statistics Course and Exam Description (the CED) and elaborated upon in AP Classroom. Ideally, each individual unit review, paired with practice quiz problems, should be assigned after the unit has been covered in class. The full-length diagnostic test and practice tests should be reserved for final review shortly before the AP exam. These tests are at the same level of difficulty as the actual exam, have the number of multiple‑choice questions for each topic as specified by the College Board, and have the specific topic free-response questions as itemized by the College Board. While this review book is not designed to substitute for an in-class experience, students have found it to be a valuable resource both for learning the essential concepts and for preparing for the AP exam.









Barron’s Essential 5

As you review the content in this book and work toward earning that 5 on your AP STATISTICS exam, here are five things that you MUST know:

[image: 1] Graders want to give you credit—help them! Make them understand what you are doing, why you are doing it, and how you are doing it. Don’t make the reader guess at what you are doing.


	
Communication is just as important as statistical knowledge!

	Be sure you understand exactly what you are being asked to do or find or explain and underline key points.

	Approach each problem systematically. Some problems look scary on first reading but are not overly difficult and are surprisingly straightforward if you work step-by-step through each part.

	
Use proper terminology! Words like bias, correlation, normal, range, skew, and even statistic have specific statistical meanings and should not be used colloquially.

	
Naked or bald answers will receive little or no credit. You must show where answers come from.

	On the other hand, don’t give more than one solution to the same problem—you will receive credit only for the weaker one.



[image: 2] Describing and comparing distributions is fundamental in descriptive statistics.


	Reference shape, center, variability, and unusual features such as outliers, gaps, and clusters when describing one-variable quantitative data. Don’t forget context!

	
Use nondeterministic language like roughly symmetric and approximately normal.

	Use comparative language, rather than simply making separate lists, when comparing two distributions. Don’t forget context!

	Be able to analyze displays such as dotplots, histograms, boxplots, and stemplots.

	Be able to analyze parallel boxplots and back-to-back stemplots.

	Reference form (linear or nonlinear), direction (positive or negative), strength (weak, moderate, or strong), and unusual features such as outliers, influential points, and clusters when describing bivariate data. Don’t forget context!



[image: 3] Data collection is the first step in the data analysis process.


	Understand the difference between observational studies and experiments, and know the strengths and weaknesses of each.

	Understand that random sampling, the use of chance in selecting a sample from a population, is critical in being able to generalize from a sample to a population.

	Be able to describe how to implement sampling methods, including simple random sampling, stratified sampling, cluster sampling, and systematic sampling.

	Understand that random assignment of subjects to treatments in experiments is critical in minimizing the effect of possible confounding variables.

	Be able to describe how to set up an experiment using random assignment and possibly blinding or blocking.



[image: 4] Distributions describe variability, and variability is the most fundamental concept in statistics. Understand the terminology:


	
population distribution (variability in an entire population),

	
sample distribution (variability within a particular sample), and

	
sampling distribution (variability between samples).

	The larger the sample size, the more the sample distribution looks like the population distribution.

	Central limit theorem: the larger the sample size, the more the sampling distribution (probability distribution of the sample means) looks like a normal distribution.



[image: 5] Choosing the correct procedure and performing proper checks are critical.


	Categorical variables lead to proportions or chi-square procedures, while quantitative variables lead to means or linear regression.

	Estimating a quantity indicates a confidence interval, while looking for evidence to test a claim indicates a hypothesis test.

	Know the proper checks for each procedure and state them correctly. (Listing wrong conditions will lose points.)

	Understand the three fundamental conditions: the randomization condition, the 10% condition, and the normality condition.

	Verifying assumptions and conditions means more than simply listing them with little check marks—you must show work or give some reason to confirm verification.











Exam Overview


Exam Format

The exam consists of two parts: a 90-minute section with 40 multiple-choice questions and a 90-minute free-response section with five open-ended questions and one investigative task to complete. During grading, the two sections of the exam are given equal weight. Students have remarked that the first section involves “lots of reading” while the second section involves “lots of writing.” The percentage of questions from each content area is approximately 25% data analysis, 15% experimental design, 25% probability, and 35% inference.

The AP Statistics exam given in 2025 will be a hybrid digital exam. The multiple-choice questions will be viewed and answered in the Bluebook testing app. The free response questions will be viewed in the app, however the free-response answers will be written in paper exam booklets that are returned for scoring.




Multiple-Choice Section

In the multiple-choice section, the questions are much more conceptual than computational, and thus use of the calculator is minimal. The multiple-choice section can be broken down as follows: Exploring One-Variable Data (6–9 questions); Exploring Two-Variable Data (2–3 questions); Collecting Data (5–6 questions); Probability, Random Variables, and Probability Distributions (4–8 questions); Sampling Distributions (3–5 questions); Inference for Categorical Data: Proportions (5–6 questions); Inference for Quantitative Data: Means (4–7 questions); Inference for Categorical Data: Chi-Square (1–2 questions); and Inference for Quantitative Data: Slopes (1–2 questions).

Good strategies for working multiple-choice questions include the following:


	Read carefully so you are clear what is being asked for.

	Underline or circle key words or numbers in the question.

	Make notes in the margin as to what numbers represent.

	Cross out answer choices you know are incorrect.

	Cross out answer choices that may be true but don’t relate to the specific question asked.

	Use this process of elimination and then narrow down to the BEST answer.

	Answer every question.






Free-Response Section

In the free-response section, the first five open-ended questions can be broken down as follows:


	1 multipart question with a primary focus on collecting data

	1 multipart question with a primary focus on exploring data

	1 multipart question with a primary focus on probability and sampling distributions

	1 question with a primary focus on inference

	1 question that combines two or more skill categories



The investigative task, the sixth question in the free-response section, assesses multiple skills and content in a nonroutine way.

Good strategies and guidance for working free-response questions include the following:


	Be sure you understand exactly what you are being asked to do, find, or explain.

	Underline key words, phrases, and numbers.

	Make notes in the margin as to what numbers represent.

	Use proper terminology: words like bias, correlation, normal, power, range, skew, and even statistic have specific statistical meanings.

	Indicate your methods clearly, as problems will be graded on the correctness of the methods as well as the accuracy of the results and explanations.


	One-variable distributions: don’t forget context as well as shape, center, spread, and unusual features.

	Linear regressions: be able to interpret the slope, the y-intercept, and the coefficient of determination in context.

	Sampling methods or experimental design: be able to explain how you will pick a random sample or randomly assign subjects to treatment groups.

	Probability: name the distribution, give the parameters, note boundary values, and give the calculated answer.

	Inference: name procedures, define parameters, include confirmation of underlying assumptions, perform calculations (use software if quicker), and state conclusions in context, not just as numbers.

	Describe both an advantage of one thing and a disadvantage of the other if asked why one thing is better than another.






Calculator Usage

On the AP Statistics exam, you will be furnished with a list of formulas (from (I) Descriptive Statistics, (II) Probability and Distributions, and (III) Inferential Statistics) and tables (including standard normal probabilities, t-distribution critical values, and χ2 critical values). While you will be expected to bring a graphing calculator with statistics capabilities to the exam, it is not recommended leaving answers in terms of calculator syntax. Furthermore, many students have commented that calculator usage was less than they had anticipated. However, even though the calculator is a tool, to be used sparingly and as needed, you need to be proficient with this technology. You also must be comfortable with reading generic computer output.




Scoring

The score on the multiple-choice section is based on the number of correct answers, with no points deducted for incorrect answers. So don’t leave any blank answers!

Free-response questions are scored on a 0 to 4 scale with 1 point for a minimal response, 2 points for a developing response, 3 points for a substantial response, and 4 points for a complete response. Individual parts of these questions are scored as E for essentially correct, P for partially correct, and I for incorrect. Note that essentially correct does not mean perfect. Work is graded holistically—that is, a student’s complete response is considered as a whole whenever scores do not fall precisely on an integer value on the 0 to 4 scale.

Each of the first five open-ended questions counts as 15% of the total free-response score, and the investigative task counts as 25% of the free-response score. The first open-ended question is typically the most straightforward. After doing this one to build confidence, students might consider looking at the investigative task since it counts more.

Each completed AP exam will receive a grade based on a 5-point scale, with 5 being the highest score and 1 being the lowest score. Most colleges and universities accept a grade of 3 or better for credit, advanced placement, or both. Over the years, average cut scores, together with the approximate percent of students receiving each score, are as in the following table.









	AP Score
	Total Points
	Students (%)





	5
	70–100
	15%



	4
	55–69
	20%



	3
	40–54
	25%



	2
	30–39
	20%



	1
	0–29
	20%
















Part 1 Diagnostic Test










Diagnostic Test


Section I: Questions 1–40

SPEND 90 MINUTES ON THIS PART OF THE EXAM.


DIRECTIONS: The questions or incomplete statements that follow are each followed by five suggested answers or completions. Choose the response that best answers the question or completes the statement.




	It is estimated that 56 percent of Americans have pets. However, favorite pet of choice differs by geographic location. A random sample of pet owners is cross-classified by geographic location and pet of choice. The results are summarized in the following segmented bar chart.

[image: Bar graph with percentage on the vertical axis and North and South on the horizontal axis. Two bars broken into three segments: cats, dogs, and other. In the North, About 20 percent other, 40 percent dogs, and 40 percent cats. In the south, about 30 percent other, 40 percent dogs, and 30 percent cats.]


Which of the following is an incorrect conclusion?


	More pet owners in the South than in the North answered “Other.”

	Twice as many pet owners in the North answered “Dogs” than answered “Other.”

	The same number of pet owners in the South answered “Cats” as answered “Other.”

	In both the North and South, the same proportion of pet owners answered “Dogs.”

	A greater proportion of pet owners in the North than in the South answered “Cats.”





	Is there a linear relationship between calories and sodium content in beef hot dogs? A random sample of 20 beef hot dogs gives the following regression output:

[image: Dependent variable is: sodium
Predictor Coef SE Coef T P
Constant -228.33 77.97 -2.93 0.009
Calories 4.0133 0.4922 8.15 0.000
S = 48.5799 R-Sq = 78.7% R-Sq(adj) = 77.5 %]


Which of the following gives a 99% confidence interval for the slope of the regression line?


	4.0133± 2.861(0.492220


)


	4.0133 ± (2.861)(0.4922)

	4.0133 ± (2.878)(0.4922)

	4.0133± 2.861(48.579920


)


	4.0133± 2.878(48.579920


)






	In tossing a fair coin, which of the following sequences is more likely to appear?

	HHHHH

	HTHTHT

	HTHHTTH

	TTHTHHTH

	All are equally likely.





	
There have been growing numbers of news stories about White Americans calling the police on people of color whose behavior is completely normal. A criminologist hypothesizes that the mean number of such incidents across the country is 2 per day. A sociologist believes the true mean is greater than 2 per day and plans a hypothesis test at the 5% significance level on a random sample of 50 days. For which of the following possible true values of μ will the power of the test be greatest?

	1.5

	1.85

	2.0

	2.15

	2.4





	A simple random sample is defined by

	the method of selection.

	how representative the sample is of the population.

	whether or not a random number generator is used.

	the assignment of different numbers associated with the outcomes of some chance situation.

	examination of the outcome.





	Can shoe size be predicted from height? In a random sample of 50 teenagers, the standard deviation in heights was 8.7 cm, while the standard deviation in shoe size was 2.3. The least squares regression equation was:
Predicted shoe size = –33.6 + 0.25(Height in cm)

What was r, the correlation coefficient?


	(0.25)
(8.7)

2.3



	(0.25)
(2.3)

8.7



	2.38.7
50






	8.72.3
50






	There is not enough information to calculate the correlation coefficient.







Questions 7–9 refer to the following situation:

A researcher would like to show that a new oral diabetes medication she developed helps control blood sugar level better than insulin injection. She plans to run a hypothesis test at the 5% significance level.


	What would be a Type I error?

	
The researcher concludes she has sufficient evidence that her new medication helps more than insulin injection, and her medication really is better than insulin injection.

	The researcher concludes she has sufficient evidence that her new medication helps more than insulin injection, when in reality her medication is not better than insulin injection.

	The researcher concludes she does not have sufficient evidence that her new medication helps more than insulin injection, and her medication really is not better than insulin injection.

	The researcher concludes she does not have sufficient evidence that her new medication helps more than insulin injection, when in reality her medication is better than insulin injection.

	The researcher concludes she has sufficient evidence that her new medication controls blood sugar level the same as insulin injection, and in reality there is a difference.





	What would be a Type II error?

	The researcher concludes she has sufficient evidence that her new medication helps more than insulin injection, and her medication really is better than insulin injection.

	The researcher concludes she has sufficient evidence that her new medication helps more than insulin injection, when in reality her medication is not better than insulin injection.

	The researcher concludes she does not have sufficient evidence that her new medication helps more than insulin injection, and her medication really is not better than insulin injection.

	The researcher concludes she does not have sufficient evidence that her new medication helps more than insulin injection, when in reality her medication is better than insulin injection.

	The researcher concludes she has sufficient evidence that her new medication controls blood sugar level the same as insulin injection, and in reality there is a difference.





	The researcher thinks she can improve her chances by running five identical hypotheses tests, each using a different group of diabetic volunteers, hoping that at least one of the tests will show that her new oral diabetes medication helps control blood sugar level better than insulin injection. What is the probability of committing at least one Type I error?

	0.05

	5(0.05)(0.95)4


	1 – (0.95)5


	(0.95)5


	0.95










	A financial analyst determines the yearly research and development investments for 50 blue chip companies. She notes that the distribution is distinctly not bell-shaped. If the 50 dollar amounts are converted to z-scores, what can be said about the standard deviation of the 50 z-scores?

	It is less than the standard deviation of the raw scores.

	It is greater than the standard deviation of the raw scores.

	It is equal to the standard deviation of the raw scores.

	It equals σ50




 where σ is the population standard deviation of the raw scores.

	It equals 1.





	A coin is weighted so that the probability of heads is 0.6. The coin is tossed 20 times, and the number of heads is noted. This procedure is repeated a total of 200 times, and the number of heads is recorded each time. What kind of distribution has been simulated?

	The sampling distribution of the sample proportion with n = 20 and p = 0.6

	The sampling distribution of the sample proportion with n = 200 and p = 0.6

	The sampling distribution of the sample proportion with x¯
=(20)(0.6) and σ=20(0.6)(0.4)





	The binomial distribution with n = 20 and p =0.6

	The binomial distribution with n = 200 and p = 0.6





	
A 100-question multiple-choice history exam is graded as number correct minus 14


 number incorrect, so scores can take values from –25 to +100. Suppose the standard deviation for one class’s results is reported to be –3.14. What is the proper conclusion?

	More students received negative scores than positive scores.

	At least half the class received negative scores.

	Some students must have received negative scores.

	Some students must have received positive scores.

	An error was made in calculating the standard deviation.





	Of the 423 seniors graduating this year from a city high school, 322 plan to go on to college. When the principal asks an AP student to calculate a 95% confidence interval for the proportion of this year’s graduates who plan to go to college, the student says that this would be inappropriate. Why?

	The independence assumption may have been violated (students tend to do what their friends do).

	There is no evidence that the data come from a normal or nearly normal population (GPAs help determine college admission and may be skewed).

	Randomization was not used.

	There is a difference between a confidence interval and a hypothesis test with regard to the proportion of graduates planning on college.

	The population proportion is known, so a confidence interval has no meaning.





	An AP Statistics student in a large high school plans to survey his fellow students with regard to their preference between using a laptop or using a tablet. Which of the following survey methods is unbiased?

	The student comes to school early and surveys the first 50 students who arrive.

	The student passes a survey card to every student with instructions to fill it out at home and drop the filled-out card in a box by the school entrance the next day.

	The student creates an online survey and asks everyone to respond.

	The student goes to all of the high school sports events for a week, hands out the survey, and waits for each student to fill it out and hand it back.

	None of the above sampling methods are unbiased.





	In a random sample of 500 students, it was reported that test grades went up an average of at least 10 points for 70 percent of the students when usage of cell phones was banned during the school day. What was the degree of confidence if the margin of error was ± 2.5 percent?

	
P-0.025<z<0.025


 


	
P-0.675<z<
0.725


 


	
P-0.025
(0.5)(0.5)/500


<z<
0.025
(0.5)(0.5)/500





 


	
P-0.025
(0.7)(0.3)/500


<z<
0.025
(0.7)(0.3)/500






 


	P-0.675
(0.7)(0.3)/500


<z<
0.725
(0.7)(0.3)/500











	In a random sample of 10 insects of a newly discovered species, an entomologist measures an average life expectancy of 17.3 days with a standard deviation of 2.3 days. Assuming all conditions for inference are met, what is a 95% confidence interval for the mean life expectancy for insects of this species?

	17.3  ±   1.96(2.39

)




	17.3  ±   1.96(2.310

)




	17.3  ±   2.228(2.39

)




	17.3  ±   2.228(2.310

)




	17.3  ±   2.262(2.310

)








	
Time management and procrastination are difficult problems for college students. The distribution for the percentage of study time that occurs in the 24 hours prior to a final exam is approximately normal with mean 44 and standard deviation 21. Consider two different random samples taken from the population of college students, one of size 10 and one of size 100. Which of the following is true about the sampling distributions of the sample mean for the two sample sizes?

	Both distributions are approximately normal with mean 44 and standard deviation 21.

	Both distributions are approximately normal. Both the mean and the standard deviation for the n = 10 sampling distribution are greater than for the n = 100 distribution.

	Both distributions are approximately normal with the same mean. The standard deviation for the n = 10 sampling distribution is greater than for the n = 100 distribution.

	Only the n = 100 sampling distribution is approximately normal. Both distributions have mean 44 and standard deviation 10.

	Only the n = 100 sampling distribution is approximately normal. Both distributions have the same mean. The standard deviation for the n = 10 sampling distribution is greater than for the n = 100 distribution.





	One of the primary objectives of street lighting is the prevention of personal and property crime. One study of 30 randomly chosen metropolitan areas measured street lighting and crime in each area, each measured on a 10-point scale. Among the following, which is the best statistical test to use in analyzing this data?

	Two-sample t-test of population means

	Linear regression t-test

	Chi-square test of independence

	Chi-square test of homogeneity

	Chi-square test of goodness-of-fit





	A study of gun ownership and homicide rates in developed countries resulted in the following scatterplot and regression line.

[image: Scatterplot with point corresponding to U.S. on the regression line but far from the other points]


Which of the following is true about the point corresponding to the United States?


	It has high leverage and is a regression outlier.

	It has high leverage but is not a regression outlier.

	It is a regression outlier but does not have high leverage.

	It is not a regression outlier and does not have high leverage.

	It has high leverage, but whether it is a regression outlier cannot be determined.





	A campus has 55% male and 45% female students. Suppose 30% of the male students pick basketball as their favorite sport compared to 20% of the females. If a randomly chosen student picks basketball as the student’s favorite sport, what is the probability the student is male?

	0.300.30+0.20




	0.550.30+0.20




	0.30(0.55)
(0.30)
+(0.45)
(0.20)





	0.55(0.55)
(0.30)
+(0.45)
(0.20)





	(0.55)
(0.30)

(0.55)
(0.30)
+(0.45)
(0.20)









	
The kelvin is a unit of measurement for temperature; 0 K is absolute zero, the temperature at which all thermal motion ceases. Conversion from Fahrenheit to Kelvin is given by K = 59
×
 (F − 32) + 273. The average daily temperature in Monrovia, Liberia, is 78.35°F with a standard deviation of 6.3°F. If a scientist converts Monrovia daily temperatures to the Kelvin scale, what will be the new mean and standard deviation?

	Mean, 25.75 K; standard deviation, 3.5 K

	Mean, 231.75 K; standard deviation, 3.5 K

	Mean, 298.75 K; standard deviation, 3.5 K

	Mean, 298.75 K; standard deviation, 258.72 K

	Mean, 298.75 K; standard deviation, 276.5 K





	A cattle veterinarian is considering two experimental designs to compare two sources of bovine growth hormone, or BVH, to spur increased milk production in Guernsey cattle. Design 1 involves flipping a coin as each cow enters the stockade, and if heads, giving it BVH from bovine cadavers, and if tails, giving it BVH from engineered E. coli. Design 2 involves flipping a coin as each cow enters the stockade, and if heads, giving it BVH from bovine cadavers for a specified period of time and then switching to BVH from engineered E. coli for the same period of time, and if tails, the order is reversed. With both designs, daily milk production is noted. Which of the following is accurate?

	Neither design uses randomization since there is no indication that cows will be randomly picked from the population of all Guernsey cattle.

	Design 1 is a completely randomized design, while Design 2 is a block design.

	Both designs use double-blinding, but neither uses a placebo.

	In the second design, BVH from bovine cadavers and BVH from engineered E. coli are confounded.

	One of the two designs is actually an observational study, while the other is an experiment.





	The purpose of the linear regression t-test is

	to determine if there is a linear association between two numerical variables.

	to find a confidence interval for the slope of a regression line.

	to find the y-intercept of a regression line.

	to be able to calculate residuals.

	to be able to determine the consequences of Type I and Type II errors.





	A fair die is tossed 12 times, and the number of 3’s is noted. This is repeated 200 times. Which of the following distributions is the most likely to occur?

	[image: Bar graph with frequency on the vertical axis and number of 3s in 12 tosses on the horizontal axis. O has a frequency of about 22. 1 has a frequency of about 52. 2 has a frequency of about 58. 3 has a frequency of 40. 4 has a frequency of about 18. 5 has a frequency of about 5. 6 has a frequency of 1.]

	[image: Bar graph with frequency on the vertical axis and number of 3s in 12 tosses on the horizontal axis. All tosses from 0 to 12 have the same frequency at 15.]

	[image: Bar graph with frequency on the vertical axis and number of 3s in 12 tosses on the horizontal axis. O from 6.5 have the same frequency of about 27.]

	[image: Bar graph with frequency on the vertical axis and number of 3s in 12 tosses on the horizontal axis. O has a frequency of 1. 1 has a frequency of 3. 2 has a frequency of 5. 3 has a frequency of 10. 4 has a frequency of 20. 5 has a frequency of 30. 6 has a frequency of more than 60. 7 has a frequency of 30. 8 has a frequency of 20. 9 has a frequency of 10. 10 has a frequency of 5. 11 has a frequency of 3. 12 has a frequency of 1.]

	[image: Bar graph with frequency on the vertical axis and number of 3s in 12 tosses on the horizontal axis. O has a frequency of about 3. 1 has a frequency of 15. 2 has a frequency of 45. 3 has a frequency of more than 60. 4 has a frequency of 45. 5 has a frequency of 15. 6 has a frequency of about 3.]





	
Which of the following is a true statement about sampling?

	If the sample is random, the size of the sample usually doesn’t matter.

	If the sample is random, the size of the population usually doesn’t matter.

	A sample of less than 1% of the population is too small for statistical inference.

	A sample of more than 10% of the population is too large for statistical inference.

	All of the above are true statements.





	Suppose, in a study of mated pairs of soldier beetles, it is found that the measure of the elytron (hardened forewing) length is always 0.5 millimeters longer in the female. What is the correlation between elytron lengths of mated females and males?

	−1

	−0.5

	0

	0.5

	1





	
A random sample of 100 individuals who were singled out at an international airport security checkpoint is reviewed, and the individuals are classified according to region of origin:

[image: image]


The proportion of travelers in each category who use this airport follows:


[image: image]


We wish to test whether the distribution of people singled out is the same as the distribution of people who use the airport with regard to region of origin. What is the appropriate χ2 statistic?


	(41−64)264
+(19−12)212
+(15−8)28
+(13−9)29
+(12−7)27




	(41−64)241
+(19−12)219
+(15−8)215
+(13−9)213
+(12−7)212




	(0.41−0.64)20.64
+(0.19−0.12)20.12
+(0.15−0.08)20.08
+(0.13−0.09)20.09
+(0.12−0.07)20.07




	(0.41−0.64)20.41
+(0.19−0.12)20.19
+(0.15−0.08)20.15
+(0.13−0.09)20.13
+(0.12−0.07)20.12




	
(41−64)220
+(19−12)220
+(15−8)220
+(13−9)220
+(12−7)220









	The age distribution for a particular debilitating disease has a mean greater than the median. Which of the following graphs most likely illustrates this distribution?

	[image: Graph ranging from 10 to 60. All values have the same distribution.]

	[image: Graph ranging from 10 to 60. Distribution increases from 10 to 20 and again from 20 to 30, peaks between 30 and 40, and then decreases from 40 to 50 and decreases again from 50 to 60.]

	
[image: Graph ranging from 10 to 20. Distribution is greatest between 10 and 20 and between 50 and 60. It decreases between 20 and 30 and between 40 and 50, and it is the lowest between 30 and 40.]


	[image: Graph ranging from 10 to 60. Distribution is greatest between 10 and 20 and decreases from 20 to 30, again from 30 to 40, again from 40 to 50, and decreases again from 50 to 60.]

	[image: Graph ranging from 10 to 60. Distribution is lowest between 10 and 20 and increases from 20 to 30, again from 30 to 40, again from 40 to 50, and peaks from 50 to 60.]





	In a random sample of 10 people, the probability that k people show a particular genetic abnormality is given by (10


k



)

 (0.38)k (0.62)10–k for k = 0, . . . , 10.
What is the mean of the associated random variable?


	0.38

	0.62

	3.8

	5.0

	6.2





	It is hypothesized that high school varsity pitchers throw fastballs at an average of 80 mph. A random sample of varsity pitchers is timed with radar guns resulting in a 95% confidence interval of (74.5, 80.5). Which of the following is a correct statement?

	There is a 95% chance that the mean fastball speed of all varsity pitchers is 80 mph.

	There is a 95% chance that the mean fastball speed of all varsity pitchers is 77.5 mph.

	
Most of the interval is below 80, so there is evidence at the 5% significance level that the mean of all varsity pitchers is something other than 80 mph.

	The test H0: µ = 80, Ha: µ ≠ 80 is not significant at the 5% significance level, but it would be at the 1% level.

	It is likely that the true mean fastball speed of all varsity pitchers is within 3 mph of the sample mean fastball speed.





	A recent study noted prices and battery lives of 10 top-selling tablet computers. The data follow:

[image: image]


The residual plot of the least squares model is


[image: Residual plot of the least squares model showing points at about (250, -0.6), (300, 0.49), (350, 0.6), (390, 0), (400, 0.4), (450, -0.2), (450, 0.3), (480, 1), (540, -0.7), and (600, -0.4).]


What is the model’s predicted battery life for the tablet computer costing $480?


	10 hr

	10.5 hr

	11 hr

	11.5 hr

	12 hr





	
Should college athletes be required to give their coaches their social media account usernames and passwords? A survey of student-athletes is to be taken. The statistician believes that Division I, II, and III players may differ in their views, so she selects a random sample of athletes from each division to survey. This is a

	simple random sample.

	stratified sample.

	cluster sample.

	systematic sample.

	convenience sample.





	In a random sample of 1500 college students, a pollster found 45% prefer a female president and 42% prefer a male president. To calculate a 95 percent confidence interval for the difference in the proportion of college students who prefer a female president over a male president, he uses  0.45-0.42
±1.96(0.45)(0.55)
1500
+(0.42)(0.58)
1500




. Were conditions for inference met?

	Yes, because there was a random sample, 1500 is less than 10% of all college students, and 1500(0.45), 1500(0.55), 1500(0.42), and 1500(0.58) are all ≥ 10.

	No, because there was no random assignment between female and male college students.

	No, because 1500 is not greater than 10% of all college students.

	No, because the independence assumption is violated.

	No, because the random sample may not be truly representative of the population.





	The population of the Greater Tokyo area is 34,400,000 and of Karachi is 17,200,000. A random sample of citizens is to be taken in each city, and 95% confidence intervals for the mean age in each city will be calculated. Assuming roughly equal sample standard deviations, to obtain the same margin of error for each confidence interval,

	the sample sizes should be the same.

	the sample in Greater Tokyo should be twice the size of the sample in Karachi.

	the sample in Karachi should be twice the size of the sample in Greater Tokyo.

	the sample in Greater Tokyo should be four times the size of the sample in Karachi.

	the sample in Karachi should be four times the size of the sample in Greater Tokyo.





	
A truant officer determines the mean and standard deviation of the number of student absences for all school days during an academic year. Which of the following is the best description of the standard deviation?

	Approximately the median difference between the number of students absent on individual days and the median number of absences on all days

	Approximately the mean difference between the number of students absent on individual days and the mean number of absences on all days

	The difference between the greatest number and the least number of absences among all days during the year

	The difference between the greatest number and the mean number of absences among all days during the year


	The difference between the greatest number and the least number of absences among the middle 50 percent of all the daily absences during the year






	Which of the following is an incorrect statement?

	Statistics are random variables with their own probability distributions.

	The standard error does not depend on the size of the population.

	Bias means that, on average, our estimate of a parameter is different from the true value of the parameter.

	There are some statistics for which the sampling distribution is not approximately normal, no matter how large the sample size.

	The larger the sample size, the closer the sample distribution is to a normal distribution.





	For male Air Force cadets, the recommended fitness level with regard to the number of push-ups is 34. In a test whether or not current classes of recruits can meet this standard, a t-test of H0: µ = 34 against Ha: µ < 34 gives a P-value of 0.068. Using this data, among the following, which is the largest level of confidence for a two-sided confidence interval that does not contain 34?

	85%

	90%

	92%

	95%

	96%





	
A particular car is tested for stopping distance in feet on wet pavement at 30 mph using tires with one tread design and then tires with another tread design. For each set of tires, the test is repeated 30 times, and the following parallel boxplots give a comparison of the resulting five-number summaries.

[image: Parallel boxplots. Boxplot I ranges from 30 to 60, with a low value at 32.5, a middle value at 37, and a high value at 46. Boxplot II ranges from about 34 to 42, with a low value at about 35, a middle value at 38, and a high value at about 40.]


Which of the following is a reasonable conclusion?


	Distribution I is skewed right, while distribution II is bell-shaped.

	Distribution I is skewed left, while distribution II is a normal distribution.

	The mean of distribution I is greater than the mean of distribution II.

	The range of distribution I is approximately 46 − 33 = 13.

	The upper 50% of the values in distribution I are all greater than the lower 50% of the values in distribution II.





	
E and F are events on the same probability space with P(E) = 0.3 and P(F) = 0.4. What is the relationship between P(E ∩ F) and 0.12?

	
P(E ⋂ F) > 0.12

	
P(E ⋂ F) < 0.12

	
P(E ⋂ F) = 0.12

	
P(E ⋂ F) ≠ 0.12

	There is not enough information to determine a relationship between P(E ⋂ F) and 0.12.





	Do middle school and high school students have different views on what makes someone popular? Random samples of 100 middle school and 100 high school students yield the following counts with regard to three choices: lots of money, good at sports, and good looks:

[image: image]


A chi-square test of homogeneity yields which of the following test statistics?


	(22−29)222
+(48−36)248
+(30−35)230
+(36−29)236
+(24−36)224
+(40−35)240




	(22−29)229
+(48−36)236
+(30−35)235
+(36−29)229
+(24−36)236
+(40−35)235




	(2229
)2+(4836
)2+(3035
)2+(3629
)2+(2436
)
+(4035
)2



	(22)
(29)

58
+(48)
(36)

72
+(30)
(35)

70
+(36)
(29)

58
+(24)
(36)

72
+(40)
(35)

70




	(22−29)2+(48−36)2+(30−35)2+(36−29)2+(24−36)2+(40−35)2










[image: image]





Section II: Part A

Questions 1–5

SPEND ABOUT 65 MINUTES ON THIS PART OF THE EXAM.PERCENTAGE OF SECTION II GRADE—75


DIRECTIONS: You must show all work and indicate the methods you use. You will be graded on the correctness of your methods and on the accuracy of your results and explanations.




	A horticulturist plans a study on the use of compost tea for plant disease management. She obtains 16 identical beds, each containing a random selection of five minipink rose plants. She plans to use two different composting times (two and five days), two different compost preparations (aerobic and anaerobic), and two different spraying techniques (with and without adjuvants). Midway into the growing season she will check all plants for rose powdery mildew disease.

	List the complete set of treatments.

	Describe a completely randomized design for the treatments above.

	Explain the advantage of using only minipink roses in this experiment.

	Explain a disadvantage of using only minipink roses in this experiment.





	A top-100, 7.0-rated tennis pro wishes to compare a new racket against his current model. He is interested in whether there is statistical evidence that his hitting speed with the new racket is different than that with his old racket. He strings the new racket with the same type of strings at 60 pounds tension that he uses on his old racket. From past testing, he knows that the average forehand crosscourt volley with his old racket is 82 miles per hour (mph). On an indoor court, using a ball machine set at 70 mph, which is the same speed he had his old racket tested against, he takes 47 swings with the new racket. An associate with a speed gun records an average of 83.5 mph with a standard deviation of 3.4 mph.

	Was random sampling, random assignment, both, or neither involved in this study? Explain.

	What is the parameter of interest, and what are the appropriate hypotheses for testing whether his hitting speed with the new racket is different than that with his old racket?

	What inference procedure should be used?

	Is the normality condition satisfied? Explain.

	If all conditions are assumed to be satisfied, what is the test statistic and the P-value?

	
At a significance level of 0.01, state an appropriate conclusion in context.

	A 99% confidence interval based on this data is (82.167, 84.833). Interpret this interval in context.

	Is this confidence interval consistent with the test decision in part (f)? Explain.





	On the social media platform Snapchat, users who contact each other once per day develop a Snapstreak.The Snapstreaks of students at a large suburban high school have an approximately normal distribution with mean 26.4 and standard deviation 8.2.

	What is the probability that a given Snapstreak is over 30?

	In a random sample of five independent Snapstreaks of students at this school, what is the probability that a majority are over 30?

	What is the probability that the mean of the five independent Snapstreaks is over 30?





	Two hundred fifty randomly chosen people raised in the United States were asked their expression for “soft drink” and the geographic region where they were raised. The results are summarized in the following two-way table.

[image: image]



	
Of the people calling soft drinks “soda,” what proportion were from the Northeast?

	Of the people from the West, what proportion called soft drinks “pop”?

	The mosaic plot below displays the distribution of soft drink expressions given by people from different geographic locations. Describe what this plot reveals about the association between these two variables for the 250 people in the study.




[image: Mosaic plot with coke, soda, and pop in the northeast, midwest, west, and south. In the northeast, coke is low, pop is middle, and soda is most. In the midwest, coke is low, soda is middle, and pop is most. In the west, coke is low, pop is middle, and soda is most. In the south, soda is low, pop is middle, and coke is most.]




	Researchers want to study whether a capuchin monkey named Rafiki can correctly predict (better than guesswork) whether the Dow Jones Industrial Average (DJIA) will go up or down on any given day. In a random sample of 10 days, Rafiki correctly predicted the rise or fall of the DJIA 7 of the 10 days (by choosing to eat a banana from a box with an “up” arrow or a box with a “down” arrow).

	What are the null and alternative hypotheses?

	If you conduct a simulation to investigate whether the observed result provides strong evidence that Rafiki can correctly predict the rise or fall of the DJIA, what would you use for the probability of success, for the sample size, and for the number of samples?

	
Which of the following graphs could reasonably have come from the simulation?[image: Bar graph (1) shows values that all have a similar output. Bar graph (2) has output that is skewed toward the middle with a high value at 5 and low values at the beginning (2) and end (8). Bar graph (III) shows values that are skewed to the higher end with high values near 7 and 8 and low values at 3 and 4.]


	Which of 6.5, 0.65, 0.15, and 0.015 is closest to the P-value? Interpret it in context.

	Make a conclusion based on the simulation and P-value.










Section II: Part B

Question 6

SPEND ABOUT 25 MINUTES ON THIS PART OF THE EXAM.PERCENTAGE OF SECTION II GRADE—25


	A college counselor is interested in whether or not the number of hours a student studies per week has a statistically significant linear association to the student’s GPA. She takes a random sample of 25 students and, for each, records weekly study hours versus GPA on an anonymous survey. The resulting scatterplot along with regression output for a linear model is shown below.

[image: Dot plot graph with Grade Point Average (GPA) on the vertical axis and Study hours per week on the horizontal axis. Dots are close together and have a positive correlation.]



[image: Variable Coeff. Std. Error t p
Constant 1.5748 0.1117 14.093 0.0000
S = 0.2620 R-Sq = 0.8366 R-Sq(adj) = 0.8295
Hours 0.0581 0.00535 10.853 0.0000]



	Interpret the y-intercept in context.

	Interpret the slope in context.

	What proportion of the variation in GPAs is not accounted for by the linear regression model?

	Assuming all conditions for inference are met, find a 95% confidence interval for the slope, and interpret this in context.







A math professor further analyzes the data and notes that 10 of the students took AP Statistics in high school. The modified scatterplot showing this additional information is shown below.


[image: Dot plot graph with Grade Point Average (GPA) on the vertical axis and Study hours per week on the horizontal axis. AP stat students have slightly higher GPAs than non-AP students. Dots are close together and have a positive correlation.]


Using the linear regression model from the original analysis, the professor calculates that the average residual from the students who took AP Statistics is 0.2414, while the average residual from the students who did not take AP Statistics is −0.1609.

(e) Use the residual calculations to estimate how much greater the GPA for a student who takes AP Statistics in high school would be, on average, than the GPA for a student who does not take AP Statistics if the students study the same number of hours per week.

The professor then creates two regression models, one for the students who take AP Statistics and one for the other students. The resulting regression equations are shown below.

Linear Fit for Students who take AP Statistics in High School:

Predicted GPA = 1.9427 + 0.0524(Hours)

Linear Fit for Students who do not take AP Statistics in High School:

Predicted GPA = 1.5396 + 0.0502(Hours)

(f) A 95% confidence interval for the true difference in the two slopes is 0.0022 ± 0.0134. Based on this interval, is there a significant difference in the two slopes? Explain.

(g) A 95% confidence interval for the true difference in the two y-intercepts is 0.4031 ± 0.2767. Based on this interval, is there a significant difference in the two y-intercepts? Explain.

[image: image]




Answer Explanations

Section I


	
(A) Without knowing the actual number of the sample pet owners from each location, only proportions, not numbers of pet owners, can be compared between locations.

	
(C) The critical t-values with df = 20 − 2 = 18 and 0.005 in each tail are ± invT(0.995,18) = ± 2.878. Thus, we have b ± t* × SE(b) = 4.0133 ± (2.878)(0.4922).

	
(A) The shortest sequence has a greater probability than any longer sequence.

	
(E) Power, the probability of rejecting a false null hypothesis, will be the greatest for true values furthest from the hypothesized value, in the direction of the alternative hypothesis. Here, Ha: µ > 2.0, and 2.4 is furthest from 2.0 among the value choices which are greater than 2.0.

	
(A) A simple random sample may or may not be representative of the population. It is a method of selection in which every possible sample of the desired size has an equal chance of being selected.

	
(A) A formula relating the given statistics is b = rSy
Sx


, which in this case gives 0.25= r2.3
8.7



 and thus r=(0.25
)
(8.7
)

2.3

.



	
(B) The null hypothesis is that the new medication is no better than insulin injection, while the alternative hypothesis is that the new medication is better. A Type I error means a mistaken rejection of a true null hypothesis.

	
(D) A Type II error means a mistaken failure to reject a false null hypothesis. A false null hypothesis here means that her medication really is better than insulin injection, and failure to realize this means she does not have sufficient evidence that it is better.

	
(C) Running a hypothesis test at the 5% significance level means that the probability of committing a Type I error is 0.05. Then the probability of not committing a Type I error is 0.95. Assuming the tests are independent, the probability of not committing a Type I error on any of the five tests is (0.95)5, and the probability of at least one Type I error is 1 − (0.95)5.

	
(E) No matter what the distribution of raw scores, the set of z-scores always has mean 0 and standard deviation 1.

	
(D) There are two possible outcomes (heads and tails), with the probability of heads always 0.6 (independent of what happened on the previous toss), and we are interested in the number of heads in 20 tosses. Thus, this is a binomial model with n = 20 and p = 0.6. Repeating this over and over (in this case 200 times) simulates the resulting binomial distribution.

	
(E) The standard deviation can never be negative.

	
(E) When a complete census is taken (all 423 seniors were in the study), the population proportion is known and a confidence interval has no meaning.

	
(E) The method described in (A) is a convenience sample, (B) and (C) are voluntary response surveys, and (D) suffers from undercoverage bias.

	
(D) SEp^
=(0.7)(0.3)/500

. Then zSEp^


 = 0.025 gives critical z-scores of  ±0.025
SEp^





. The degree of confidence is the probability between these two values.

	
(E) With df = n − 1 = 10 − 1 = 9 and 95% confidence, the critical t-values are ±invT(0.975, 9) = ±2.262. SEx¯
=sn

=2.310

.
 The confidence interval is x¯
±t*SEx¯
=17.3±2.2622.3
10




.

	
(C) Because the population is approximately normal, normality can be assumed for both sampling distributions. Both will have mean 44. The standard deviation for the n = 10 sampling distribution is 21
10




, which is greater than the standard deviation for the n = 100 sampling distribution, which is 21
100




.

	
(B) The chi-square tests all involve counts, and comparing means doesn’t make sense in this context. We can plot (AP Stat score, GPA) for a random sample of students, look for a pattern in the scatterplot, and perform a linear regression t-test.

	
(B) The point has high leverage because its x-value is far from the mean of the x-values. It is not a regression outlier because it has a small residual when compared with the other residuals.

	
E [image: 0.55 male and 0.30 like basketball (B-ball). Probability of male and liking basketball equals (0.55)(0.30). 0.45 female and 0.20 like basketball (B-ball). Probability of female and liking basketball equals (0.45)(0.20).]
P(B-ball) = (0.55)(0.30) + (0.45)(0.20)

Pmale  B-ball

 =Pmale ∩ B-ball

PB-ball


=0.55
0.30

0.55
0.30
+0.45
0.20







	
(C) Adding the same constant to every value in a set adds the same constant to the mean but leaves the standard deviation unchanged. Multiplying every value in a set by the same constant multiplies the mean and standard deviation by that constant. So the new mean is 59


 × (78.35 − 32) + 273 = 298.75, and the new standard deviation is 59


 × 6.3 = 3.5.

	
(B) Design 2 is an example of a matched pairs design, a special case of a block design; here, each subject is compared to itself with respect to the two treatments. Both designs definitely use randomization with regard to assignment of treatments, but since they do not use randomization in selecting subjects from the general population, care must be taken in generalizing any conclusions. It’s not clear whether or not the researchers who do the observations and measurements know which treatment individual cows are receiving, so there is no way to conclude if there is or is not blinding. The two sources of BVH are different treatments, and so they are not being confounded. In both designs, treatments are randomly applied, so neither is an observational study.

	
(A) The linear regression t-test generally has null hypothesis H0: β = 0 that there is no linear relationship; if the P-value is small enough, there is evidence of a linear association; that is, there is evidence that β ≠ 0.

	
(A) We have a binomial distribution with  n = 12, and p = 16


. With mean = np = 1216

=2,
 choice (A) is the only reasonable choice.

	
(B) The size of the sample always matters: the larger the sample, the greater the power of statistical tests. One percent of a large population is large. Larger samples are better, but if the sample is greater than 10% of the population, the best statistical techniques are not those covered in the AP curriculum. While not in the AP curriculum, if the population is small, its size may matter, as shown by the finite population correction factor.

	
(E) The points on the scatterplot all fall on the straight line:
Female length = Male length + 0.5



	
(A) χ2=∑(observed − expected)2expected



. Expected values are found by multiplying the proportions times the sample size of 100.

	
(D) The distributions in (A), (B), and (C) appear roughly symmetric, so the mean and median will be roughly the same. The distribution in (D) is skewed to the right, so the mean will most likely be greater than the median, while the distribution in (E) is skewed to the left, so the mean will most likely be less than the median.

	
(C) This is a binomial with n = 10 and p = 0.38, so the mean is np = 10(0.38) = 3.8.

	
(E) Choices (A), (B), and (C) are common misconceptions. Since the 95% confidence interval contains 80, a two-sided test would not be significant at the 5% significance level or lower. The interval can be expressed as 77.5 ± 3. In other words, we are 95% confident that the true mean fastball speed is within 3 mph of 77.5 mph.

	
(A) Residual = Observed − Predicted, so 1.0 = 11 − Predicted and Predicted = 10.

	
(B) Stratified sampling is when the population is divided into homogeneous groups (the three divisions in this example), and a random sample of individuals is chosen from each group.

	
(D) The two-sample z-interval for a difference in proportions is inappropriate here, because the two proportions do not come from independent samples.

	
(A) The margin of error, ±t*sn


,
 depends on n, the sample size, not the population size.

	
(B) The standard deviation is an approximate average measure of how far individual values of a set differ from the mean of the set.

	
(E) The larger the sample size, the closer the sample distribution is to the population distribution. The central limit theorem roughly says that if multiple samples of size n are drawn randomly and independently from a population, the histogram of the means of those samples will be approximately normal. Statistics have probability distributions called sampling distributions. The standard error is based on the spread of the sample and on the sample size. The central limit theorem does not apply to all statistics as it does to sample means. Many sampling distributions are not normal; for example, the sampling distribution of the sample max is not a normal distribution. An estimator of a parameter is unbiased if we have a method that, through repeated samples, is on average the same value as the parameter.

	
(A) With 0.068 in a tail, the confidence interval with 34 at one end would have a confidence level of 1 − 2(0.068) = 0.864, so anything higher than 86.4% confidence will contain 34.

	
(C) From a boxplot there is no way of telling if a distribution is bell-shaped (very different distributions can have the same five-number summary). Distribution I appears strongly skewed right, and so its mean is probably much greater than its median, while distribution II appears roughly symmetric, and so its mean is probably close to its median. The interquartile range, not the range, in distribution I is 13.

	
(E) If E and F are independent, then it would follow that P(E ⋂ F) = (0.3)(0.4) = 0.12, but without further information, all that can be said is that P(E ⋂ F) is between 0 and 0.3.

	
(B) χ2=∑(observed − expected)2expected



 and cell calculations [expected value of a cell equals (row total)(column total)/(table total)] or χ2-test on a calculator such as the TI-84, Casio Prizm, or HP Prime will yield expected cells of 29, 36, 35, 29, 36, and 35.



Section II: Part A


	

	There are 2 × 2 × 2 = 8 different treatments:
Two-day, aerobic, with adjuvant

Two-day, aerobic, without adjuvant

Two-day, anaerobic, with adjuvant

Two-day, anaerobic, without adjuvant

Five-day, aerobic, with adjuvant

Five-day, aerobic, without adjuvant

Five-day, anaerobic, with adjuvant

Five-day, anaerobic, without adjuvant



	We must randomly assign the treatment combinations to the beds. (Roses have already been randomly assigned to the beds.) With 8 treatments and 16 beds, each treatment should be assigned to 2 beds. For example, give each bed a random number between 1 and 16 (use a computer to generate 16 random integers between 1 and 16 without replacement), and then assign the first treatment in the above list to the beds with the numbers 1 and 2, assign the second treatment in the above list to the beds with the numbers 3 and 4, and so on.

	Using only minipink roses in this experiment gives reduced variability and increases the likelihood of determining differences among the treatments.

	Using only minipink roses in this experiment limits the scope and makes it difficult to generalize the results to other species of roses.








SCORING

This question is scored in three sections. Section 1 consists of part (a). Section 2 consists of part (b). Section 3 consists of parts (c) and (d).

Section 1 is essentially correct for correctly listing all eight treatment combinations and is incorrect otherwise.

Section 2 is essentially correct if each treatment combination is randomly assigned to two beds of roses. Section 2 is partially correct if each treatment is randomly assigned to two beds but the method is unclear or if a method of randomization is correctly described but the method may not assure that each treatment is assigned to two beds.

Section 3 is essentially correct for 1) noting reduced variability in (c), 2) explaining that this increases the likelihood of determining differences among the treatments, 3) noting limited scope in (d), and 4) explaining that this makes generalization to other species difficult. Section 3 is partially correct for only two or three of these four components.









	4
	Complete Answer
	All three sections essentially correct.



	3
	Substantial Answer
	Two sections essentially correct and one section partially correct.



	2
	Developing Answer
	Two sections essentially correct OR one section essentially correct and one or two sections partially correct OR all three sections partially correct.



	1
	Minimal Answer
	One section essentially correct OR two sections partially correct.








	

	There is no indication that any kind of randomization was used. (For example, he could have taken swings on a random sampling of days to take into account variation in his strength or concentration on different days.)

	The parameter of interest is μ= his true mean hitting speed with the new racket. The hypotheses are H0:μ=82 and Ha:μ≠82.

	One-sample t-test for a population mean.

	Yes, the normality condition is satisfied because the sample size n=47≥30. This is sufficiently large for the central limit theorem to apply, which gives approximate normality for the sampling distribution of the sample mean.

	Calculator software gives t = 3.0246 and P = 0.00406.

	With this small of a P-value, 0.00406 < 0.01, there is sufficient evidence to reject the null hypothesis, that is, there is convincing evidence that his hitting speed with the new racket is different than that with his old racket.

	We are 99% confident that the true hitting speed with the new racket is between 82.167 and 84.833 mph.

	Yes, this is consistent with the answer in part (f) because 82 is not in the interval (82.167, 84.833).








TIP

Graders want to give you credit. Help them! Make them understand what you are doing, why you are doing it, and how you are doing it. Don’t make the reader guess at what you are doing. Communication is just as important as statistical knowledge!




SCORING

This question is scored in three sections. Section 1 consists of parts (a), (b), (c), and (d). Section 2 consists of parts (e) and (f). Section 3 consists of parts (g) and (h).

Section 1 is essentially correct for (1) noting there is no randomization, (2) the correct parameter, (3) the correct hypotheses, (4) the correct procedure, and (5) justifying the normality condition. Section 1 is partially correct if the response satisfies 3 or 4 of these 5 components.

Section 2 is essentially correct for (1) the correct test statistic, (2) the correct P-value, (3) the correct decision to reject the null hypothesis, (4) linkage to the P-value in the conclusion, and (5) giving the conclusion in context with reference to the population, not the sample. Section 2 is partially correct if the response satisfies 3 or 4 of these 5 components.

Section 3 is essentially correct for (1) a correct interpretation of the confidence interval and (2) answering in the affirmative about consistency with reference to 82 not being in the confidence interval. Section 3 is partially correct if the response satisfies 1 of these 2 components.









	4
	Complete Answer
	All three sections essentially correct.



	3
	Substantial Answer
	Two sections essentially correct and one section partially correct.



	2
	Developing Answer
	Two sections essentially correct OR one section essentially correct and one or two sections partially correct OR all three sections partially correct.



	1
	Minimal Answer
	One section essentially correct OR two sections partially correct.








	

	Normal distribution with μ = 26.4 and σ = 8.2.
Px>30
 = P(z>30−26.4
8.2

)
=Pz>0.4390
 = 0.3303




	B (n = 5, p = 0.3303), and 1 − binomcdf (5, 0.3303, 2) = 0.2054 [or P (at least 3 out of 5 are > 30) = 10(0.3303)3(0.6697)2 + 5(0.3303)4(0.6697) + (0.3303)5 = 0.2054]

	The distribution of x¯

 is normal with mean μx¯=26.4

 and standard deviation σx¯=8.2
5

=3.667.

 So,Px¯
>30
=P(z>30−26.4
3.667

)
=Pz>0.9817
 = 0.1631
.








TIP

Full credit would also be given in 3(a) for: Normal, μ = 26.4, σ = 8.2, PX>30
=0.330

.




TIP

Full credit would also be given in 3(b) for: Binomial, n = 5, p = 0.3303, P(x ≥ 3) = 0.2054.




TIP

Full credit would also be given in 3(c) for: Normal, μx¯=26.4

, σx¯=8.2
5

=3.667,
 Px¯
>30
= 0.1631
.




SCORING

Part (a) is essentially correct if the distribution is named (normal), the parameters are given (mean and standard deviation), the cutoff with direction is indicated (> 30), and the correct probability is calculated. Simply writing normalcdf(30,∞,26.4,8.2) = 0.3303 is a partially correct response; however, writing normalcdf(lower bound = 30, upper bound = ∞, mean = 26.4, standard deviation = 8.2) = 0.3303 is essentially correct.

Part (b) is essentially correct if the correct probability is calculated and the derivation is clear. Part (b) is partially correct for indicating a binomial with n = 5 and p = answer from (a) but calculating incorrectly. Simply writing 1 − binomcdf(5,0.3303,2) = 0.2054 without designating the parameters is also a partially correct response.

Part (c) is essentially correct for specifying a normal distribution and both μx¯
 and σx¯ and for correctly calculating the probability. Part (c) is partially correct for specifying a normal distribution and both μx¯
 and σx¯ but incorrectly calculating the probability, or for failing to specify a normal distribution and both μx¯
 and σx¯ but correctly calculating the probability.









	4
	Complete Answer
	All three parts essentially correct.



	3
	Substantial Answer
	Two parts essentially correct and one part partially correct.



	2
	Developing Answer
	Two parts essentially correct OR one part essentially correct and one or two parts partially correct OR all three parts partially correct.



	1
	Minimal Answer
	One part essentially correct OR two parts partially correct.








	

	5050+20+40+5


=50115





	105+40+10


=1055





	Based upon the mosaic plot, there is an association between the geographic location where someone is raised and what they call a soft drink. In this study, most people from the Northeast called soft drinks “soda,” most people from the Midwest called soft drinks “pop,” most people from the West called soft drinks “soda,” and most people from the South called soft drinks “Coke.”









SCORING

Part (a) is essentially correct for the expression 50115


 and partially correct if only 0.435 without showing where this came from. 

Part (b) is essentially correct for the expression 1055

 and partially correct if only 0.182 without showing where this came from. 

Part (c) is essentially correct for correctly noting the observed preferences for each geographic location and partially correct for noting only two or three of the preferences.









	4
	Complete Answer
	All three parts essentially correct.



	3
	Substantial Answer
	Two parts essentially correct and one part partially correct.



	2
	Developing Answer
	Two parts essentially correct OR one part essentially correct and one or two parts partially correct OR all three parts partially correct.



	1
	Minimal Answer
	One part essentially correct OR two parts partially correct.








	

	
H0: Rafiki can do no better than guesswork in predicting winners, H0: p = 0.5.Ha: Rafiki can correctly predict winners better than guesswork, Ha: p > 0.5.

	
p = 0.5, n = 10, and a large number for number of samples.

	Graph (II). The simulation should be centered at the value based on the null hypothesis probability, not the observed value.

	Looking at areas under (II), the correct graph, among the given choices, 7 or greater correct picks seems to have a probability closest to 0.15. If the null hypothesis were true, that is, if Rafiki can do no better than guesswork, the estimated probability of Rafiki correctly predicting 7 or more out of 10 rises or falls of the DJIA is about 0.15.

	With this large a P-value, 0.15 > 0.05, there is not sufficient evidence to reject H0; that is, there is not sufficient evidence that Rafiki can pick the rise and fall of the DJIA better than guesswork.








SCORING

This question is scored in four sections. Section 1 consists of part (a). Section 2 consists of parts (b) and (c). Section 3 consists of part (d). Section 4 consists of part (e).

Section 1 is essentially correct for correctly stating the hypotheses and correctly naming the parameter and is partially correct for giving one of these two components correctly. 

Section 2 is essentially correct for p = 0.5, n = 10, any large number for number of samples, and picking Graph (II), and is partially correct for giving two or three of these four components correctly. 

Section 3 is essentially correct for correctly picking 0.15 and giving a correct interpretation of the P-value and is partially correct for correctly picking 0.15 but giving a weak interpretation of the P-value.

Section 4 is essentially correct for a correct conclusion in context with linkage to the simulated P-value and is partially correct if only missing linkage or only missing context.

Count partially correct answers as one-half an essentially correct answer.









	4
	Complete Answer
	Four essentially correct answers.



	3
	Substantial Answer
	Three essentially correct answers.



	2
	Developing Answer
	Two essentially correct answers.



	1
	Minimal Answer
	One essentially correct answer.





Use a holistic approach to decide a score totaling between two numbers.



Section II: Part B


	

	
Think: Remember, this has to be referred to as a predicted value or an average value when x = 0, where x in this problem is weekly study hours.
Answer: The y-intercept, 1.5748, refers to a student who studies 0 hours per week. Thus, a student who doesn’t study any hours at all is predicted to have a GPA of 1.5748.



	
Think: Again, you have to refer to a predicted or an average increase in the y-value for each unit increase in the x-value.
Answer: The slope is 0.0581. This means that for each additional hour of study per week, the predicted GPA increases by 0.0581. In other words, this model predicts that the average GPA increases by 0.0581 for each additional hour of study per week.



	
Think: The coefficient of determination, R-Sq, gives the proportion of the variation in the y-variable that is accounted for by the linear regression model. So the proportion not accounted for by the regression model must be 1 − R-Sq.
Answer: 1 − 0.8366 = 0.1634



	
Think: This is the easiest confidence interval to find because the computer printout gives the standard error of the sample slope as well as the sample slope. Remember that for linear regression inference, df = n − 2.
Answer: With df = 25 − 2 = 23 and 0.025 in each tail, the critical t-values are ±invT(0.975, 23) = 2.0687. The 95% confidence interval of the true slope is b±tsb=0.0581±2.0687(0.00535)=0.0581±0.0111 .

 We are 95% confident that for every additional study hour per week, the average increase in GPA is between 0.0470 and 0.0692.



	
Think: The residual averages suggest that the regression line tends to underestimate the GPA of students who take AP Statistics in high school by 0.2414 and to overestimate the GPA of students who do not take AP Statistics in high school by 0.1609. The difference between these two residual averages is what we are looking for!
Answer: We calculate 0.2414 − (−0.1609) = 0.4023. Thus, for two students, one of whom had taken AP Statistics in high school, who study the same number of hours weekly, the student who had taken AP Statistics in high school would be estimated to have a GPA 0.4023 higher than the student who had not taken AP Statistics in high school.



	
Think: If the interval is entirely above 0 or entirely below 0, there is statistical significance, but if 0 is in the interval, there is not. We also note that a 95 percent confidence level is equivalent to a 5 percent significance level.
Answer: 0.0022 ± 0.0134 gives the interval (−0.0112, 0.0156) which does contain 0. Thus, no, the confidence interval does not indicate a significant difference (at the 5 percent significance level) between the two slopes.



	
Think: Just as above, this depends on whether or not 0 is in the interval.
Answer: 0.4031 ± 0.2767 gives the interval (0.1264, 0.6798), which is entirely positive and does not contain 0. Thus, yes, the confidence interval does indicate a significant difference (at the 5 percent significance level) between the two y-intercepts.










SCORING

This question is scored in three sections. Section 1 consists of parts (a), (b) and (c). Section 2 consists of parts (d). and (e). Section 3 consists of parts (f) and (g).

Section 1 is essentially correct for correct interpretations of the y-intercept in (a) and slope in context in (b) and a correct calculation in (c). Section 1 is partially correct if two of these three components are correct.

Section 2 is essentially correct for a correct confidence interval, a correct conclusion in context, a correct calculation of the difference of the average residuals, and a correct interpretation of this difference using nondeterministic language. Section 2 is partially correct if three of these four components are correct.

Section 3 is essentially correct when correct answers with explanations are given in both (f) and (g). Section 3 is partially correct for correct conclusions with weak explanations or for a completely correct statement for only one of (f) and (g).









	4
	Complete Answer
	All three sections essentially correct.



	3
	Substantial Answer
	Two sections essentially correct and one section partially correct.



	2
	Developing Answer
	Two sections essentially correct OR one section essentially correct and one or two sections partially correct OR all three sections partially correct.



	1
	Minimal Answer
	One section essentially correct OR two sections partially correct.












AP Score for the Diagnostic Test

Multiple-Choice section (40 questions)

Number correct × 1.25 = _____________

Free-Response section (5 open-ended questions plus an investigative task)


[image: images]


Total points from Multiple-Choice and Free-Response sections = _____________

Conversion chart based on a recent AP exam:








	Total Points
	AP Score





	70–100
	5



	55–69
	4



	40–54
	3



	30–39
	2



	0–29
	1










Study Guide for the Diagnostic Test Multiple-Choice Questions

Circle all of the questions you answered incorrectly, and focus your review on the unit or units that contain the most circled questions.

UNIT 1: Exploring One-Variable Data

Questions 1, 10, 12, 19, 21, 28, 35, 38

UNIT 2: Exploring Two-Variable Data

Questions 6, 19, 26, 31

UNIT 3: Collecting Data

Questions 5, 13, 14, 22, 25, 32

UNIT 4: Probability, Random Variables, and Probability Distributions

Questions 3, 9, 11, 20, 24, 29, 39

UNIT 5: Sampling Distributions

Questions 17, 24, 36

UNIT 6: Inference for Categorical Data: Proportions

Questions 7, 8, 9, 13, 15, 33

UNIT 7: Inference for Quantitative Data: Means

Questions 4, 7, 8, 9, 16, 30, 34, 37

UNIT 8: Inference for Categorical Data: Chi-Square

Questions 27, 40

UNIT 9: Inference for Quantitative Data: Slopes

Questions 2, 18, 23












Part 2 Units Review











1 Exploring One-Variable Data


6–9 multiple-choice questions on the AP exam


Learning Objectives

In this unit, you will learn how


	To be able to distinguish between categorical variables and quantitative variables.

	To be able to create and interpret a bar graph for categorical data given as a frequency or relative frequency table.

	To be able to calculate summary statistics for univariate (one-variable) quantitative data including center (mean and median), variability (range, interquartile range, variance, and standard deviation), and the five-number summary (minimum, Q1, median, Q3, and maximum).

	To be able to describe univariate quantitative data including shape (such as bell-shaped, symmetric, right or left skewed, uniform, unimodal, or bimodal), center, spread (variability), and unusual features (such as gaps, clusters, modes, and outliers), and always remembering to do so in context (including units).

	To be able to create displays for quantitative data including dotplots, stemplots, histograms, and boxplots.

	To be able to read and interpret specific information from the above displays and from cumulative frequency graphs.

	To be able to compare two distributions, being sure to use comparative terminology rather than simply making two separate lists, and again not forgetting context.

	To be able to calculate using the empirical rule applied to normal distributions.





The first two units involve descriptive statistics, taking one-variable and two-variable data, displaying them, drawing conclusions from the displays and basic calculations, and communicating these observations. As an introduction to what is expected on the exam, consider the following example.

 Example 1.1

An association between life expectancy and educational attainment is illustrated in the following graphs.


[image: 5 pairs of bar graphs, each with female height higher than male Scatterplot linear, strong, positive]



	What does this say about women’s versus men’s life expectancies? Explain.

	Does this say that attaining a higher educational level will give a person greater life expectancy? Explain.

	Could a pie chart be used to display these data? Explain.

	Do the points in the second graph seem to follow a pattern that is linear or nonlinear? Is this pattern in the positive or negative direction? Is it strongly, moderately, or weakly aligned?

	Two points on the second graph are (12, 72) and (20, 84). They correspond to 25-year-olds who graduated from high school and graduate school, respectively. What information does the slope of a line between these points predict?



 Solution


	At each educational attainment level, women’s life expectancy is higher than men’s.

	This does not indicate a cause-and-effect relationship. Instead, it only shows an association. For example, it could be that more intelligent people attain higher educational levels and also take better care of their health and so have greater life expectancies. If this was the case, intelligence, not educational level, would lead to greater life expectancy.

	No, a pie chart could not be used to display these data because the life expectancy for each educational attainment level does not represent parts of a single whole.

	Visually, the points appear to follow a linear, positive, strong pattern because the points are tightly clustered around an upward-sloping, straight line.

	
The slope is (84 – 72)/(20 – 12) = 12/8 = 1.5. This predicts a 1.5-year rise in life expectancy for each additional year of education.




Categorical Variables

A categorical (or qualitative) variable takes on values that are category names or group labels. The values can be organized into frequency tables or relative frequency tables or can be represented graphically by displays such as bar graphs (bar charts), dotplots, and pie charts.

 Example 1.2

During the first week of 2024, the results of a survey revealed that 1,100 parents wanted to keep the school year to the current 180 days, 300 wanted to shorten it to 160 days, 500 wanted to extend it to 200 days, and 100 expressed no opinion. (Noting that there were 2,000 parents surveyed, percentages can be calculated.)

A table showing frequencies and relative frequencies:










	Desired School Length
	Number of Parents (frequency)
	Relative Frequency
	Percent of Parents





	180 days
	1,100
	1,100/2,000 = 0.55
	55%



	160 days
	300
	300/2,000 = 0.15
	15%



	200 days
	500
	500/2,000 = 0.25
	25%



	No opinion
	100
	100/2,000 = 0.05
	5%






NOTE

Frequency gives the number of cases falling into each category, while relative frequency gives the proportion or percent of cases falling into each category.



Bar graphs showing frequencies and relative frequencies:


[image: Bar chart showing frequencies of four choices. Bar chart showing relative frequencies (percents)]


Note that, as above, graphs should always have appropriate labeling and scaling.


The distribution of a variable describes the possible values the variable could assume and how often each of those values occurs.



 Example 1.3

When asked to choose their favorite hip-hop artist, 8 students chose Eminem, 5 picked 2Pac, 6 picked Notorious B.I.G., 3 picked Nas, and 3 picked Jay-Z. These data can be displayed in the following dotplot and pie chart.


[image: Dotplot with 5 columns: Eminem (8), 2Pac (5), B.I.G. (6), Nas (3), Jay-Z (3). Pie chart with 5 slices: Eminem (32%), 2Pac (20%), B.I.G. (24%), Nas (12%), Jay-Z (12%)]



NOTE

8 + 5 + 6 + 3 + 3 = 25, and 8/25 = 32%, 5/25 = 20%, 6/25 = 24%, and 3/25 = 12%.



Among those students who did not choose Eminem, what proportion chose Jay-Z?

 Solution

Because 25 – 8 = 17 students did not choose Eminem and 3 of these 17 students chose Jay-Z, the proportion is 317
.

 Example 1.4

The first years of the Covid-19 pandemic illustrated stark disparities in the health outcomes for people of color. The following bar chart shows 2020–2022 mortality data (cumulative mortality rates per 100,000 population) by race/ethnicity.


[image: Bar chart showing frequencies of four choices]


It would not be correct to use a pie chart to display these data because the mortality rate of each race/ethnicity does not represent parts of a single whole. Also, the order of race/ethnicity along the horizontal axis does not need to be in any specific order. Therefore, we do not talk about the “shape” of such a bar graph.

Bar graphs are useful when comparing categorical data.

 Example 1.5

How do Stephen Curry (SC), Michael Jordan (MJ), and Shaquille O’Neal (SO) compare with regard to free throw percentage (FT%), field goal percentage (FG%), and three-point percentage shooting (3P%)? This can be illustrated by using either of the following side-by-side bar graphs. The first graph groups by “type of shot,” and the second graph groups by “player” along the respective horizontal axes.


[image: First bar chart: FT, FG, 3P each have 3 bars. Second bar chart: SC, MJ, SO each have 3 bars]





Representing a Quantitative Variable with Tables and Graphs

A quantitative variable takes on numerical values for a measured or counted quantity. The values can be organized into frequency tables or relative frequency tables or can be represented graphically by displays such as dotplots, histograms, stemplots, cumulative relative frequency plots, or boxplots.

A quantitative variable can be categorized as either discrete or continuous. A discrete quantitative variable takes on a finite or countable number of values. There are “gaps” between each of the values. For example, the number of teachers in different schools throughout a state is a countable or finite amount in each school. No school has 100.7 or 252½ teachers. There is a “gap” between 100 and 101 and between 252 and 253. Other examples of discrete quantitative variables include the SAT scores of students in a school or the amount of money in bank accounts in a city. A continuous quantitative variable can take on uncountable or infinite values with no gaps, such as heights and weights of students. Time is a continuous quantitative variable because, for example, you can measure someone’s age as 18 years, 6 months, 17 days, 4 hours, 19 seconds, 39 milliseconds, … and so on.


TIP

To help decide if a variable is a quantitative variable, ask if it makes sense to find an average. For example,you can find the average “height of students” but not the average “eye color.”



 Example 1.6

The dotplot below shows the lengths of stay (in days) for all patients admitted to a rural hospital during the first week of January 2024.


[image: Skewed right dotplot from 1 to 28]


Histograms, which are useful for large data sets involving quantitative variables, show counts or percents falling either at certain values or between certain values. Although the AP Statistics exam does not stress the construction of histograms, there are often questions that involve interpreting given histograms.


TIP

Typically, discrete quantitative variables represent something that is being counted, whereas continuous quantitative variables represent something that is being measured.



 Example 1.7

Suppose there are 2,200 seniors in a city’s six high schools. Four hundred of the seniors are taking no AP classes, 500 are taking one, 900 are taking two, 300 are taking three, and 100 are taking four. These data can be displayed in the following histogram:


[image: Bar chart with 5 bars (heights are from paragraph)]


Sometimes, instead of labeling the vertical axis with frequencies, it is more convenient or more meaningful to use relative frequencies, that is, frequencies divided by the total number in the population. In this example, divide the "number of seniors" by the total number in the population.









	Number of AP classes
	Frequency
	Relative frequency





	0
	400
	400/2,200 = 0.18



	1
	500
	500/2,200 = 0.23



	2
	900
	900/2,200 = 0.41



	3
	300
	300/2,200 = 0.14



	4
	100
	100/2,200 = 0.05






[image: Bar chart with 5 bars giving proportions instead of frequencies]


Note that the shape of the histogram is the same whether the vertical axis is labeled with frequencies or with relative frequencies.

 Example 1.8

Consider the following histogram of exam scores, where the vertical axis has not been labeled.


[image: Histogram from 60 to 100 with 4 bars]


What can we learn from this histogram?

 Solution

It is impossible to determine the actual frequencies; that is, we have no idea if there were 25 students, 100 students, or any particular number of students who took the exam. However, we can determine the relative frequencies by noting the fraction of the total area that is over any interval.


[image: Same as previous histogram except 10 individual squares]


We can divide this area into 10 equal portions and then note that 110
, or 10%, of the area is between 60 and 70, so 10% of the students scored between 60 and 70. Similarly, 40% scored between 70 and 80, 30% scored between 80 and 90, and 20% scored between 90 and 100.


TIP

Relative frequencies are the usual choice when comparing distributions of different-size populations.



Although it is usually not possible to divide histograms so nicely into 10 equal areas, the principle of relative frequencies corresponding to relative areas still applies. Also note how this example shows the number of exam scores falling between certain values, whereas the previous example showed the number of AP classes taken for each value. Note also that it is impossible to say exactly what the minimum value is (only that it is between 60 and 70) or exactly what the maximum value is (only that it is between 90 and 100).

Although a histogram may show how many scores fall into each grouping or interval, the exact values of individual scores are lost. An alternative pictorial display, called a stemplot (also called a stem and leaf display), retains this individual information and is useful for giving a quick overview of a distribution, displaying the relative density and shape of the data. Each data value is split into a "leaf" (the last digit) and a "stem" (the first digit or digits). A stemplot contains two columns separated by a vertical line. The left column contains the stems, and the right column contains the leaves.

 Example 1.9

How many nonstop push-ups can a teenager between the ages of 15 and 18 do? In one study in a mixed-gender high school gym class, the numbers of push-ups were {2, 5, 7, 10, 12, 12, 14, 16, 16, 18, 19, 20, 21, 29, 32, 34, 35, 37, 37, 38, 39, 39, 42, 44, 50}.


[image: Number of pushups stemplot. 5 l 0 means 50 pushups. At 0, there were: 2, 5, 7. At 1 there were: 0, 2, 2, 4, 6, 6, 8, 9. At 2 there were: 0, 1, 9. At 3 there were: 2, 4, 5, 7, 7, 8, 9, 9. At 4 there were: 2, 4. At 5 there was 0. ]


Sometimes we sum frequencies and show the result visually in a cumulative relative frequency plot (also known as an ogive).


TIP

All stemplots must have keys!




NOTE

Stemplots must include all stems between the lowest and highest stem, even if that stem has no leaves in it. This is important to show any gaps in the data.



 Example 1.10

The following graph shows 2024 school enrollment in the United States by age.


[image: Cumulative frequency plot from age 3 to 40 leveling off about age 25]


What can we learn from this cumulative relative frequency plot? Possible answers: Place a finger on age 5 and slide it vertically along the grid line until your finger hits the graph. Then slide your finger horizontally toward the vertical axis. The value on the vertical axis is 0.15, and therefore 15% of the school enrollment is below age 5. Similarly, going over to the graph from 0.5 on the vertical axis, we see that 50% of the school enrollment is below and 50% is above a middle age of 11. Going up from age 29, we see that 0.95, or 95%, of the enrollment is below age 29, and thus 5% is above age 29. Going over from 0.25 and 0.75 on the vertical axis, we see that the middle 50% of school enrollment is between ages 6 and 7 at the lower end and age 16 at the upper end.




Describing the Distribution of a Quantitative Variable

When describing a distribution, always comment on Shape, Outliers, Center, and Spread (SOCS). Alternatively, you can use the acronym Center, Unusual features, Shape, and Spread (CUSS). Always mention context somewhere in the description. Important aspects that should be addressed include the following.


	
Shape: Although distributions come in an endless variety of shapes, certain common patterns deserve special mention.

	A symmetric distribution is one in which the two halves are mirror images of each other. For example, the weights of all people in some organizations fall into symmetric distributions with two mirror image bumps, one for men’s weights and one for women’s weights.

	A distribution is skewed to the right if it spreads far and thinly toward the higher values. For example, ages of nonagenarians (people in their 90s) is a distribution with sharply decreasing numbers as one moves from 90-year-olds to 99-year-olds.

	A distribution is skewed to the left if it spreads far and thinly toward the lower values. For example, track meet times often show a distribution bunched at a higher end with a few low values.

	A bell-shaped distribution is symmetric with a center mound and two sloping tails. For example, the distribution of IQ scores across the general population is roughly symmetric with a center mound at 100 and two sloping tails.

	
A distribution is uniform if its histogram is a horizontal line. For example, tossing a fair die and noting how many dots (pips) appear on top yields a roughly uniform distribution because 1 through 6 are all equally likely.

[image: 5 histograms illustrating symmetry, skewed right, skewed left, bell-shaped and uniform]








	Center: The center either separates the values (or the area under the curve in a histogram) roughly in half (the median) or is calculated as an average (the mean).

	Spread: The spread or variability is the scope of the values from smallest to largest. More specifically, the range, interquartile range, variance, and standard deviation are discussed depending on the distribution.

	Outliers: Outliers are values falling far outside the overall pattern. (For example, most people can hold their breath between 20 and 60 seconds; 5 seconds for a person with emphysema and 5 minutes for a free diver would be outliers in a breath-holding distribution.) Two specific mathematical definitions of outliers will be discussed later.

	Modes: Modes show major peaks. (For example, the numbers of siblings of each student in most high schools tends to be unimodal with a peak at 1 sibling, while the duration of Old Faithful’s eruptions is bimodal with peaks around both 1.9 and 4.5 minutes.) However, every little bump in the data should not be called a mode!

	Clusters: Clusters show natural subgroups into which the values fall. (For example, the salaries of teachers in Ithaca, NY, fall into three overlapping clusters: one for public school teachers, a higher one for Ithaca College professors, and an even higher one for Cornell University professors.)

	Gaps: Gaps show holes where no values fall. (For example, the Office of the Dean sends letters to students being put on the honor roll and to those being put on academic warning for low grades. Thus, the GPA distribution of students receiving letters from the dean has a huge gap in the middle.)




TIP

In the real world, distributions are rarely perfectly symmetric, perfectly bell-shaped, or perfectly uniform. So we usually say “roughly” or “approximately” symmetric, bell-shaped, or uniform.



You have already seen several of these on the previous pages:


	The dotplot in Example 1.6 illustrates a skewed right distribution with a center around a hospital stay of 6 days and a spread from 0 to 28 days.

	The histogram of Example 1.7 illustrates a roughly bell-shaped distribution with a center of 2 AP classes and a spread from 0 to 4 AP classes.

	The histogram of Example 1.8 illustrates a unimodal distribution with a center at an exam score of 80 and a spread from about 60 to about 100.

	The stemplot of Example 1.9 illustrates a bimodal distribution with a center of 21 push-ups, a spread from 2 to 50 push-ups, and a gap between 21 and 29 push-ups.



 Example 1.11

Hodgkin’s lymphoma is a cancer of the lymphatic system, the system that drains excess fluid from the blood and protects against infection. Consider the following histogram:


[image: Bimodal histogram with modes at ages 25 and 75]


The distribution of ages of diagnosis of female cases of Hodgkin’s lymphoma is bimodal, roughly symmetric, with a center around 50, a spread from 0 to around 93, and two distinct clusters centered around 25 and 75 years old.

 Example 1.12

The histogram below shows employee computer usage (number accessing the Internet) during given times at a company’s main office.


[image: Bimodal histogram with outlier on right]


The distribution of employee computer usage (number accessing the Internet) during given times is bimodal, with a center around 1 p.m., a spread from around 8 a.m. to around 9 p.m., a gap between 5 p.m. and 8 p.m., and an outlier or outliers between 8 p.m. and 9 p.m. Computer usage at this company appears heaviest at midmorning and midafternoon with a dip in usage during the noon lunch hour. You should look for reasons behind outliers. In this case, the evening usage could indicate employees returning after dinner or possibly a hacker using company computer power for free!


NOTE

In plots such as this, there is no way to know the exact minimum or maximum values, only intervals in which these values fall.



A distribution skewed to the left has a cumulative frequency plot that rises slowly at first and then steeply later. In contrast, a distribution skewed to the right has a cumulative frequency plot that rises steeply at first and then slowly later.

 Example 1.13

Consider the essay-grading policies of three teachers: Mr. Abrams gives very low scores; Mrs. Brown gives equal numbers of low and high scores; and Ms. Connors gives very high scores. Histograms of the grades (with 1 representing the lowest score and 4 representing the highest score) are as follows:


[image: 3 histograms: Abrams (skewed right), Brown (bell-shaped), Connors (skewed left)]


The distribution of Mr. Abrams’s scores is skewed right, of Mrs. Brown’s scores is roughly bell-shaped, and of Ms. Connors’s scores is skewed left. All three distributions are unimodal and have roughly the same spread from around 0 to around 4. The center of Mr. Abrams’s scores is the lowest, while the center of Ms. Connors’s scores is the highest. These distributions translate into the following cumulative frequency plots:


[image: 3 cumulative frequency plots: Abrams rises quickly at first and then levels off. Connots rises slowly at first and then more quickly.]







Quiz 1

Multiple-Choice Questions


DIRECTIONS: The questions that follow are each followed by five suggested answers. Choose the response that best answers the question.




	Data were collected on 100 stamps from around the world. Two variables were primary color and width of stamp. Are these variables categorical or quantitative?

	Both are categorical.

	Both are quantitative.

	Primary color is categorical and width is quantitative.

	Primary color is quantitative and width is categorical.

	This cannot be answered without further information.





	An elevator manufacturing company rates each elevator type with two variables: maximum number of passengers and maximum weight. Are these variables discrete or continuous?

	Both are discrete.

	Both are continuous.

	Number of passengers is discrete and weight is continuous.

	Number of passengers is continuous and weight is discrete.

	These are categorical, not quantitative, variables, so neither is discrete or continuous.





	The times, in minutes, taken by 155 high school students to complete a level of the video game Angry Birds are summarized in the histogram below.

[image: Histogram with number of students on the vertical axis and time (in minutes) on the horizontal axis. Also contains grid lines with squares. Between 5 10 10 minutes is spent by 10 students (1 square). Between 10 to 15 minutes is spent by 60 students (6 squares). Between 15 to 20 minutes is spent by 40 students (4 squares). Between 20 to 25 minutes is spent by 30 students (3 squares). Between 25 and 30 minutes is spent by 10 students (1 square). Between 30 and 35 minutes is spent by 5 students (0.5 squares). ]


Based on the histogram, which of the following must be true?


	The minimum time taken by any of these students was 5 minutes.

	The maximum time taken by any of these students was 35 minutes.

	If the times are arranged in order, the middle time would be between 10 and 15 minutes.

	If the times are arranged in order, the middle time would be between 15 and 20 minutes.

	The same number of students took less than 15 minutes as took over 20 minutes.





	Which of the following is a true statement?

	Stemplots are useful for both quantitative and categorical data sets.

	Stemplots are equally useful for small and very large data sets.

	Stemplots can show symmetry, gaps, clusters, and outliers.

	Stemplots may or may not show individual values.

	Stems may be skipped if there is no data value for a particular stem.





	
Which of the following is an incorrect statement?

	In histograms, relative areas correspond to relative frequencies.

	In histograms, frequencies can be determined from relative heights.

	Symmetric histograms may have multiple peaks.

	Two students working with the same set of data may come up with histograms that look different.

	Displaying outliers may be more problematic when using histograms than when using stemplots.





	A sales rep asked 50 Generation X, 75 Millennial, and 100 Generation Z respondents their preference between Company A and Company B with regard to sound quality of their smart speakers. The results are shown in the following table.








	 
	Company A
	Company B



	Generation X
	19
	31



	Millennials
	43
	32



	Generation Z
	68
	32





Which of the following statements is supported by the table?


	The same percentage of Millennials and Generation Z preferred Company B.

	The percentage of Generation X who preferred Company B is greater than the percentage of Millennials who preferred Company B.

	Less than half the non-Millennials preferred Company A.

	Of those who preferred Company A, more than half were either Generation X or Millennials.

	Of those who preferred Company B, less than half were not Generation Z.





	In a favorite movie survey of 20 AP Statistics students, 4 chose Comedy, 5 chose Action, 6 chose Romance, 1 chose Drama, and 4 chose Sci-Fi. These data are illustrated in the following pie chart.

[image: Pie chart with 5 slices illustrating numbers from text]


Among those not choosing Comedy or Romance, what proportion chose Sci-Fi or Action?


	4+5
4+6



	4+5
20-(4+6)



	4+5
20-(4+5)



	4+5
20


	1-4+5
20








Question 8 refers to the following five histograms:


	[image: Histogram with line in the shape of a triangle. ]

	[image: Histogram with line in the shape of an upside down triangle without the base. ]

	[image: Histogram with a horizontal straight line that begins a steady decline in the middle. ]

	[image: Histogram with a steady incline that turns into a straight line in the middle. ]

	[image: Histogram with a straight horizontal line. ]




	To which of the above five histograms does the following cumulative relative frequency plot correspond?

[image: Cumulative relative frequency plot with a line with a steady incline that eventually plateaus at 1.0. ]



	A

	B

	C

	D

	E







Question 9 refers to the following five cumulative relative frequency plots:


	[image: Cumulative relative frequency plot with a line with a positive slope. ]

	[image: Cumulative frequency plots. (B) concave up]

	[image: Cumulative frequency plots. (C) concave down]

	[image: Cumulative frequency plots. (D) concave up then down]

	[image: Cumulative frequency plots. (E) concave down then up]




	To which of the above cumulative relative frequency plots does the following histogram correspond?

[image: Histogram: linear positive]



	A

	B

	C

	D

	E







Free-Response Questions


DIRECTIONS: You must show all work and indicate the methods you use. You will be graded on the correctness of your methods and on the accuracy of your final answers.




	The miles run by 25 randomly selected runners during a given week are given below.










	Miles run (x)
	5 ≤ x < 10
	10 ≤ x < 15
	15 ≤ x < 20
	20 ≤ x < 25



	Frequency
	3
	11
	7
	4






	Construct a histogram.

	What percent of the runners ran under 15 miles?

	Construct a cumulative relative frequency plot.

	If each of the four intervals is divided in half and the corresponding numbers given, what percent would be under 15 miles?





	The dotplot below shows the numbers of goals scored by the 20 teams playing in a city’s high school soccer games on a particular day.

[image: Dotplot with goals scored by each team as horizontal axis. 0 goals scored by 1. 1 goal scored by 4. 2 goals scored by 6. 3 goals scored by 3. 4 goals scored by 2. 5 goals scored by 2. 6 goals scored by 0. 7 goals scored by 1. 8 goals scored by 0. 9 goals scored by 0. 10 goals scored by 1. ]



	Describe the distribution.

	One superstar scored six goals, but his team still lost. What are all possible final scores for that game? Explain.

	Is it possible that all the teams scoring exactly two goals won their games? Explain.





	
The winning percentages for a major league baseball team over the past 22 years are shown in the following stemplot:

[image: Stemplot where 55 l 6 means 55.6 percent. At 46 there is: 0 8. At 47 there is: 1 4 7 9. At 48 there is: 5 8 8 9. At 49 there is 3 4 7. At 50 there is nothing. At 51 there is nothings. At 52 there is: 5 8. At 53 there is: 2 5 6. At 54 there is: 4 8 9. At 55 there is: 6. ]



	Interpret the lowest value.

	Describe the distribution.

	Give a reason that one might argue that the team is more likely to lose a given game than win it.

	Give a reason that one might argue that the team is more likely to win a given game than lose it.





	A college basketball team keeps records of career average points per game of players playing at least 75% of team games during their college careers. The cumulative relative frequency plot below summarizes statistics of players graduating over the past 10 years.

[image: Cumulative relative frequency plot with points (3, 0), (5, 0.1), (7, 0.1), (10, 0.25), (20, 0.4), (28, 0.9), (30, 1.0)]



	Interpret the point (20, 0.4) in context.

	Interpret the intersection of the plot with the horizontal axis in context.

	Interpret the horizontal section of the plot from 5 to 7 points per game in context.

	The players with the top 10% of the career average points per game will be listed on a plaque. What is the cutoff score for being included on the plaque?

	What proportion of the players averaged between 10 and 20 points per game?







The answers for this quiz can be found beginning on page 475.




Summary Statistics for a Quantitative Variable

Given a raw set of data, often we can detect no overall pattern. Perhaps some values occur more frequently, a few extreme values may stand out, and the range of values is usually apparent. The presentation of data, including summarizations and descriptions, and involving such concepts as representative or average values, measures of variability, positions of various values, and the shape of a distribution, falls under the broad topic of descriptive statistics. This aspect of statistics is in contrast to inferential statistics, the process of drawing inferences from limited data, a subject discussed in later units.

In the following paragraphs, we consider the two primary ways of denoting the "center" of a distribution:


	The median, which is the middle number of a set of numbers arranged in numerical order.

	The mean, which is found by summing items in a set and dividing by the number of items.



 Example 1.14

Consider the following set of home run distances (in feet) to center field in 13 ballparks: {387, 400, 400, 410, 410, 410, 414, 415, 420, 420, 421, 457, 461}. What are the median and mean home run distances to center field for this set of 13 ballparks?

 Solution

The median is 414 feet (there are six values below 414 and six values above), while the mean is

387+400+400+410+410+⋯+457+461
13
=417.3 feet



The word median is derived from the Latin medius, which means “middle.” The values under consideration are arranged in ascending or descending order. If there is an odd number of values, the median is the middle one. If there is an even number of values, the median is found by adding the two middle values and dividing by 2. Thus the median of a set has the same number of elements above it as below it.


REMEMBER

Don’t forget to put the data in order before finding the median.



The median is not affected by exactly how large the larger values are or by exactly how small the smaller values are. Thus, it is a particularly useful measurement when the extreme values, outliers, are in some way suspicious or when you want to diminish their effect. For example, if 10 mice try to solve a maze and nine succeed in less than 15 minutes while one is still trying after 24 hours, the most representative value is the median (not the mean, which is over 2 hours). Similarly, if the salaries of four executives are each between $240,000 and $245,000 while a fifth is paid less than $20,000, again the most representative value is the median (the mean is under $200,000). It is often said that the median is “resistant” to extreme values.

Although the median is often useful in descriptive statistics, the mean, or more accurately, the arithmetic mean, is most important for statistical inference and analysis. Also, for the layperson, the "average" is usually understood to be the mean.

The mean of a whole population (the complete set of items of interest) is denoted by the Greek letter µ (mu), while the mean of a sample (a part of a population) is denoted by x̅. For example, the mean value of the set of all houses in the United States might be µ = $156,400, while the mean value of 100 randomly chosen houses might be x̅ = $152,100 or perhaps x̅ = $163,800 or even x̅ = $224,000. (Each sample will probably contain different dollar amounts than other samples and therefore will likely have a different mean than other samples.) In statistics we learn how to estimate a population mean from a sample mean. 


NOTE

A parameter, such as μ, is a numerical summary of a population, while a statistic, such as x¯
, is a numerical summary of sample data.



Mathematically, the mean = ∑x

n

, where Σx represents the sum of all the elements of the set under consideration and n is the actual number of elements. Σ is the uppercase Greek letter sigma.

 Example 1.15

Suppose the salaries of the six part-time employees at a computer security company are $3,000; $7,000; $15,000; $22,000; $23,000; and $38,000.


	What are the mean and median salaries?

	What will the new mean and median salaries be if everyone receives a $3,000 increase?

	What will the new mean and median salaries be if only the person with the highest salary receives a $3,000 increase?

	What will be the new mean and median if everyone receives a 10% raise?



 Solution


	The mean is 3,000+7,000+15,000+22,000+23,000+38,000
6
=$18,000.
The median is 15,000+22,000
2
=$18,500.



	The mean is 6,000+10,000+18,000+25,000+26,000+41,000
6
=$21,000.
The median is 18,000+25,000
2
=$21,500.

Note that adding the same constant to each value increases both the mean and the median by that same constant ($18,000 + $3,000 = $21,000 and $18,500 + $3,000 = $21,500).



	The mean is 3,000+7,000+15,000+22,000+23,000+41,000
6
=$18,500.
The median is 15,000+22,000
2
=$18,500.

Note that the mean, unlike the median, is sensitive to a change in any value.



	The mean is 3,300+7,700+16,500+24,200+25,300+41,800
6
=$19,800.
The median is 16,500+24,200
2
=$20,350.

Note that multiplying each value by the same constant multiplies both the mean and the median by that same constant (110% of $18,000 is $19,800 and 110% of $18,500 is $20,350).





In describing a set of numbers, not only is it useful to designate a central value (mean or median), but also it is important to be able to indicate the variability of the measurements. An explosion engineer in mining operations aims for small variability—it would not be good for the 30-minute fuses actually to have a range of 10–50 minutes before detonation. On the other hand, a teacher interested in distinguishing better students from those who have difficulty with the material aims to design exams with large variability in results—it would not be helpful if all the students scored exactly the same. The players on two basketball teams may have the same average height, but this observation doesn’t tell the whole story. If the dispersions are quite different, one team may have a 7-foot player, whereas the other has no one over 6 feet tall. Two Mediterranean holiday cruises may advertise the same average age for their passengers. One, however, may have passengers only between 20 and 25 years old, while the other has only middle-aged parents in their forties together with their children under age 10.


TIP

Variability is the single most fundamental concept in statistics and is the key to understanding statistics.



To understand variability, we either calculate the mean and standard deviation (defined below) or calculate the following five-number summary of a data set:


	The minimum.

	The 25th percentile, Q1, is the median of the lower half of the data set. In other words, about 25% of the numbers in the data set lie below Q1 and about 75% lie above Q1.

	The median.

	
The 75th percentile, Q3, is the median of the upper half of the data set. In other words, about 75% of the numbers in the data set lie below Q3 and about 25% lie above Q3.

	The maximum.



There are four primary ways of describing variability, or dispersion:


	
Range: the difference between the largest and smallest values (or maximum minus minimum).

	Although the range gives a measure of spread, it is entirely dependent on the two extreme values and is insensitive to the values in the middle.

	Some quality control techniques involve taking periodic small samples and basing further action on the range found in such samples.





	
Interquartile range (IQR): the difference between the largest and smallest values after removing the lower and upper quartiles.

	IQR = range of middle 50% = Q3 – Q1 = 75th percentile minus 25th percentile.

	This removes the influence of extreme values.





	
Variance: the average of the squared differences from the mean.

	The variance of a complete population is σ2=Σ(x–μ)2
n
.

	The variance of a sample is s2=Σ(x–x¯
)2
n–1

.





	
Standard deviation (SD): the square root of the variance.

	The standard deviation of a complete population is σ=Σ(x–μ)2
n

.

	The standard deviation of a sample is s=Σ(x–x¯
)2
n–1


.

	The standard deviation gives a typical distance that each value is away from the mean. In other words, it is a representative value for the variability of a population or sample.

	Although variance is measured in square units, the standard deviation is measured in the same units as are the data.







There are two numerical rules for designating outliers:


	The more common rule is that outliers are any value less than Q1 – 1.5(IQR) or greater than Q3 + 1.5(IQR).

	An acceptable alternative rule is that outliers are all values located two or more standard deviations above, or below, the mean.



 Example 1.16

In a random sample of 40 NBA players, the points scored by each player on a particular game day are summarized in the following table and are shown in the dotplot.




	Number of points
	4
	6
	7
	10
	15
	21
	26
	32



	Number of players
	2
	5
	5
	11
	9
	6
	1
	1






[image: Dotplot with 2 values at 4, 5 values at 6 and 7, 11 values at 10, 9 values at 15, 6 values at 21, and 1 value at 26 and 32]



	
What is the five-number summary?

	What are the range and interquartile range? Show your work.

	Using the 1.5(IQR) rule, what values are outliers, if any? Show your work.

	The mean number of points scored is 12.55 with a standard deviation of 6.46. Using the two standard deviations rule, what values are outliers, if any? Show your work.



 Solution


	The minimum number of points scored is 4. With n = 40, count 10 values to obtain Q1 = 7. Counting 20–21 values shows that the median is 10. Counting 10 values from the high side gives Q3 = 15. The maximum is 32. The five-number summary is {4, 7, 10, 15, 32}.

	The range is Max minus Min = 32 – 4 = 28.The interquartile range is IQR = Q3 – Q1 = 15 – 7 = 8.

	Q1 – 1.5(IQR) = 7 – 1.5(8) = –5 and no values are below this.Q3 + 1.5(IQR) = 15 + 1.5(8) = 27 and there is one value, 32, above this.Using the 1.5(IQR) rule, there is one outlier, 32.

	
x¯
-2s=12.55-2(6.46)=-0.37 and no values are below this.x¯
+2s=12.55+2(6.46)=25.47 and there are two values, 26 and 32, above this.Using the two standard deviations rule, there are two outliers, 26 and 32.



 Example 1.17

Consider the following dotplots of student scores on an AP exam of four AP Calculus classes, each with 10 students. Without making any calculations, arrange the four classes in order from smallest SD to largest SD.


[image: Class A: all dots at 3. Class B: 5 dots at 1 and at 5. Class C: 2 dots at 1, 2, 3, 4 and 5. Class D: 1 dot at 1 and 5, 2 dots at 2 and 4, 4 dots at 3]


 Solution

Although all four classes have a mean score of 3, variability is the issue, as it is unique for each class. The scores in Class A have no variability at all, so the SD is smallest for Class A. The scores in Class B are all as far as possible away from the mean, so the SD is greatest for Class B. Note that Class D has more scores near the middle, while Class C has more scores further from the middle. So the SD for Class D is less than the SD for Class C. The correct ordering of the classes from smallest SD to largest SD is: A-D-C-B.

We have seen ways of choosing a value to represent the center of a distribution. We also need to be able to talk about the position of other values. There are three important, recognized procedures for designating position:


	
Simple ranking, which involves arranging the elements in some order and noting where in that order a particular value falls;

	
Percentile ranking, which indicates what percentage of all values fall at or below the value under consideration;

	The z-score, which states very specifically the number of standard deviations a particular value is above or below the mean.



 Example 1.18

It is recommended that the “good cholesterol,” high-density lipoprotein (HDL), be present in the blood at levels of at least 40 mg/dL. Suppose all 50 members of a high school football team are tested, and the resulting HDL levels are as follows: {53, 26, 45, 33, 64, 29, 73, 29, 21, 58, 70, 41, 48, 55, 55, 39, 57, 48, 9, 59, 56, 39, 68, 50, 65, 30, 38, 54, 49, 35, 56, 70, 43, 86, 52, 40, 28, 40, 67, 50, 47, 54, 59, 29, 29, 42, 45, 37, 51, 40}. The mean of this list is 47.22 mg/dL with a standard deviation of 15.05 mg/dL. Given that there are 31 higher HDL levels than 41, what is the position of the HDL score of 41 as measured in simple ranking, percentile ranking, and z-score?

 Solution

Since there are 31 higher HDL levels on the list, the 41 has a simple ranking of 32 out of 50. Of all the HDL levels, 19 are at or lower than 41, so the percentile ranking is 1950
=38%

. The HDL score of 41 has a z-score of 41−47.22
15.05

=-0.413

.


NOTE

A negative z-score indicates that a value is less than the mean.



Simple ranking is easily calculated and easily understood. We know what it means for someone to graduate second in a class of 435 or for a player from a team of size 30 to have the seventh-best batting average. Simple ranking is useful even when no numerical values are associated with the elements. For example, detergents can be ranked according to relative cleansing ability without any numerical measurements of strength.

Percentile ranking, the percent of the data that is less than or equal to a value, is helpful in comparing positions with different bases. We can more easily compare a rank of 176 out of 704 with a rank of 187 out of 935 by noting that the first has a rank of 75% and the second a rank of 80%. Percentile rank is also useful when the exact population size is not known or is irrelevant. For example, it is more meaningful to say that Jennifer scored in the 90th percentile on a national exam rather than trying to determine her exact ranking among some large number of test takers.

The quartiles, Q1 and Q3, lie one-quarter and three-quarters of the way up a list, respectively. Their percentile ranks are 25% and 75%, respectively. The interquartile range defined earlier can also be defined as Q3 − Q1. The deciles lie one-tenth and nine-tenths of the way up a list, respectively, and have percentile ranks of 10% and 90%.


NOTE

More formally, the first quartile, Q1, is the median of the half of the ordered data set from the minimum to the position of the median. The third quartile, Q3, is the median of the half of the ordered data set from the position of the median to the maximum.



The z-score is a measure of position that takes into account both the center and the dispersion of the distribution. More specifically, the z-score of a value tells how many standard deviations the value is from the mean. Mathematically, x − µ gives the raw distance from µ to x; dividing by σ converts this to number of standard deviations. Thus z=x−μ
σ

, where x is the raw score, µ is the mean, and σ is the standard deviation. If the score x is greater than the mean µ, z is positive; if x is less than µ, z is negative.

Given a z-score, we can reverse the procedure and find the corresponding raw score. Solving for x gives x = µ + zσ.

 Example 1.19

Because of hurricanes, refinery outages, and Middle East tensions, the mean price of gasoline in one northeast city hit $3.80 per gallon with a standard deviation of $0.05. Then $3.90 has a z-score of 3.90−3.80
0.05

=+2
, while $3.65 has a z-score of 3.65−3.80
0.05

=−3
. Alternatively, a z-score of +2.2 corresponds to a raw score of 3.80 + 2.2(0.05) = 3.80 + 0.11 = 3.91, while a z-score of −1.6 corresponds to 3.80 − 1.6(0.05) = 3.72.

It is often useful to portray integer z-scores and the corresponding raw scores as follows:


[image: 2 number lines: top is from 3.65 to 3.95, increasing by 0.05, labeled Price per gallon ($) bottom is from -3 to 3, increasing by 1, labeled z-score]


One purpose of z-scores is to act as a common "measuring stick" with which to compare values from different populations. For example, a high school senior might have a higher GPA than a high school sophomore, but the senior’s GPA might be less far above the average GPA of seniors than the sophomore’s GPA is above the average GPA of sophomores. We can make a comparison using z-scores.

Changing units, for example, from dollars to rubles or from miles to kilometers, is common in a world that seems to become smaller all the time. It is instructive to note how measures of center, variability, and, by extension, position are affected by such changes.

Adding the same constant to every value increases the mean and median by that same constant; however, the distances between the increased values stay the same, and so the range and standard deviation remain unchanged. Multiplying every value by the same constant multiplies the mean, median, range, and standard deviation by that same constant. However, none of these changes will affect a simple ranking, a percentile ranking, or even a z-score.


NOTE

Another consequence is that no matter what the distribution of raw scores, the set of z-scores always has mean 0 and standard deviation 1.



 Example 1.20

A set of experimental measurements of the freezing point of an unknown liquid yield a mean of 25.32 degrees Celsius with a standard deviation of 1.47 degrees Celsius.


	If all the measurements are converted to the Kelvin scale, what are the new mean and standard deviation? (Kelvins are equivalent to degrees Celsius plus 273.16.)

	What is the z-score of 27 degrees Celsius?



 Solution


	The new mean is 25.32 + 273.16 = 298.48 Kelvins. The standard deviation, however, remains numerically the same, 1.47 Kelvins. Graphically, you should picture the whole distribution moving over by the constant 273.16; the mean moves, but the standard deviation (which measures variability) doesn’t change.

	For 27 degrees Celsius, z = (27 − 25.32)/1.47 = 1.14. It is instructive to note that 27 degrees Celsius corresponds to 27 + 273.16 = 300.16 Kelvins with again a z-score of z = (300.16 − 298.48)/1.47 = 1.14.



 Example 1.21

Measurements of the sizes of farms in an upstate New York county yield a mean of 59.2 hectares with a standard deviation of 11.2 hectares.


	If all the measurements are converted from hectares (metric system) to acres (one acre was originally the area a yoke of oxen could plow in one day), what are the new mean and standard deviation? (One hectare is equivalent to 2.471 acres.)

	What is the z-score of 55 hectares?



 Solution


	The new mean is 2.471 × 59.2 = 146.3 acres with a standard deviation of 2.471 × 11.2 = 27.7 acres. Graphically, multiplying each value by the constant 2.471 both moves and spreads out the distribution.

	
z = (55 − 59.2)/11.2 = −0.375. It is instructive to note that 55 hectares equals 2.471(55) = 135.905 acres, and again z = (135.905 − 146.3)/27.7 = −0.375.






Graphical Representations of Summary Statistics

 Example 1.22

Below is a histogram of the home prices (in $1,000) of a Midwestern urban city.


[image: Histograms with same shape, skewed right. 1st one showing mode at high point of graph; ]


The distribution of home prices is unimodal, is skewed right, has a mode of $200,000, and varies from $150,000 to about $525,000.


[image: Histograms with same shape, skewed right. 2nd one showing median with 50% on each side;]


The median, $265,000, divides the distribution in half, so it can be illustrated by a line that divides the area of the histogram in half.


[image: Histograms with same shape, skewed right. 3rd showing mean greater than at higher value than median (shown in 2nd histogram)]


The mean, $300,000, is affected by the spacing of all the values. If the histogram is considered a solid region, the mean corresponds to a line passing through the center of gravity, or balance point.

 Example 1.23

Suppose that the faculty salaries at a college have a median of $82,500 and a mean of $88,700. What does this indicate about the shape of the distribution of the salaries?

 Solution

The median is less than the mean, and so the salaries are probably skewed to the right. There are a few highly paid professors, with the bulk of the faculty at the lower end of the pay scale.

It should be noted that the above principle is a useful, but not hard-and-fast, rule.

 Example 1.24

The set given by the dotplot below is skewed to the right; however, its median (3) is greater than its mean (2.97).


[image: Dotplot skewed right]


We have seen that relative frequencies are represented by relative areas, and so labeling the vertical axis is not crucial. If we know the standard deviation, the horizontal axis can be labeled in terms of z-scores. In fact, if we are given the percentile rankings of various z-scores, we can construct a histogram.

 Example 1.25

Suppose we are asked to construct a histogram from these data:




	
z-score:
	–2
	–1
	0
	1
	2



	Percentile ranking:
	0
	20
	60
	70
	100





We note that the entire area is less than z-score +2 and greater than z-score −2. Also, 20% of the area is between z-scores −2 and −1, 40% is between −1 and 0, 10% is between 0 and 1, and 30% is between 1 and 2. Thus the histogram is as follows.


[image: Two histograms, same shape, first divided into 10 equal units]


Now suppose we are given four in-between z-scores as well:




	
z-score
	−2.0
	−1.5
	−1.0
	−0.5
	0.0
	0.5
	1.0
	1.5
	2.0



	Percentile ranking
	0
	5
	20
	30
	60
	65
	70
	80
	100






[image: Histogram showing more detail than previous two]


With 1,000 z-scores perhaps the histogram would look like:


[image: Dotplot with similar shape to above histogram but more detail]


The height at any point is meaningless; what is important is relative areas.


	In the final diagram above, what percentage of the area is between z-scores of +1 and +2?

	What percent is to the left of 0?



 Solution


	Still 30%.

	Still 60%.



A boxplot (also called a box and whisker display) is a visual representation of dispersion that shows the smallest value, the largest value, the middle (median), the middle of the bottom half of the set (Q1), and the middle of the top half of the set (Q3). The five numbers that are identified in a boxplot are called the five-number summary.

 Example 1.26

After an AP Statistics teacher hears that every one of her 27 students received a 3 or higher on the AP exam, she treats the class to a game of bowling. The individual student bowling scores are 210, 130, 150, 140, 150, 210, 150, 125, 85, 200, 70, 150, 75, 90, 150, 115, 120, 125, 160, 140, 100, 95, 100, 215, 130, 160, and 200. The students note that the greatest score is 215, the smallest is 70, the middle is 140, the middle of the top half is 160, and the middle of the bottom half is 100. A boxplot of these five numbers is


[image: Boxplot illustrating the 5-number summary]



TIP

The IQR is the length of the box, not the box itself. So, the median is in the box, or is between Q1 and Q3, but is not in the IQR.




Be careful about describing the shape of a distribution when all that you have is a boxplot. For example, “approximately normal” is never a possible conclusion.



Note that the display consists of two “boxes” together with two “whiskers”—hence the alternative name. The boxes show the spread of the two middle quarters; the whiskers show the spread of the two outer quarters. This relatively simple display conveys information not immediately available from histograms or stem and leaf displays.

Putting the above data into a list, for example, L1, on the TI-84, not only gives the five-number summary

1−Var Stats minX=70 Q1=100 Med=140 Q3=160 MaxX=215

but also gives the boxplot itself using STAT PLOT, choosing the boxplot from among the six type choices, and then using ZoomStat or in WINDOW, letting Xmin=0 and Xmax=225.


TIP

Note that a boxplot gives one measure of center (the median) and two measures of variability (the range and the IQR). A boxplot does not give information as to the mean or standard deviation.



Values more than 1.5 × IQR (1.5 times the interquartile range) outside the two boxes are plotted separately as outliers. As noted earlier, an accepted second method of calculating outliers is to designate as outliers all values located two or more standard deviations above, or below, the mean.

 Example 1.27

Inputting the lengths of words in a selection of Shakespeare’s plays results in the following summary statistics and histogram:




	n
	mean
	SD
	min
	Q1

	med
	Q3

	max



	498
	4.114
	2.085
	1
	3
	4
	5
	12






[image:  Histogram showing skew right]



	Find all outliers, if any.

	Draw a boxplot.



 Solution


	
Outliers consist of any word lengths less than Q1 − 1.5(IQR) = 3 − 1.5(5 − 3) = 0 or greater than Q3 + 1.5(IQR) = 5 + 1.5(5 − 3) = 8. (The second method of outlier calculation gives all values less than 4.114 – 2(2.085) = –0.056 or greater than 4.114 + 2(2.085) = 8.284.) Word lengths of 9, 10, 11, and 12 are outliers.

	
[image: Boxplot showing 4 outliers]
Note: In general, boxplots cannot show overall shape; however, they may suggest skewness.






NOTE

When outliers are present, the whiskers are drawn to the smallest and largest values that are not outliers; they are not drawn to Q1 − 1.5(IQR) and Q3 + 1.5(IQR) unless these are actual data values.



It should be noted that different sets can have the same five-number summary and thus the same boxplots but have dramatically different distributions.

 Example 1.28

Let A = {0, 5, 10, 15, 25, 30, 35, 40, 45, 50, 71, 72, 73, 74, 75, 76, 77, 78, 100}, B = {0, 22, 23, 24, 25, 26, 27, 28, 29, 50, 55, 60, 65, 70, 75, 85, 90, 95, 100} and C = {0, 10, 20, 25, 25, 30, 35, 40, 50, 60, 65, 70, 75, 75, 80, 90, 100}. Simple inspection indicates very different distributions; however, the TI-84 gives identical boxplots with Min = 0, Q1 = 25, Med = 50, Q3 = 75, and Max = 100 for each. The dotplots are shown below.


NOTE

Remember that concepts like symmetry, gaps, clusters, and overall shape are generally very difficult to conclude from just a boxplot.



Draw the common boxplot.


[image: Two distinct dotplots but a common boxplot Fairly uniform dotplot]


 Solution


[image: images]


 Example 1.29

Among the eleven new hires at a computer security company, two started with salaries at $45,000, two at $48,000, three at $50,000, one at $53,000, and two at $54,000. The eleventh new hire was the CEO’s nephew. His starting salary was $475,000. Summary statistics are as follows:




	n
	mean
	SD
	min
	Q1

	med
	Q3

	max
	IQR



	11
	88,364
	128,271
	45,000
	48,000
	50,000
	54,000
	475,000
	6,000





Someone applying to this company who is interested in a typical starting salary would probably want to delete the CEO’s nephew’s salary from consideration. Removing this outlier results in the summary statistics:




	n
	mean
	SD
	min
	Q1

	med
	Q3

	max
	IQR



	10
	49,700
	3302
	45,000
	48,000
	50,000
	53,000
	54,000
	5,000





Note that the mean and standard deviation, both sensitive to outliers, changed dramatically when the outlier was removed. However, the median and IQR, as well as Q1 and Q3, all resistant to outliers, changed only slightly, if at all, when the outlier was removed.




Comparing Distributions of a Quantitative Variable

Many studies involve comparing groups. Following are four examples showing comparisons involving back-to-back stemplots, side-by-side histograms, parallel boxplots, and cumulative frequency plots.

 Example 1.30

The numbers of wins for the 30 NBA teams at the end of a recent season are shown in the following back-to-back stemplot.


[image: Back-to-back stemplot where 7 l 1 l 9 represents Eastern and Western conference teams with 17 and 19 wins respectively. First row: 9 7 l 1 l 9. Second row: 9 2 l 2 l. Third row: 9 9 2 l 3 l 3 3 3 6 7 9. Fourth row: 9 8 2 2 1 l 4 l 8 8 9. Fifth row: 8 1 l 5 l 0 3 3 4 7. Sixth row: 0 l 6 l. ]



NOTE

The leaves radiate out from a common stem.




NOTE

Although both sets in this example are of the same size, in general you do not have to have the same number of data points on each side of the plot.



Compare the two distributions.

 Solution

Shape: The distribution of wins in the Eastern Conference (EC) is roughly bell-shaped, while the distribution of wins in the Western Conference (WC) is roughly uniform with a low outlier.

Center: Counting values (8th out of 15) gives medians of mEC = 41 and mWC = 48. Thus, the WC distribution of wins has the greater center.

Spread: The range of the EC distribution of wins is 60 − 17 = 43, while the range of the WC distribution of wins is 57 − 19 = 38. Thus, the EC distribution of wins has the greater spread.

Unusual features: The WC distribution has an apparent outlier at 19 and a gap between 19 and 33, which is different than the EC distribution that has no apparent outliers or gaps.


Important

When asked for a comparison, don’t forget to address Shape, Unusual features (Outliers, gaps, clusters), Center, and Spread (SOCS or CUSS) and to refer to context. You must use comparative words—that is, you must state which center and which spread is larger (or if they are approximately the same). Simply describing each distribution separately is not enough and will be penalized.



 Example 1.31

Two surveys, one of high school students and one of college students, asked students how many hours they sleep per night. The following histograms summarize the distributions.


[image: 2 histograms. High school: skewed right from 6 to 8.5. College: unimodal, symmetric, with 2 gaps]


Compare the two distributions.

 Solution

Shape: The distribution of sleep hours in the high school student distribution is skewed right, while the distribution of sleep hours in the college student distribution is unimodal and roughly symmetric.

Center: The median sleep hours for the high school students (between 6.5 and 7) is less than the median sleep hours for the college students (between 7 and 7.5).

Spread: The range of the college student sleep hour distribution is greater than the range of the high school student sleep hour distribution.

Unusual features: The college student sleep hour distribution has two distinct gaps, 5.5 to 6 and 8 to 8.5, and possible low and high outliers, while the high school student sleep hour distribution doesn’t clearly show possible gaps or outliers.

 Example 1.32

The following are parallel boxplots showing the daily price fluctuations of a particular common stock over the course of 5 years. What trends do the boxplots show?


[image: 5 parallel boxplots, median rising, Q3 stable, min rising]


 Solution

The parallel boxplots show that from year to year the median daily stock price has steadily risen 20 points from about $58 to about $78, the third quartile value has been roughly stable at about $84, the yearly low has never decreased from that of the previous year, and the interquartile range has never increased from one year to the next. Note that the lowest median stock price was 2019, and the highest was in 2023. The smallest spread (as measured by the range) in stock prices was in 2023, and the largest was in 2020. None of the price distributions shows an outlier.


TIP

Don’t forget to label and provide a scale for all graphs!



 Example 1.33

The graph below compares cumulative frequency plotted against age for the U.S. population in 1860 and in 1980.


[image: 2 cumulative frequency plots. 1860: Q1 = 9, med = 20, Q3 = 35. 1980: Q1 = 16, med = 32, Q3 = 50]


How do the medians and interquartile ranges compare?

 Solution

Looking across from 0.5 on the vertical axis, we see that in 1860 half the population was under the age of 20, while in 1980 all the way up to age 32 must be included to encompass half the population. Looking across from 0.25 and 0.75 on the vertical axis, we see that for 1860, Q1 = 9 and Q3 = 35 and so the interquartile range is 35 − 9 = 26 years, while for 1980, Q1 = 16 and Q3 = 50 and so the interquartile range is 50 − 16 = 34 years. Thus, both the median and the interquartile range were greater in 1980 than in 1860.
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