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Preface



In 2009 New York State adopted the Common Core Standards in order to qualify for President Obama’s Race To The Top initiative. The Common Core math is more difficult than the previous math curriculum, and the new state tests, including the Common Core Algebra II Regents, are more difficult as well.

Certain topics that had been in the Algebra II curriculum for decades have been removed for not being rigorous enough. Other topics have been added with the goal of making 21st-century American students more career and college ready than their predecessors.

The main topics that have been cut from the curriculum are permutations, combinations, Bernoulli trials, binomial expansion, and the majority of the trigonometric identities like the sine sum, cosine sum, sine difference, cosine difference, and the different double and half angle formulas. Other topics have been moved into earlier grades like the Law of Sines and the Law of Cosines. More than half the Trigonometry that had once been part of Algebra II is no longer part of the course.

Other topics have been added to fill the gaps left by those topics now considered obsolete. Primarily these are topics often taught in AP statistics as part of inferential statistics.

Aside from the change in topics, there is a change in the style of questions. There is a lot more need now for students to think more deeply about the topics as questions are intentionally phrased in a less straightforward way than they had been in the past.

Conquering the Algebra II test, something that was never an easy feat beforehand, has gotten that much more difficult and will require more test preparation than before. Getting this book is a great first step toward that goal. In addition to a review of all the topics that can appear on this test, there are nearly 1,000 practice questions of various levels of difficulty. The book can serve as a review or even as a way to learn the material for the first time. Teachers can also use this book to guide their pacing and to focus on the types of questions that are most likely to appear on the test while spending less focus on complicated aspects of the Common Core curriculum that are unlikely to be on the test.

The Common Core is part of a grand plan that is intended to propel our country to the top of the international rankings in math and reading. Good luck. We are all counting on you!

Gary Rubinstein
Math Teacher
2016



        
            How to Use This Book

        

        
            This book is designed to help you get the most out of your review for the new Regents exam in Algebra II. Use this book to improve your understanding of the Algebra II topics and improve your grade.  

            TEST-TAKING TIPS

            The first section in this book contains test-taking tips and strategies to help prepare you for the Algebra II Regents exam. This information is valuable, so be sure to read it carefully and refer to it during your study time. Remember: no single problem-solving strategy works for all problems—you should have a toolbox of strategies to pick from as you’re facing unfamiliar or difficult problems on the test. 

            PRACTICE WITH KEY ALGEBRA II FACTS AND SKILLS

            The second section in this book provides you with key Algebra II facts, useful skills, and practice problems with solutions. It provides you with a quick and easy way to refresh the skills you learned in class. 

            REGENTS EXAMS AND ANSWERS

            The final section of the book contains actual Algebra II Regents. These exams and thorough answer explanations are probably the most useful tool for your review, as they let you know what’s most important. By answering the questions on these exams, you will be able to identify your strengths and weaknesses and then concentrate on the areas in which you may need more study.

            Remember, the answer explanations in this book are more than just simple solutions to the problems—they contain facts and explanations that are crucial to success in the Algebra II course and on the Regents exam. Careful review of these answers will increase your chances of doing well. 

            SELF-ANALYSIS CHARTS

            Each of the Algebra II Regents exams ends with a Self-Analysis Chart. This chart will further help you identify weaknesses and direct your study efforts where needed. In addition, the chart classifies the questions on each exam into an organized set of topic groups. This feature will also help you to locate other questions on the same topic in the other Algebra II exam. 

            IMPORTANT TERMS TO KNOW 

            The terms that are listed in the glossary are the ones that have appeared most frequently on past Algebra II exams. All terms and their definitions are conveniently organized for a quick reference.

        

    

Test-Taking Tips and Strategies

Knowing the material is only part of the battle in acing the new Algebra II Regents exam. Things like improper management of time, careless errors, and struggling with the calculator can cost valuable points. This section contains some test-taking strategies to help you perform your best on test day.


Tip 1

Time Management



SUGGESTIONS


	

Don’t rush. The Algebra II Regents exam is three hours long. While you are officially allowed to leave after 90 minutes, you really should stay until the end of the exam. Just as it wouldn’t be wise to come to the test an hour late, it is almost as bad to leave a test an hour early.

	

Do the test twice. The best way to protect against careless errors is to do the entire test twice and compare the answers you got the first time to the answers you got the second time. For any answers that don’t agree, do a “tie breaker” third attempt. Redoing the test and comparing answers is much more effective than simply looking over your work. Students tend to miss careless errors when looking over their work. By redoing the questions, you are less likely to make the same mistake.

	

Bring a watch. What will happen if the clock is broken? Without knowing how much time is left, you might rush and make careless errors. Yes, the proctor will probably write the time elapsed on the board and update it every so often, but it’s better to be safe than sorry.




The TI-84 graphing calculator has a built in clock. Press the [MODE] to see it. If the time is not right, go to SET CLOCK and set it correctly. The TI-Nspire does not have a built-in clock.


[image: ]



Tip 2

Know How to Get Partial Credit




SUGGESTIONS


	

Know the structure of the exam. The Algebra Regents exam has 37 questions. The first 24 of those questions are multiple-choice worth two points each. There is no partial credit if you make a mistake on one of those questions. Even the smallest careless error, like missing a negative sign, will result in no credit for that question. Parts II, III, and IV are free-response questions with no multiple-choice. Besides giving a numerical answer, you may be asked to explain your reasoning. Part II has eight free-response questions worth two points each. The smallest careless error will cause you to lose one point, which is half the value of the question. Part III has four free-response questions worth four points each. These questions generally have multiple parts. Part IV has one free-response question worth six points. This question will have multiple parts.

	

Explain your reasoning. When a free-response question asks you to “Justify your answer,” “Explain your answer,” or “Explain how you determined your answer,” the grader is expecting a few clearly written sentences. For these, you don’t want to write too little since the grader needs to see that you understand why you did the different steps you did to solve the equation. You also don’t want to write too much because if anything you write is not accurate, points can be deducted.



Here is an example followed by two solutions. The first would not get full credit, but the second would.

Example 1

Use algebra to solve for x in the equation

Justify your  steps.

Solution 1 (partial credit):




	








	
I used algebra to get the x by itself. The answer was x = 15.






Solution 2 (full credit):




	








	
I used the subtraction property of equality to eliminate the +1 from the left-hand side. Then to make it so the x had a 1 in front of it, I used the multiplication property of equality and multiplied both sides of the equation by the reciprocal of
, which is
. Then since 1 ∙ x = x, the left-hand side of the equation just became x and the right-hand side became 15.







	


Computational errors vs. conceptual errors

In the Part III and Part IV questions, the graders are instructed to take off one point for a “computational error” but half credit for a “conceptual error.” This is the difference between these two types of errors.

  If a four-point question was x – 1 = 2 and a student did it like this,








the student would lose one point out of 4 because there was one computational error since 2 + 1 = 3 and not 4.

  Had the student done it like this,








the student would lose half credit, or 2 points, since this error was conceptual. The student thought that to eliminate the –1, he should subtract 1 from both sides of the equation.

  Either error might just be careless, but the conceptual error is the one that gets the harsher deduction.






Tip 3

Know Your Calculator



SUGGESTIONS


	

Which calculator should you use? The two calculators used for this book are the TI-84 and the TI-Nspire. Both are very powerful. The TI-84 is somewhat easier to use for the functions needed for this test. The TI-Nspire has more features for courses in the future. The choice is up to you. This author prefers the TI-84 for the Algebra Regents. Graphing calculators come with manuals that are as thick as the book you are holding. There are also plenty of video tutorials online for learning how to use advanced features of the calculator. To become an expert user, watch the online tutorials or read the manual.

	


Clearing the memory. You may be asked at the beginning of the test to clear the memory of your calculator. When practicing for the test, you should clear the memory too so you are practicing under test-taking conditions.

  This is how you clear the memory.

For the TI-84:

Press [2ND] and then [+] to get to the MEMORY menu. Then press [7] for Reset.


[image: ]


Use the arrows to go to [ALL] for All Memory. Then press [1].


[image: ]


Press [2] for Reset.


[image: ]


The calculator will be reset as if in brand new condition. The one setting that you may need to change is to turn the diagnostics on if you need to calculate the correlation coefficient.

For the TI-Nspire:

The TI-Nspire must be set to Press-to-Test mode when taking the Algebra Regents. Turn the calculator off by pressing [ctrl] and [home]. Press and hold [esc] and then press [home].


[image: ]


While in Press-to-Test mode, certain features will be deactivated. A small green light will blink on the calculator so a proctor can verify the calculator is in Press-to-Test mode.

  To exit Press-to-Test mode, use a USB cable to connect the calculator to another TI-Nspire. Then from the home screen on the calculator in Press-to-Test mode, press [doc], [9], and select Exit Press-to-Test.



	


Use parentheses

The calculator always uses the order of operations where multiplication and division happen before addition and subtraction. Sometimes, though, you may want the calculator to do the operations in a different order.

  Suppose at the end of a quadratic equation, you have to round

to the nearest hundredth. If you enter (–) (1) (+) (2ND) (x^2) (5) (/) (2), it displays


[image: ]


which is not the correct answer.

  One reason is that for the TI-84 there needs to be a closing parenthesis (or on the TI-Nspire, press [right arrow] to move out from under the radical sign) after the 5 in the square root symbol. Without it, it calculated
.
More needs to be done, though, since


[image: ]


still is not correct. This is the solution to



  To get this correct, there also needs to be parentheses around the entire numerator,




[image: ]


This is the correct answer.

  On the TI-Nspire, fractions can also be done with [templates].


[image: ]




	


Using the ANS feature

The last number calculated with the calculator is stored in something called the ANS variable. This ANS variable will appear if you start an expression with a +, –,  ×, or  ÷. When an answer has a lot of digits in it, this saves time and is also more accurate.

  If for some step in a problem you need to calculate the decimal equivalent of
, it will look like this on the TI-84:


[image: ]


For the TI-Nspire, if you try the same thing, it leaves the answer as
. To get the decimal approximation, press [ctrl] and [enter] instead of just [enter].


[image: ]


Now if you want to multiply this by 3, just press [×], and the calculator will display “Ans*”; press [3] and [enter].
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The ANS variable can also help you do calculations in stages. To calculate

without using so many parentheses as before, it can be done by first calculating

and then pressing [÷] and [2] and Ans will appear automatically.
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The ANS variable can also be accessed by pressing [2ND] and [–] at the bottom right of the calculator. If after calculating the decimal equivalent of

you wanted to subtract

from 5, for the TI-84 press [5], [–], [2ND], [ANS], and [ENTER]. For the TI-Nspire press [5], [–], [ctrl], [ans], and [enter].
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Tip 4

Use the Reference Sheet



SUGGESTIONS


	


In the back of the Algebra II Regents booklet is a reference sheet that contains 17 conversion facts, such as inches to centimeters and quarts to pints, and also 17 formulas. Many of these conversion facts and formulas will not be needed for an individual test, but the quadratic formula and the arithmetic sequence formula are the two that will come in the handiest.
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HOW MANY POINTS DO YOU NEED TO PASS?

The Algebra II Regents exam is scored out of a possible 86 points. Unlike most tests given in the year by your teacher, the score is not then turned into a percent out of 86. Instead each test has a conversion sheet that varies from year to year. For the June 2016 test, the conversion sheet looked like this.




	Raw Score
	Scale Score
	Raw Score
	Scale Score
	Raw Score
	Scale Score





	86
	100
	57
	82
	28
	68



	85
	99
	56
	82
	27
	67



	84
	98
	55
	81
	26
	66



	83
	97
	54
	81
	25
	65



	82
	97
	53
	81
	24
	64



	81
	96
	52
	80
	23
	63



	80
	95
	51
	80
	22
	61



	79
	94
	50
	80
	21
	60



	78
	94
	49
	79
	20
	58



	77
	93
	48
	79
	19
	55



	76
	92
	47
	79
	18
	54



	75
	91
	46
	78
	17
	53



	74
	91
	45
	78
	16
	51



	73
	90
	44
	77
	15
	49



	72
	89
	43
	77
	14
	47



	71
	89
	42
	77
	13
	44



	70
	88
	41
	76
	12
	42



	69
	88
	40
	76
	11
	39



	68
	87
	39
	76
	10
	37



	67
	87
	38
	75
	9
	34



	66
	86
	37
	75
	8
	31



	65
	86
	36
	74
	7
	27



	64
	85
	35
	73
	6
	24



	63
	84
	34
	73
	5
	20



	62
	84
	33
	72
	4
	17



	61
	84
	32
	72
	3
	13



	60
	83
	31
	71
	2
	9



	59
	83
	30
	70
	1
	4



	58
	82
	29
	69
	0
	0





On this test, 30 points became a 70, 57 points became an 82, and 73 points became a 90. This means that for this examination a student who got 30 out of 86, which is just 35% of the possible points, would get a 73 on this exam. 57 out of 86 is 66%, but this scaled to an 86. 64 out of 86, however, is actually 85% and became an 85. So in the past there has been a curve on the exam for lower scores, though the scaling is not released until after the exam.
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            Some Key Algebra II Facts and Skills

        

        1. Polynomial Expressions and Equations

        1.1 Polynomial Arithmetic

        A polynomial is an expression that combines numbers and variables raised to powers. 3x2 + 5x + 1 is an example of a polynomial.

        The terms of this polynomial are 3x2, 5x, and 1. Each term has a coefficient,  which is the number in front of the term. In the term 3x2, the coefficient is 3.

        Since the highest exponent in this polynomial is 2, we say that the degree  of this polynomial is 2. Polynomials that have a degree of 2 are sometimes called quadratic  polynomials. Polynomials that have a degree of 3 are sometimes called cubic  polynomials. This polynomial has 3 terms. Polynomials with 3 terms are sometimes called trinomials. Polynomials with 2 terms are sometimes called binomials.

        Adding and Subtracting Polynomials

        When terms have the same variable and the same exponent, they are called like terms. Like terms can be easily added or subtracted.

        
            
                
            

        

        Polynomials can be added or subtracted by combining their like terms.

        
            
                
            

        

        Multiplying Polynomials

        To multiply a polynomial by a constant, multiply that constant by each of the coefficients of each of the terms.

        
            
                
            

        

        
            	
                
                To multiply a polynomial by another polynomial, each term in the polynomial on the left must be multiplied by each term in the polynomial on the right, and all those products should then be added together.
                
                    
                        
                    

                

            

        

        In this example, both polynomials were binomials. When multiplying two binomials, this process is often called FOIL since the four combinations represent the Firsts, Outers, Inners, and Lasts.

        Dividing Polynomials

        Polynomial division is like long division. 

        Example

        Find the quotient and remainder of (6x2 + 13x + 8) ÷ (2x + 1).

        Solution:

        
            	
                
                Step 1: Write the problem as you would for long division.
                
                    
                        
                    

                

                Then, at each step, figure out what the first term of the divisor needs to be multiplied by.

            

            	
                
                Step 2: Determine what 2x must be multiplied by to make it 6x2, and then multiply 2x + 1 by that and subtract and bring down the next term.
                
                    
                        
                    

                

            

            	
                
                Step 3: Determine what 2x must be multiplied by to make it 10x, and then multiply 2x + 1 by that and subtract. There will be no other terms to bring down.
                
                    
                        
                    

                

            

            	
                
                Step 4: The solution is 3x + 5 and the remainder is 3. You can  write 3x + 5 R3 or as a fractional remainder
                .
            

        

        1.2 Factoring Polynomials

        Greatest Common Factor Factoring

        If all the terms of a polynomial have a common factor, that factor can be “factored out.”

        Example

        Factor 6x3 + 15x2 + 21x.

        Solution:

        Since each coefficient is divisible by 3 and each variable part is divisible by x, the common factor is 3x. When it is factored out, it becomes 3x(2x2 + 5x + 7). 

        Difference of Perfect Square Factoring

        A polynomial of the form x2 – a2 can be factored into (x – a)(x + a).

        Example

        Factor x2 – 9.

        Solution:

        Since this can be written as x2 – 32, it can be factored into 

        
            
        

        Perfect Square Trinomial Factoring

        A polynomial of the form x2 + 2ax + a2 can be factored into 

        
            
                
            

        

        Example

        Factor x2 + 10x + 25.

        Solution:

        Since this can be written as x2 + 2 · 5 · x + 52, it can be factored into (x + 5)2. In general, if the square of half the coefficient of the x is equal to the constant term, this factoring pattern can be used. 

        Since
            
            this factoring pattern applies.

        General Trinomial Factoring

        A polynomial of the form x2 + bx + c can be factored into 

        
            
        

        if m and n can be found so that m + n = b and m · n = c.

        Example

        Factor x2 + 5x + 6. 

        Solution:

        Since there are two numbers 2 and 3 such that 2 + 3 = 5 and 2 · 3 = 6, this can be factored into (x + 2)(x + 3).

        Factor by Grouping

        Certain cubic expressions can be factored by a two-step process called grouping.

        Example

        Factor 2x3 + 4x2 + 6x + 12. 

        Solution:

        
            	
                
                Step 1:  Find a common factor for the first two terms, and factor it out of them: 2x2(x + 2) + 6x + 12

            	
                
                Step 2:  Find a common factor for the last two terms, and factor it out of them: 2x2(x + 2) + 6(x + 2)

            	
                
                Step 3:  If these two parts have a common factor, as they do in this case with (x + 2), factor that out of both terms:
                
                    
                        
                    

                

            

        

        Notice that 2x2 + 6 can be further factored as 2(x2 + 3). The final answer is 2(x + 2)(x2 + 3).  

        1.3 The Remainder Theorem and the Factor Theorem

        There is a short cut for finding the remainder when a polynomial is divided by a binomial of the form x – a.

        
            MATH FACTS

            The remainder when a polynomial is divided by x – a will always be the same as the value of the polynomial when x = a is substituted into it.

        

        Example

        What is the remainder of (x2 + 5x – 8) ÷ (x – 3)?

        Solution:

        According to the Remainder Theorem, the remainder will be equal to

            32 + 5 · 3 – 8 = 9 + 15 – 8 = 16. 

        
            MATH FACTS

            There is a shortcut for determining if x – a is a factor of another polynomial. If the value of the polynomial is zero when x = a is substituted into it, then x – a is a factor.

        

        Example

        Is x – 3 a factor of x3 + 2x2 – 12x – 9?

        Solution: 

        Since 33 + 2 · 32 – 12 · 3 – 9 = 27 + 18 – 36 – 9 = 0, x – 3 is a factor of x3 + 2x2 – 12x – 9.

        1.4 Polynomial Equations

        A polynomial equation  has a polynomial on either one or both sides of the equal sign. The simplest type of polynomial equation has a zero on one side of the equal sign and a polynomial that can be factored on the other side.

        Example

        Solve for all values of x if x2 + 7x + 10 = 0.

        Solution:

        
            
                
            

        

        For a product to be zero, at least one of the factors must be zero so either x + 2 = 0 or x + 5 = 0.

        
            
                
            

        

        The solution set is {–2, –5}.

        Solving Quadratic Equations When the Polynomial Cannot Be Factored

        An equation like x2 + 6x + 7 = 0 cannot be solved like the previous example since the polynomial cannot be factored. When this happens, there are two methods for solving it.

        Method 1: Completing the Square

        
            	
                
                Step 1:  Eliminate the constant from the right side by subtracting 7 from both sides.
                
                    
                        
                    

                

            

            	
                
                Step 2:  “Complete” the square by adding the square of half the coefficient on the x to both sides of the equation. For this   example, add
                
                to both sides.
                
                    
                        
                    

                

            

            	
                
                Step 3:  The left-side polynomial is now a perfect square polynomial, which can be factored to (x + 3)2. Take the square root of both sides and eliminate the constant from the left-hand side.

                

                
                    
                        
                    

                

            

        

        Method 2: The Quadratic Formula

        To solve equations of the form ax2 + bx + c = 0, use the formula
            . For this example, a = 1, b = 6, and c = 7.

        
            
                
            

        

        1.5 Graphs of Equatic Expressions

        The graph of y = ax2 + bx + c will be a parabola. If a > 0, the parabola will open “upward” like the letter u. If a < 0, the parabola will open “downward” like the letter n.

        The graph of y = x2 + 6x + 8 looks like this:

        
            [image: ]
        

        
            	
                
                Four important points on the parabola are the vertex, the y-intercept, and the x-intercepts. There can be 0, 1, or 2 x-intercepts.

                The y-intercept is at (0, c), which is (0, 8) for y = x2+ 6x + 8.

                 The x-intercept(s) can be found by solving, if possible, the equation 0 = x2 + 6x + 8. This might require factoring, completing the square, or using the quadratic formula.

                
                    
                        
                    

                

                
                    
                        
                            
                                	
                                    
                                
                                	or

                                    

                                    or
                                	
                                    
                                
                            

                        
                    

                

                 The x-intercepts are (–2, 0) and (–4, 0).

                 The vertex is the low point if the parabola looks like a u and the high point if it looks like an n. The x-coordinate of the vertex is always
                    . For this example, that is

                
                    
                        
                    

                

                 To get the y-intercept of the vertex, substitute the x-value you just calculated into the equation.

                
                    
                        
                    

                

                 The coordinates of the vertex are (–3, –1).

                
                    [image: ]
                

            

        

        
            	
                
                If an equation has the form y = a(x – h)2 + k, the graph will also be a parabola. If a > 0, it looks like a u. Otherwise, it looks like an n. This form is called vertex form since the numbers in the place of h and k will be the vertex of the parabola.

        

        Example

        What is the vertex of the graph of y = 1(x + 3)2 – 1?

        Solution:

        Since this can be written as y = 1(x –(–3))2 + (–1), the h is –3 and the k is –1 so the vertex is at (–3, –1).

        Focus and Directrix of a Parabola

        
            	
                
                Every parabola also has associated with it an invisible horizontal line called the directrix  and an invisible point called the focus.

        

        If the equation is y = ax2 + bx + c or y = a(x – h)2 + k, the focus is
            
            units above the vertex, and the directrix is
            
            units below the vertex.

        For y = x2 + 6x + 8, the vertex is (–3, –1) and
            
            so the focus is
            
            units above the vertex at
            
            and the directrix is
            .

        
            [image: ]
        

        Graphs of Higher-Degree Polynomials

        For degree greater than 2, the graph of the polynomial resembles a snake with the number of turns usually one less than the degree.

        
            	
                
                The graph of the cubic y = (x – 1)(x + 1)(x – 2) has three x-intercepts because 0 = (x – 1)(x + 1)(x – 2) has three solutions.
                
                    
                        
                    

                

            

        

        The three x-intercepts are (1, 0), (–1, 0), and (2, 0).

        The graph of y = (x – 1)(x + 1)(x – 2) looks like this:

        
            [image: ]
        

        A double root  happens when two of the x-intercepts are located at the same point.

        In the equation y = (x – 2)(x – 2)(x + 1), the three x-intercepts are (2, 0), (2, 0), and (–1, 0). In the graph, the curve “bounces off” the x-axis at (2, 0), the location of the double root.

        
            [image: ]
        

    
        
            
                Practice Exercises

                
                
                
                
                
                
                
                
               
            

           
            
                
                	
                    
                    
                        What is (5x2 – 3x + 8) – (2x2 + 4x – 2)?

                    

                    
                        	3x2 – 7x + 10

                        	3x2 + x + 10

                        	3x2 – 7x + 6

                        	3x2 + x + 6

                    

                    
                

                	
                    
                    
                        Which shows x2 – 12x + 36 factored?

                    

                    
                        	(x + 6)2


                        	(x + 6) (x – 6)

                        	(x – 1)(x – 36)

                        	(x – 6)2


                    

                    
                

                	
                    
                    
                        What is the remainder when x3 + x2 – 9x – 5 is divided by x – 3?

                    

                    
                        	4

                        	5

                        	6

                        	7

                    

                    
                

                	
                    
                    
                        Which of the following is a factor of x3 + 3x2 – 10x – 24?

                    

                    
                        	(x – 1)

                        	(x – 2)

                        	(x – 3)

                        	(x – 4)

                    

                    
                

                	
                    
                    
                        What are the solutions to x2 – 6x + 4 = 0?

                    

                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                    
                

                	
                    
                    
                        Which is an equation of a parabola with its vertex at (3, –1)?

                    

                    
                        	
y = (x – 3)2 + 1

                        	
y = (x – 3)2 – 1

                        	
y = (x + 3)2 + 1

                        	
y = (x + 3)2 – 1

                    

                    
                

                	
                    
                    
                        What is the vertex of the parabola whose equation is y = x2 + 4x – 12?

                    

                    
                        	(–2, –16)

                        	(–2, –24)

                        	(2, 0)

                        	(2, –16)

                    

                    
                

                	
                    
                    
                        What is the equation of the directrix and the coordinates of the focus of the parabola y = 3x2?

                    

                    
                        	
y = –12 and (0, 12)

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                    
                

                	
                    
                    
                        What are the x-intercepts and y-intercept of y = (x – 2)(x + 4)(x + 5)?

                    

                    
                        	(–2, 0), (4, 0), (5, 0), (0, –40)

                        	(–2, 0), (4, 0), (5, 0), (0, 40)

                        	(2, 0), (–4, 0), (–5, 0), (0, –40)

                        	(2, 0), (–4, 0), (–5, 0), (0, 40)

                    

                    
                

                	
                    
                    
                        If a and b are positive integers, which could be the graph of y = (x – b)(x2 + 2ax + a2)?

                    

                    
                        	
                            
                                
                                    [image: ]
                                

                            

                        

                        	
                            
                                [image: ]
                            

                        

                        	
                            
                                [image: ]
                            

                        

                        	
                            
                                [image: ]
                            

                        

                    

                    
                

            

        

    Solutions


	
1
                        
                            
                                
                            

                        

                        The correct choice is (1).

    



	
4
                        Because the square of half the b is equal to the constant term,
                            , this is a perfect square trinomial and can be factored into
                            .

                        The correct choice is (4).

    



	
1
                        The Remainder Theorem says that you can get the remainder when dividing by x – a by substituting a for x into the expression you are dividing into.

                        
                            
                        

                        The correct choice is (1).

    



	
3
                        To check if (x – a) is a factor of a polynomial, substitute a for x into the polynomial, and if it evaluates to 0, (x – a) is a factor.  Testing all the choices, this only happens for choice (3).

                        
                            
                                
                            

                        

                        The correct choice is (3).

    



	
3
                        Using the quadratic formula,

                        
                            
                                
                            

                        

                        The correct choice is (3).

    



	
2
                        When the equation is in vertex form, y = (x – h)2 + k, the vertex of the parabola will be (h, k). If the vertex is (3, –1), the equation is y = (x – 3)2 + (–1) = (x – 3)2 – 1.

                        The correct choice is (2).

    



	
1
                        The x-coordinate of the vertex can be found with the formula 

                        
                            
                                
                            

                        

                        The y-coordinate can be found by substituting the x-coordinate into the equation and solving for y.

                        
                            
                                
                            

                        

                        The vertex is (–2, –16).

                        The correct choice is (1).

    



	
3
                        The focus is
                            
                            units above the vertex. When the equation for a parabola is of the form y = ax2, the vertex is (0, 0). Since a = 3,
                            .
                            So the focus is
                            .

                        The directrix is a horizontal line
                            
                            units below the vertex.

                        So the directrix is
                            .
                        

                        The correct choice is (3).

    



	
3
                        To find the y-intercept, substitute 0 into the equation  

                        
                            
                                
                            

                        

                        so the y-intercept is (0, –40).

                        To find the x-intercepts, find the solutions to the equation

                        
                            
                                
                            

                        

                        To get a product of zero, one of the factors must be 0 so either x – 2 = 0, x + 4 = 0, or x + 5 = 0. The solutions to these three equations are 2, –4, and –5 so the x-intercepts are (2, 0), (–4, 0), and (–5, 0).

                        The correct choice is (3).

    



	
1
                        The second factor is a perfect square trinomial so this can be factored to y = (x – b)(x + a)(x + a) = (x – b)(x + a)2. This means that there is a root at x = b to the right of the y-axis, and a double root at x = –a to the left of the y-axis. At a double root, the curve bounces off the x-axis. This happens in choice (1).

                        The correct choice is (1).

                    







        
        2. Rational Expressions and Equations

        2.1 Arithmetic with Rational Expressions

        
            	
                
                A rational expression  involves a fraction that has a polynomial in its denominator.
                
                    
                    is a rational expression.

                 A rational expression can have a polynomial in both the denominator and the numerator, such as the rational expression
                    .

            

        

        Reducing Rational Expressions

        To reduce a rational expression, factor the numerator and the denominator and “cancel out” any common factors.

        Example

        Reduce the expression
            .

        Solution:

        
            
                
            

        

        A Warning About ‘Canceling Out’

        When the numerator has two or more terms separated by a + or a –, you can only ‘cancel out’ something in the denominator if each of the terms in the numerator shares the common factor. 

        So 

        
            
                
            

        

        But you cannot do

        
            
                
            

        

        since the 5 did not get divided by the (x + 3).

        Multiplying Rational Expressions

        To multiply two rational expressions, first factor all polynomials in the numerators and denominators. You can then cancel out any factors in either of the denominators with any matching factors in any of the numerators.

        Example

        
            Multiply 
                
            

        

        Dividing Rational Expressions

        Divide by multiplying the expression on the left by the reciprocal of the expression on the right. If the division is represented as a fraction, multiply the numerator by the reciprocal of the denominator.

        Example

        
            
                
            

        

        Adding Rational Expressions

        If two rational expressions have the same denominator, their sum has that same denominator, and the numerator is the sum of the two numerators.

        Example

        
            
                
            

        

        
            	
                
                If two rational expressions have different denominators that have no common factor, the numerator and denominator of each rational expression must first be multiplied by the denominator of the other rational expression. The new rational expressions will have a common denominator and can then be added.

        

        Example

        What is
             ?

        Solution:

        
            
                
            

        

        
            	
                
                If two rational expressions have different denominators that do have a common factor, the common denominator will have each of the factors of each of the denominators in it, but just one of the common factors.

        

        Example

        What is
            ?

        Solution:

        Because both denominators have a factor of (x + 2), the common denominator will be (x + 2)(x + 3)(x + 5).

        
            
                
            

        

        Subtracting Rational Expressions

        Subtracting is just like adding, but you need to be more careful when subtracting since people sometimes improperly distribute the negative sign through the right-hand expression.

        Example

        What is
            ?

        Solution:

        
            
                
            

        

        A common error is to have a +6 instead of a –6 in the second to last step because of not distributing the –3 through.

        2.2 Rational Equations

        A rational equation  involves one or more rational expressions, like
            .

        
            	
                
                Step 1: Combine the two rational expressions using the methods from the previous section.
                
                    
                        
                    

                

            

            	
                
                Step 2: If the denominators are different, cross multiply. If the denominators are the same, as they are in this example, they can be ignored.
               
    
        
    



            

            	
                
                Step 3: Check your answer. Sometimes this process produces “fake” answers so the only way to know whether or not to reject any potential solutions is to substitute back into the original equation and see if the solution makes that equation true.
                Checking x = 3:

                
                    
                        
                    

                

                Since this is true, x = 3 is the solution to the original equation.

            

        

        2.3 Graphs of Rational Functions

        The graph of a rational function like
            
            has some properties that graphs of polynomial functions do not.

        
            
                [image: ]
            

        

        An asymptote of a graph is a line that is not part of the graph but functions like a wall that the graph gets closer and closer to without touching. The dotted lines indicate the location of these invisible asymptotes of the graph.

        The graph above has a horizontal asymptote of y = 2 and a vertical asymptote of x = 3.

        The graph of a rational function can have more than one vertical asymptote. Below is the graph of
            .

        
            
                [image: ]
            

        

        This graph has a horizontal asymptote of y = 0 and has two vertical asymptotes, one at x = 3 and the other at x = –1.

        It is possible to determine the equation of the vertical asymptotes by finding the x-value(s) that make the denominator of the rational expression equal to zero. For the above example, the equation (x – 3)(x + 1) = 0 has two solutions, x = 3 and x = –1, which are also the equations of the two vertical asymptotes.

        The horizontal asymptote is more complicated to calculate by hand but can easily be found by graphing the rational expression on the graphing calculator.

    
        
            
                Practice Exercises

                
                
                
                
                
                
                
                
            

            
                
                	
                    
                    
                        What is
                            
                            reduced to simplest terms?

                    

                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                    
                

                	
                    
                    
                        What is
                            
                            reduced to simplest terms?

                    

                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                            
                        

                        	
                            
                        

                    

                    
                

                	
                    
                    
                        What is
                            
                            reduced to simplest terms?

                    

                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                    
                

                	
                    
                    
                        What is
                            ?

                    

                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                    
                

                	
                    
                    
                        What is
                            ?

                    

                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                    
                

                	
                    
                    
                        Solve for x.

                        
                            
                                
                            

                        

                    

                    
                        	
                            
                            2

                        	
                            
                            3

                        	
                            
                            4

                        	
                            
                            5

                    

                    
                

                	
                    
                    
                        Solve for x.

                        
                            
                                
                            

                        

                    

                    
                        	
                            
                            4

                        	
                            
                            5

                        	
                            
                            6

                        	
                            
                            7

                    

                    
                

                	
                    
                    
                        A group of people contribute equal amounts of money to get a $24 gift for a friend. If two more people contributed and they all paid equal amounts, they would each pay $1 less. How many people were there originally?

                    

                    
                

                	
                    
                    
                        What are the asymptotes of the graph of
                            
                        

                    

                    
                        	
                            
                            x = 4, y = 0

                        	
                            
                            x = –4, y = 0

                        	
                            
                            x = 0, y = 4

                        	
                            
                            x = 0, y = –4

                    

                    
                

                	
                    
                    
                        Which could be the equation for this graph?

                        
                            
                                [image: ]
                            

                        

                    

                    
                        	
                            
                                
                                    R
                                    (
                                    x
                                    )
                                    =
                                    
                                        12
                                        
                                            x
                                            +
                                            2
                                        
                                    
                                
                                                    
                        

                        	
                            
                                
                                    R
                                    (
                                    x
                                    )
                                    =
                                    
                                        
                                            x
                                            +
                                            2
                                        
                                        12
                                    
                                
                            
                        

                        	
                            
                                
                                    R
                                    (
                                    x
                                    )
                                    =
                                    
                                        
                                            x
                                            -
                                            2
                                        
                                        12
                                    
                                
                            
                        

                        	
                            
                                
                                    R
                                    (
                                    x
                                    )
                                    =
                                    
                                        12
                                        
                                            x
                                            -
                                            2
                                        
                                    
                                
                            
                        

                    

                    
                

            

        

    Solutions


	
3
                        Factor the numerator and denominator, and cancel the common factor (x + 3).

                        
                            
                                
                            

                        

                        The correct choice is (3).

    



	
3
                        Factor both numerators and denominators, and cancel the common factors. A factor from the numerator in one of the fractions can be cancelled with a denominator in the other fraction.

                        
                            
                                
                            

                        

                        Cancel the (x + 1)s and the (x – 1)s. Then, since (4 – x) = 

                            –1(x – 4), the (4 – x) in the numerator of the first fraction can be canceled out with the (x – 4) in the second fraction, leaving a –1 in the numerator.

                        
                            
                                
                            

                        

                        The correct choice is (3).

    



	
4
                        Divide by multiplying the first expression by the reciprocal of the second.

                        
                            
                                
                            

                        

                        Cancel the (x + 3)s and the (x + 4)s.

                        
                            
                                
                            

                        

                        The correct choice is (4).

    



	
1
                        Since the two denominators have a common factor of (x + 2),

                            this factor is only used once in the common denominator, 

                            (x + 2)(x – 2)(x + 3)

                        
                            
                                
                            

                        

                        The correct choice is (1).

    



	
3
                        First factor the two denominators.

                        
                            
                                
                            

                        

                        Since the denominators have a common factor of (x + 3), 

                            this factor is only used once in the common denominator 

                            (x + 3)(x – 3)(x + 4).

                        
                            
                                
                            

                        

                        The correct choice is (3).

    



	
3
                        The common denominator for all three terms is (x + 2)(x – 3). Convert all terms to the common denominator, combine the two terms on the left side of the equal sign, and create an equation to find the value of x that makes the two numerators equal. Check your answer by substituting it back into the original equation.

                        
                            
                                
                            

                        

                        The correct choice is (3).

    



	
2
                        Factor the denominator of the fraction on the right side of the equal sign into (x – 4)(x – 1). The common denominator for all three terms is (x – 4)(x – 1). Convert all terms to the common denominator, combine the two terms on the left side of the equal sign, and create an equation to find the value of x that makes the two numerators equal. Check your answer by substituting it back into the original equation.

                        
                            
                                
                            

                        

                        The correct choice is (2).

    



	
                    
                    
                    
                        6 people

                        If there were originally x people, the amount each person would pay is
                            . If two more people were involved, there would be x + 2 people so the amount each person would pay is
                            . Since each person’s share would be $1 less if there were two more people, the equation relating these expressions is
                            . This can be solved by making all three terms have a common denominator of x(x + 2) and solving.

                        
                            
                                
                            

                        

                        Since the amount each pays must be positive, the –8 is rejected, and the only answer is x = 6.

                    

    

	
2
                        One way is to graph the function on the graphing calculator and see the curve approach the x-axis, which has equation y = 0, for large x-values and approach the vertical line x = –4 for values close to –4.

                        Even without the graphing calculator, you can find the equation of the vertical asymptote(s) by setting the denominator equal to zero.

                        
                            
                                
                            

                        

                        This is the equation of the vertical asymptote and only choice (2) has this as one of the asymptotes.

                        The correct choice is (2).

                



	
1
                        Since there is a vertical asymptote at x = −2 on the graph, there must be a x + 2 in the denominator of the rational expression.  This only happens in choice (1).

                        The correct choice is (1).

                    








3. Exponential and Logarithmic Expressions and Equations

3.1 Properties of Exponents

In an exponential expression like 35 = 3 · 3 · 3 · 3 · 3 = 243 the 3 is called the base and the 5 is called the exponent  or the power.

To multiply two exponential expressions with the same base like 38 · 32, the product has the same base as the factors do and the power of the product will be the sum (and not the product) of the powers of the factors.









USEFUL FORMULA








	Division is similar except you subtract the two exponents instead of adding them.












USEFUL FORMULA











	To raise an exponential expression to a power, like (38)2, multiply the two exponents together.








USEFUL FORMULA















	To raise a number or expression to a negative exponent, make a fraction with a numerator of 1 and a denominator with the same expression, but with the negative sign changed to a positive sign.












USEFUL FORMULA











	To raise a number or expression to a fractional exponent, like
,
take the third root of 8 and raise the answer to the fifth power.












USEFUL FORMULA










Anything but 0 raised to the 0th power is 1, for example 80 = 1.

It is not true that (5 + 3)2 = 52 + 32 since the left side is equal to 64 while the right side is equal to 34.

There is, though, a distributive property of exponents when a single term with multiple factors is raised to a power like (5 · 3)2 = 52 · 32.

3.2 Exponential Equations

If an equation involves two exponential equations with the same base, the exponents must be equal.

To solve for x in the equation 42x + 1 = 43x – 5, solve the equation 2x + 1 = 3x – 5 so x = 6.

If the bases are different, it is sometimes possible to convert one or both of the expressions so they do have the same base.

Example

Solve for x in 8x + 4 = 25x– 4. 

Solution:

Notice that 8 can be replaced with 23.








3.3 Logarithms

A logarithmic expression looks like log2 64. This can be evaluated to a number by thinking “To what power must the number 2 be raised in order to get a value of 64?” Since 26 = 64, log2 64 = 6.


USEFUL FORMULA

A logarithmic equation like loga b = c can be rearranged into an exponential equation ac = b.



Example

Write the equation log7 2,401 = x as an exponential equation. Then solve that equation by guess-and-check.

Solution:

The equation is 7x = 2,401. By testing different positive integers, it is quickly found that 74 = 2,401 so the solution is x = 4.

The TI-84 and the TI-Nspire calculators have logarithm (or, for short, log) functions, which can be used to solve logarithmic equations.





	







[image: ]



	

[image: ]










Example

Convert the equation 5x = 700 into a logarithmic equation, and then use the graphing calculator to approximate the answer to the nearest hundredth.

Solution:

The equation is log5 700 = x. Using the log function of your calculator, x = 4.07.

If, in an exponential equation, there is a number multiplied by the exponential expression, divide both sides of the equation by that number before converting the equation to a log equation.

Example

Solve for x in the equation 800 = 200 · 1.04x.

Solution:

Do not multiply 200 and 1.04. Instead first divide both sides of the equation by 200 to get 4 = 1.04x. This can then be solved with the graphing calculator as log1.04 4 = 35.35.


	

The number e is a mathematical constant that is equal to approximately 2.72. Many exponential equations have a base of e. Since e is such a popular base, there is a special key on the calculator, the LN key, which can be used to calculate log base e.



Example

Solve for x in the equation ex = 150.

Solution:

First rewrite as loge 150 = x. This can be solved with the graphing calculator by either doing loge 150 = 5.01 or, even shorter, ln 150 = 5.01.

3.4 Graphs of Exponential and Logarithmic Functions

The graph of y = 2x looks like a playground slide going up to the right. When the base of the exponent is less than 1, like in

it looks like a playground slide going down to the right.


[image: ]



[image: ]


Since any number except zero raised to the 0th power is 1, exponential graphs of the form y = bx have a y-intercept of (0, 1). They will also have a horizontal asymptote of y = 0 since raising a number greater than 1 to a very large negative power becomes a fraction with a very large denominator. Fractions with very large denominators are very close to zero.

The graph of a logarithmic function like y = log2 x is a reflection of the graph of y = 2x. This graph has an x-intercept of (1, 0) and a vertical asymptote at x = 0.


[image: ]


Logarithmic graphs can also be made on the graphing calculator.





	

[image: ]



	

[image: ]
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3.5 Modeling Real-World Scenarios with Exponential Equations

Many real-world problems involve things that grow or decay in a way that can be modeled with exponential equations.

Example

The population of a country can be modeled by the equation 

P = 50(1.02)T, where T is the number of years since 2010 and P is the population in millions. In what year will the population reach 75 million?

Solution:








It will reach the population of 75 million 20.5 years after 2010, or sometime between 2030 and 2031.


        
            
                Practice Exercises

                
                
                
                
                
                
                
                
            

            
                
                	
                    
                    
                        What is
                            ?

                    

                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                    
                

                	
                    
                    
                        Simplify (2x3y4)3.

                    

                    
                        	
                            
                            8x 27y64


                        	
                            
                            6x9y12


                        	
                            
                            8x9y12


                        	
                            
                            6x27y64


                    

                    
                

                	
                    
                    
                        Solve 4x = 256.

                    

                    
                        	
                            
                            4

                        	
                            
                            8

                        	
                            
                            16

                        	
                            
                            64

                    

                    
                

                	
                    
                    
                        Solve 8x + 4 = 2x + 4.

                    

                    
                        	
                            
                            2

                        	
                            
                            –2

                        	
                            
                            1

                        	
                            
                            –4

                    

                    
                

                	
                    
                    
                        The equation mx = n is equivalent to which of the following?

                    

                    
                        	
                            
                            logn m = x


                        	
                            
                            logm x = n


                        	
                            
                            logm n = x


                        	
                            
                            logn x = m


                    

                    
                

                	
                    
                    
                        What is the solution to x to the nearest tenth in 3 · 4x = 270?

                    

                    
                        	
                            
                            3.0

                        	
                            
                            3.1

                        	
                            
                            3.2

                        	
                            
                            3.3

                    

                    
                

                	
                    
                    
                        If x = log7 7123456789, what is the value of x?

                    

                    
                

                	
                    
                    
                        The population of West Algebra can be modeled by the equation P = 30 · 1.04T where T is the number of years since 2000 and P is the population in millions. How many million people will there be in 2020?

                    

                    
                        	
                            
                            63.7

                        	
                            
                            64.7

                        	
                            
                            65.7

                        	
                            
                            66.7

                    

                    
                

                	
                    
                    
                        The temperature of a cup of herbal tea can be modeled by the equation T = 90 · 0.7M + 75 where T is the temperature and M is the number of minutes since the tea was taken off the stove. How hot will the tea be 15 minutes after it is taken off the stove?

                    

                    
                        	
                            
                            75°

                        	
                            
                            77°

                        	
                            
                            79°

                        	
                            
                            81°

                    

                    
                

                	
                    
                    
                        Which equation is equivalent to the equation y = 50(1.07)12x?

                    

                    
                        	
                            
                            y = 50(2.1)x


                        	
                            
                            y = 50(1.5)2x


                        	
                            
                            y = 50(1.3)6x


                        	
                            
                            y = 53.512x


                    

                    
                

            

        

    Solutions


	
4
                        The denominator of the fraction goes outside the radical sign and the numerator becomes the exponent that the radical gets raised to.

                        
                            
                                
                            

                        

                        The correct choice is (4).

    



	
3
                        Each factor in the parentheses gets raised to the 3rd power. When something raised to a power is then raised to another power, the base does not change but the exponent becomes the product of the two exponents.

                        
                            
                                
                            

                        

                        The correct choice is (3).

    



	
1
                        Because this is a multiple-choice question, you can test the four choices and find that for choice (1), 44 = 256.

                        The correct choice is (1).

    



	
4
                        If possible, change both expressions so they have the same base. Since 8 = 23, this equation can be written as

                        
                            
                                
                            

                        

                        If the bases are equal and the expressions are equal, the exponents must be equal. This lead to a new equation.

                        
                            
                                
                            

                        

                        The correct choice is (4).

    



	
3
                        If mx = n, then by the definition of logs, logm n = x.

                        The correct choice is (3).

    



	
3
                        First eliminate the 3 by dividing both sides by 3.

                        
                            
                                
                            

                        

                        Rearrange this exponential equation into a log equation, and solve with the log function of the graphing calculator.  For the TI-84, press [MATH] [A]. For the TI-Nspire, press [log].

                        
                            
                                
                            

                        

                         x   = 3.2459, which, rounded to the nearest tenth, is 3.2.

                        The correct choice is (3).

    



	
                    
                    
                    
                        123456789

                        This can be rearranged to the exponential equation

                        
                            
                                
                            

                        

                    

    

	
3
                         Substitute T = 20 into the equation, and calculate with your calculator.

                        
                            
                                
                            

                        

                        The correct choice is (3).

    



	
1
                        Substitute M = 15 into the equation, and calculate with your calculator.

                        
                            
                                
                            

                        

                        The correct choice is (1).

    



	
2
                        The rule for raising a power to a power is (xa)b = xab. This rule also works in reverse xab = (xa)b. So (1.07)12x = (1.0712)x. Calculate 1.0712 = 2.25 so one equivalent equation is y = 50(2.25)x. Unfortunately, this is not one of the choices. But if you do this process for each of the choices you will see that choice (2), y = 50(1.5)2x = 50(1.52)x = 50(2.25)x is the correct answer.

                        The correct choice is (2).

                    








4. Radical Expressions and Equations

4.1 Simplifying Radicals

The square root of a perfect square, like
, will be a positive integer. In this case,

because 52   = 25.


	The square root of something that is not a perfect square, like
, will be an irrational number. In this case

will be between 5 and 6 because 52 = 25 and 62   = 36 and 27 is between 25 and 36. Using a calculator you can find that
.

	Radical expressions like . can be multiplied by multiplying the numbers inside the radicals together,  This process can also be reversed when simplifying the square root of any composite number like 




If the number inside the square root sign has a factor that is a perfect square, the expression can be simplified. Since 27 = 9 ⸱ 3 and 9 is a perfect square, .

Two radical expressions can be added or subtracted if the number inside the radical is the same, so  and .

4.2 Imaginary and Complex Numbers

The number i   is defined as
.



USEFUL FACTS

  The first four powers of i   are: 










Anytime a negative number is inside a square root sign it can be rewritten with an i. Because of this definition,







A number of the form ai, where a   is a real number, is known as an imaginary number.


	Imaginary numbers can be added or subtracted









	Imaginary numbers can be multiplied. Whenever an i2 appears in a solution, replace it with a     –1.











A number of the form a   + bi, where a   and b   are real numbers, is called a complex number. 5 + 3i   is a complex number.

Complex numbers can be added and subtracted









	Complex numbers can be multiplied. Whenever an i2   appears in a solution, replace it with a     –1.










Sometimes complex numbers appear when solving quadratic equations with the quadratic formula.

Example

Solve for all solutions in the equation x2   – 4x   + 13 = 0. 

Solution:

Using the quadratic equation, a   = 1, b   = –4, and c   = 13.








Since there is a negative number inside the radical sign, the solutions will be complex numbers.








There are two complex solutions x   = 2 + 3i   or x   = 2 – 3i.


	Complex numbers can be graphed as points on the complex plane.




[image: ]



USEFUL FORMULA

The absolute value of a complex number a   + bi   is the distance of the point that represents that number on the complex plane from the point that represents the number 0 + 0i. The formula is
.




The absolute value of 5 + 3i   is
.

4.3 Radical Equations

If an equation has one radical sign, isolate it and then square both sides of the equation to get a new equation. The solutions to that new equation may be solutions to the original equation.

Example

Solve for all values of x that satisfy the equation
.

Solution:


	

Step One: Isolate the radical.









	
Step Two: Square both sides.
















	
Step Three: Substitute answers back into the original equation to check if some solutions should be rejected.











The 4 must be rejected since it does not satisfy the original equation so the only solution is x = 9.

Solving an equation that involves two radical terms like

is a lengthy process. To solve it, first isolate one of the radical terms, square both sides, and continue with the problem by isolating the other radical term.








Check to see if the answer should be rejected.








The solution is x  = 8.

4.4 Graphs of Radical Functions

The graph of

is half of a sideways parabola.


[image: ]



        
            
                Practice Exercises

                
                
                
                
                
                
                
                
            

            
                
                	
                    
                    
                        What is
                            
                        

                    

                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                    
                

                	
                    
                    
                        What is 
                        

                    

                    
                        	
                            
                            30

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                    
                

                	
                    
                    
                        What is i66?

                    

                    
                        	
                            
                            –1

                        	
                            
                            1

                        	
                            
                            –i  

                        	
                            
                            i


                    

                    
                

                	
                    
                    
                        What is (3 + 5i) + (2 – 7i)?

                    

                    
                        	
                            
                            5 + 2i  

                        	
                            
                            –5 + 2i


                        	
                            
                            –5 – 2i


                        	
                            
                            5 – 2i


                    

                    
                

                	
                    
                    
                        Solve the quadratic equation x2   – 6x + 34 = 0.  

                    

                    
                        	
                            
                            3 ± 5i  

                        	
                            
                            –3 ± 5i  

                        	
                            
                            13, –7

                        	
                            
                            –13, 7

                    

                    
                

                	
                    
                    
                        What is   |12 – 5i|?

                    

                    
                        	
                            
                        

                        	
                            
                            12

                        	
                            
                            13

                        	
                            
                            7

                    

                    
                

                	
                    
                    
                        What value(s) of x   make the equation
                            
                            true?

                    

                    
                        	
                            
                            14

                        	
                            
                            25

                        	
                            
                            16

                        	
                            
                            16, 25

                    

                    
                

                	
                    
                    
                        Find all solutions to the equation
                            
                        

                    

                    
                        	
                            
                            13, 6

                        	
                            
                            13

                        	
                            
                            6

                        	
                            
                            4

                    

                    
                

                	
                    
                    
                        Solve for x.

                        
                            
                                
                            

                        

                    

                    
                        	
                            
                            6

                        	
                            
                            7

                        	
                            
                            8

                        	
                            
                            9

                    

                    
                

                	
                    
                    
                        Solve for x.

                        
                            
                                
                            

                        

                    

                    
                

            

        

    Solutions


	
1
                        Simplify each radical and, if they have the same number under the radical after simplifying, combine them.

                        
                            
                                
                            

                        

                        The correct choice is (1).

    



	
1
                        
                            
                                
                            

                        

                        The correct choice is (1).

    



	
1
                        Since i4 = 1, i64 = (i4)16 = 116 = 1. So i   raised to any multiple of 4 will be 1. 66 is not a multiple of 4, but it can be written as 

                            64 + 2 so i66 = i64+2 = i64 · i2 = 1 · i2 = –1.  

                        The correct choice is (1).

    



	
4
                        Combine like terms

                        
                            
                                
                            

                        

                        The correct choice is (4).

    



	
1
                        Using the quadratic formula with a   = 1, b   = –6, and c   = 34,

                        
                            
                                
                            

                        

                        The correct choice is (1).

    



	
3
                        The absolute value of the complex number a + bi   is 

                        
                            
                                
                            

                        

                        So
                            
                        

                        The correct choice is (3).

    



	
3
                        Isolate the radial expression, and square both sides.

                        
                            
                                
                            

                        

                        
                            
                                
                            

                        

                        Test each of these in the original equation to make sure that an extraneous solution was not created when both sides were squared.

                        For
                            
                        

                        For
                            
                        

                        The only solution is x = 16

                        The correct choice is (3).

    



	
3
                        Isolate the radical expression, square both sides, and solve the resulting equation.

                        
                            
                                
                            

                        

                        
                            
                                
                            

                        

                        Check both of these answers to see if they satisfy the original equation.

                        For
                            
                        

                        For
                            
                        

                        The only solution is x   = 6.

                        The correct choice is (3).

    



	
2
                        Isolate one radical; square both sides. Then isolate the other radical and square both sides. Solve the resulting equation, and check your answers for extraneous roots.

                        
                            
                                
                            

                        

                        Check x   = 7 in the original equation, 

                        
                            
                                
                            

                        

                        The correct choice is (2).

    



	
                    
                    
                    
                        
                            
                                
                            

                        

                    

                





        
        5. Trigonometric Expressions and Equations

        5.1 Unit Circle Trigonometry

        A unit circle    is a circle centered at (0, 0) that has a radius of one unit.

        If P is a point on the unit circle and point A is at (1, 0), then ∠AOP   is said to be in standard position. In the diagram below m∠AOP   = 27°.

        
            [image: ]
        

        Because triangle OPR is a right triangle, the x-coordinate and y-coordinate of point P can be found with trigonometry. The x-coordinate will always equal cos(∠AOP) and the y-coordinate will always equal sin(∠AOP). In the following diagram, the coordinates of P are (cos 27°, sin 27°) = (0.89, 0.45).

        
            [image: ]
        

        When point P is in quadrant II, the x-coordinate is negative so cos(∠AOP) < 0.

        When point P is in quadrant III, both the x-coordinate and the y-coordinate are negative so cos(∠AOP) < 0 and sin(∠AOP) < 0.

        When point P is in quadrant IV, the y-coordinate is negative so sin(∠AOP) is negative.

        
            [image: ]
        

        
            	If the x-coordinate of a point P on the unit circle is known, the sin–1 function on the calculator can be used as a step in finding the measure of ∠AOP. If the y-coordinate of a point P on the unit circle is known, the cos–1 function on the calculator can be used as a step in finding the measure of ∠AOP.

        

        Example

        If the coordinates of P on the unit circle are (0.48, 0.87), what is m∠AOP?

        Solution:

        P is in quadrant I so m∠AOP is between 0° and 90°. Since the x-coordinate of the point is 0.48, ∠AOP = cos–1(0.48) = 61°. You could also use the y-coordinate to find ∠AOP = sin–1(0.48) = 39°.

        
            [image: ]
        

        
            	If point P is not in quadrant I, you find the measure of the reference angle by taking either the sin–1  (|y-coordinate|) or cos–1 (|x-coordinate|). ∠AOP can be calculated by following one of the four rules.

                

                
                    
                        
                            	
                                Quadrant of  P

                            
                            	
                                ∠AOP

                            
                        

                    
                    
                        
                            	
                                I

                            
                            	
                                reference angle

                            
                        

                        
                            	
                                II

                            
                            	
                                180° – reference angle

                            
                        

                        
                            	
                                III

                            
                            	
                                180° + reference angle

                            
                        

                        
                            	
                                IV

                            
                            	
                                360° – reference angle

                            
                        

                    
                

            

        

        Example

        If sin
            
            and cos(∠AOP) < 0, what is m∠AOP?

        Solution:

        Since the x-coordinate is the cosine, point P has a negative x-coordinate. Since the y-coordinate is the sine, point P has a negative y-coordinate. This means that point P is in quadrant III.

        The reference angle is
            . In quadrant III, ∠AOP   = 180° + reference angle = 180° + 53.1° = 223.1°.

        
            [image: ]
        

        5.2 Radian Measure

        Just as there are different units for measuring lengths, like inches and meters, there are different units for measuring angles. The most common unit for measuring angles is the degree. There are 360 degrees in a circle.

        A radian  is a unit of measurement that is much larger than a degree. A radian is approximately 57.3 degrees.

        
            USEFUL MATH FACTS

            To convert radians to degrees, multiply by
                .
            

            To convert degrees to radians, multiply by
                .
            

        

        Example

        Convert
            
            radians to degrees.

        Solution:

        
            
            radians is equal to
            .
        

        
            USEFUL MATH FACTS

            Some common radian to degree conversions are:

            
                
                    
                        
                            	Degrees
                            	Radians
                        

                    
                    
                        
                            	360°
                            	2π

                        

                        
                            	180°
                            	π
                        

                        
                            	90°
                            	
                                
                            
                        

                        
                            	60°
                            	
                                
                            
                        

                        
                            	45°
                            	
                                
                            
                        

                        
                            	30°
                            	
                                
                            
                        

                    
                

            

        

        5.3 Graphs of The Sine and Cosine Functions

        The graph of y = sin x looks like this.

        
            [image: ]
        

        The graph of y   = cos x looks like this:

        
            [image: ]
        

        Curves that look like these are known as sinusoidal curves   and have a midline, an amplitude, and a period. The midline is the invisible horizontal line passing through the middle of the curve. The amplitude is the distance between the midline and either a high point or a low point on the curve. The period is the horizontal distance between two consecutive high points or low points.

        For y   = sin x   and y   = cos x, the midlines are y   = 0, the amplitudes are 1, and the periods are 360° (or 2π radians).

        
            MATH FACTS

            The graph of an equation of the form y = A sin(Bx) + D or y = A cos(Bx) + D has a midline of y = D, an amplitude of A, and  a period of
                 (or
                 radians). If A is negative, the curve is  “upside down.”

        

        Example

        What is the midline, amplitude, and period of the curve graphed below with equation y = 3 sin(2x) – 1?

        
            [image: ]
        

        Solution:

        The midline is y = –1, the amplitude is 3, and the period is
            .
        

        Example

        Below is one cycle of a sinusoidal curve. What could be the equation of this curve?

        
            [image: ]
        

        Solution:

        This resembles an upside down cosine curve because the “starting point” is the low point. This means that A should be negative. The midline is y = –2 so D = –2. The amplitude is 3 since the distance between the midline and the high point is 3 units. Because the period is 90°, the B value must be 4 since
            .
            The equation is y = –3 cos(4x) – 2.

        5.4 Trigonometry Equations

        An equation that involves one of the trigonometric functions, like sine or cosine, is called a trigonometric equation. Trigonometric equations often have more than one solution. The simplest way to find the solutions to a trigonometric equation is to use a graphing calculator.

        Example

        Use your graphing calculator to find all solutions between 0° ≤ x < 360° that satisfy the equation sin x = –0.94.

        Solution:

        Graph y = sin x and y = –0.94 on the same set of axes. Use the Zoom Trig command to set a useful window. Then use the intersect feature of the calculator to find the x-coordinates of the intersection points that are between 0 and 360.

        
            [image: ]
        

        The two intersection points are (250, –0.94) and (290, –0.94) so the solutions are x = 250 and x = 290.

        5.5 Modeling Real-World Scenarios with Trig Functions

        Certain real-world scenarios can be modeled with a trigonometric equation. The graphing calculator can be used to solve this equation.

        Example

        
            [image: ]
        

        The radius of this Ferris wheel is 10 feet, and the bottom of the Ferris wheel is 3 feet above the ground. The amount of time it takes to make a complete revolution around the Ferris wheel is 100 seconds.

        When Evelyn gets on the Ferris wheel, she is exactly 3 feet above the ground. 50 seconds after starting, she will be 23 feet above the ground, at the peak of the Ferris wheel. 100 seconds after starting Evelyn will be back to her starting position, again exactly 3 feet above the ground.

        The graph of Evelyn’s height above the ground will look like this.

        
            [image: ]
        

        After how many seconds will she be 18 feet above the ground?

        Solution:

        When the unit on the x-axis is not degrees, as in this case where it is seconds, assume everything is in radians.

        The equation is
            
            The B value was calculated by using the formula period
            .
            The period is given as 100, so
            .

        Graphing
            
            and y = 18 on the graphing calculator and finding the x-coordinates of the intersection points gets solutions of x = 33 and x = 67 seconds.

        5.6 Trigonometric Identities

        An expression involving sine, cosine, tangent, cosecant, secant, or cotangent can often be expressed in an equivalent, though sometimes simpler, way. The eight most popular rules for substituting one trigonometric expression with an equivalent one are:

        
            
                
            

        

        
            	These identities can be used to check if more complicated expressions involving trigonometric functions are equivalent.

        

        Example

        Show that sin x tan x + cos x = sec x.

        Solution:

        
            
                
            

        

    
        
            
                Practice Exercises

                
                
                
                
                
                
                
                
            

            
                
                	
                    
                    
                        In unit circle O, the coordinates of point B are (–0.91, –0.41). What is the measure of ∠AOB?

                        
                            [image: ]
                        

                    

                    
                        	
                            
                            211°

                        	
                            
                            237°

                        	
                            
                            246°

                        	
                            
                            204°

                    

                    
                

                	
                    
                    
                        Convert 240° to radians.

                    

                    
                        	
                            
                            
                                
                                    
                                        4
                                        3
                                    
                                
                            
                        

                        
                        	
                            
                                
                                    
                                        
                                            5
                                            π
                                        
                                        6
                                    
                                
                            
                        

                        	
                            
                                
                                    
                                        
                                            4
                                            π
                                        
                                        3
                                    
                                
                            
                        

                        	
                            
                                
                                    
                                        
                                            5
                                            π
                                        
                                        4
                                    
                                
                            
                        

                    

                    
                

                	
                    
                    
                        Convert
                            
                            radians to degrees.

                    

                    
                        	
                            
                            90°

                        	
                            
                            60°

                        	
                            
                            30°

                        	
                            
                            45°

                    

                    
                

                	
                    
                    
                        What is the graph of y = –3 sin(x) + 1?

                    

                    
                        	
                            
                                [image: ]
                            

                        

                        	
                            
                                [image: ]
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