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July 2, 2024


Dear Student,


Thank you for picking up a copy of Foundations of Math. I hope this book provides just the guidance you need to get the most out of your GMAT studies.


At Manhattan Prep, we continually aspire to provide the best instructors and resources possible. If you have any questions or feedback, please do not hesitate to contact us.


Chat our Student Services team on our website, email us at gmat@manhattanprep.com or give us a shout at 212-721-7400 (or 800-576-4628 in the United States or Canada). We try to keep all our books free of errors, but if you think we’ve goofed, please visit manhattanprep.com/GMAT/errata.


Our Manhattan Prep Strategy Guides are based on the continuing experiences of both our instructors and our students. The primary author of this edition of the Foundations of Math guide was Stacey Koprince. Project management and design were led by Prakash Jagannathan, Mario Gambino, and Helen Tan.


Finally, we are indebted to all of the Manhattan Prep students who have given us excellent feedback over the years. This book wouldn’t be half of what it is without their voice.


And now that you are one of our students too, please chime in! I look forward to hearing from you. Thanks again and best of luck preparing for the GMAT!




Sincerely,
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Stacey Koprince


Director, Content & Curriculum


Manhattan Prep













The GMAT Mindset


The GMAT is a complex exam. It feels like a strictly academic test—math, reading comprehension, data analysis, logical reasoning—but at heart, the GMAT is really a test of your executive reasoning skills.


Executive reasoning is the official term for your ability to make decisions in the face of complex and changing information. It makes sense, then, that graduate management programs would want to test these skills. But how does the GMAT test executive reasoning skills? Understanding this will impact both how you study for the GMAT and the decisions you make as you’re taking the test.


Here’s the first big difference compared to school tests: Your teachers tested you on material they fully expected you to know how to handle. They never put something on the test that they expected you to get wrong.


But the GMAT will actually do this! The GMAT wants to know how well you make decisions regarding when to invest your limited time and mental energy and when not to. When you see something that will take too long or be too hard, do you let yourself get sucked in? Or do you say, “No, thanks!” and walk away?


In other words, the GMAT is testing you on how well you make business decisions. No good businessperson invests in every single opportunity that comes along. Rather, an effective businessperson evaluates each opportunity, saying yes to some and no to others.


That’s what you’re going to do on the GMAT, too. You will invest in a majority of the problems presented to you, but you will also say no to some—the ones that look too hard or seem like they’ll take too long to solve. These are literally bad investments.


If you are taking the Executive Assessment (an exam made by the same test makers who make the GMAT), the math taught in this book all applies to your exam as well.


The GMAT is Adaptive


Here’s the next big difference compared to school tests: The GMAT adapts to you as you take it, offering easier or harder questions based on how you’re doing on the test. Ideally, you’ll do well on the material that you know how to answer in a reasonable amount of time. Your reward? Eventually, you’ll earn questions that are too hard—either they’ll take too long, or they’ll be so hard that you wouldn’t get them even if you had unlimited time.


Then what? If you use a “school mindset” on the test, you’ll keep trying to answer these questions even though you really can’t do them. You’ll waste a bunch of time and have to rush on other questions. As a result, you’ll start to miss questions that you actually do know how to answer and your score will go down. This is the business equivalent of spending most of your annual budget by month 8. . . and then not having enough money left to run the business effectively for the last 4 months of the year. Not a good look.


Instead, use your business mindset to carry you through the exam. When the test finds your limit (and it will), acknowledge that! Call it a bad investment and let that problem go, ideally before you’ve spent very much time on it. Choose an answer, any answer, and move on.


Extend the business mindset to your studies as well. If there are certain topics that you really hate, don’t study them. Seriously! Instead, on your next practice test, guess quickly and move on when one of those “bad investment opportunities” comes up. After your next practice test, you can see what your score is like and decide whether to study those topics in the future.


You might get to your goal score without ever having to master the content that you find the most annoying. Even those of us who score in the 99th percentile on the test have “guess fast on this” lists.


One caveat: You can’t give up immediately on huge swaths of content. For example, don’t bail on all of algebra; that represents too great a portion of the Quant and Data Insights sections. You can, though, choose to guess fast on a subset of algebra—say, absolute value problems.


Start orienting yourself around your business mindset today. You are not going to do every problem or master everything. Rather, you’re going to focus on the best investment opportunities (aka, problems) for you, as you see them throughout the test. When you decide not to pursue a particular investment, pick a random answer and move on as quickly as you can—don’t waste precious time on a poor investment opportunity. And feel good about the fact that you’re doing exactly what you’re supposed to do on the GMAT: making sound investment decisions about what to do and what not to do.


How to Organize Your Quant and Data Insights Studies


The Quant section of the exam tests primarily quant skills. The Data Insights (DI) section of the exam tests quant, verbal, and formal logic skills.


This book covers all of the underlying—or foundational—math skills tested in the Quant and DI sections. What’s an integer? Do you remember how to find a common denominator or take a percentage? If it’s been years since your last math class, you may want to start your studies with Foundations of Math (FoM).


FoM also covers things that you weren’t taught in school—like how to add or multiply really quickly without a calculator. Or a shortcut to compare two fractions to figure out which one is greater (again, without a calculator). There are all kinds of neat tricks explained in these pages.


Not sure whether you need FoM? Navigate to the problem set at the end of the first chapter and try 5 random problems. How did they go? If you get them wrong or they take a long time or you just don’t feel all that comfortable, study that chapter, then do more end-of-chapter problems to solidify your new skills.


Then, do the same thing for chapter 2. It may be the case that you don’t need to study every page in this book, so start each chapter by diagnosing what you do need.


Study what you need from FoM and, whenever you’re ready, move up to our All the Quant + DI guide, which covers more sophisticated math concepts tested on the GMAT.


More Problems Online


You also have access to additional FoM practice problems in our online study platform. Create a free account on the Manhattan Prep website to gain access to these problems and other free study materials.



Learn to Think about Math


FoM is going to help you with so much more than just the actual math—it’s going to help you work with quant concepts in grad school and even during your career.


That might seem odd since, in the real world, you’re always going to have access to a calculator, a computer, or Excel. Your boss is never going to make you do math on paper. So how will FoM help you on more than just this test?


What you’re really going to learn in FoM is the ability to think logically about quantitative concepts. In fact, that’s what standardized tests such as the GMAT are really testing—how well you understand what math means.


This exam is built to allow you to minimize or outright avoid a significant number of actual calculations. That’s true on both the Quant section (which doesn’t include an on-screen calculator) and the Data Insights section (which does include an on-screen calculator). Even when you do have the calculator (on DI), there are many times when you don’t need to bother with the precise calculation because a quick estimate is close enough.


And that “quick estimate” skill is going to be a lifesaver not just on this test but in grad school and at work. Throughout all of our books, we’ll teach you exactly how to think about math in a way that gets you to the answer you need while avoiding tedious calculations whenever possible. And when you train your brain to default to that approach, you’ll also find it easier to learn how to analyze an earnings report, or understand the significance of a balance sheet, or do any number of other necessary quant-based tasks at work or in grad school.


When studying from FoM, keep two principles in mind. First, look for opportunities to minimize or avoid computation whenever possible. Eyeball, estimate, and think logically about the quant concepts whenever you can.


















	 

	Principle


	Action







	1


	Look for opportunities to minimize or avoid computation whenever possible.


	

	Eyeball


	Estimate


	Think logically about the concepts.










	2


	Don’t do every last problem you see in this guide or in the associated online materials.


	



	Do what you need.



	Try a few problems:



	Felt good? Got it right? Move on to something else.


	Made a mistake? Felt clunky? Practice more now and in a week.
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Arithmetic
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In this chapter, you will learn to recognize math vocabulary so that you can set problems up correctly. You’ll also learn how to apply PEMDAS, simplify math, and solve in ways that avoid tedious calculations.










CHAPTER 1 Arithmetic



This book has three goals for you. First, you will review fundamental math skills. Second, you will learn how to approach the math with a business focus: how to get to the correct answer quickly and effectively while avoiding drawn-out math calculations that aren’t necessary on the GMAT. Third, you will practice applying these skills.


To practice applying these skills, there are a number of “Check Your Skills” questions throughout each chapter. After learning a topic, try these problems, checking your answers at the end of the chapter as you go.


If you find these skill checks challenging, reread the section you just finished. Then, try the questions again. Whenever needed, use the solution to help you work through the math step-by-step. When you get stuck, don’t read the entire solution immediately. Read as much as you need to get yourself unstuck, then continue to try to do the work on your own. Return to the solution each time you get stuck and use only the portion of the solution you need to help unstick yourself.


Quick-Start Definitions


Whether you work with numbers every day or only do math when you absolutely have to, read this first section carefully. It provides definitions for certain core concepts in order to give your studies a quick start. You’ll come back to many of these concepts during your studies. You can also find a glossary of common math terms at the back of this guide.


Basic Numbers


All the numbers that come into play on the GMAT can be shown as a point somewhere on the number line:


[image: image]


Another word for number is value.


Positive integers are the counting numbers 1, 2, 3, and so on. These are the first numbers that you ever learned—the numbers that you use to count individual items. They are whole numbers; they do not include any fractions or decimals:


[image: image]


Digits are 10 symbols (0, 1, 2, 3, 4, 5, 6, 7, 8, and 9) used to represent numbers. If the GMAT asks you specifically for a digit, it wants one of these 10 symbols.


Counting numbers above 9 are represented by two or more digits. The number four hundred twelve is represented by three digits in this order: 412.


Place value tells you how much a digit in a specific position is worth. The 4 in 412 is worth 4 hundreds (400), so 4 is the hundreds digit of 412. Meanwhile, 1 is the tens digit and is worth 1 ten (10). Finally, 2 is the units digit and is worth 2 units, or just plain old 2:


[image: image]


The GMAT always separates the thousands digit from the hundreds digit by a comma. For readability, big numbers are broken up by commas placed three digits apart:


1,298,023 equals one million two hundred ninety-eight thousand twenty-three.


Addition (+, or plus) is the most basic operation in arithmetic. If you add one positive number to another, you get a third positive number farther to the right on the number line. For example:


[image: image]


Therefore, 12 is the sum of 7 and 5. By the way, the statement 7 + 5 = 12 is called an equation.


When you add two numbers in either order, you get the same result:


[image: image]


Subtraction (−, or minus) is the opposite of addition. Subtraction undoes addition. For example:


[image: image]


Order matters in subtraction: 6 − 2 = 4, but 2 − 6 = something else (more on this in a minute). By the way, since 6 − 2 = 4, the difference between 6 and 2 is 4.


Any number minus itself equals zero (0):


[image: image]


Any number plus zero equals that starting number. The same is true if you subtract zero. For example:




















	 


	8 + 0 = 8


	9 − 0 = 9


	 










In either case, you’re moving zero units away from the original number on the number line, or staying right where you started.


Numbers can be positive, negative, or neither. Positive numbers lie to the right of zero on a number line. Negative numbers lie to the left of zero. Zero itself is neither positive nor negative—it’s the only number that is neither:


[image: image]


The sign of a number indicates whether the number is positive or negative.


Negative integers are −1, −2, −3, and so on:


[image: image]


When you subtract a greater number from a smaller number, you will end up with a negative number. For example:


[image: image]


Negative numbers can be used to represent deficits. If you have $2 but you owe $6, your net worth is −$4.


Most people tend to make more mistakes when dealing with negative numbers than with positive ones. If you’re asked to find small minus big, you may instead want to figure out big minus small, then make the result negative. For example:


What is 35 − 57 ?


[image: image]


Since big minus small is equal to 22, the reverse—small minus big—is equal to −22.


The work above represents what is called textbook math. There are other, often better, ways to think your way through the math that needs to be done on the GMAT—and these methods are more useful in the real world as well.


For example, when you want to find 57 minus 35, you are really looking for the distance between the two numbers. Visualize 35 and 57 on a number line, and then count the distance between them using whatever increments seem reasonable to you:


[image: image]


As the diagram above shows, first count by 10 up to 45, then by another 10 up to 55, and finally by 2 to get to 57. The distance between the two numbers is 10 + 10 + 2 = 22.


If the problem asks for 57 − 35, then the answer is 22. If the problem asks for 35 − 57, then add a negative sign: The answer is −22.


Check Your Skills


Perform addition and subtraction.


1.What is 37 + 141 ?


2.What is 23 − 136 ?


Answers can be found on page 37.


Greater Than and Less Than


Greater than (>) means to the right of on a number line:


[image: image]


The statement 7 > 3 is an example of an inequality.


In the real world, people also say bigger than or larger than, but there is one drawback to using this terminology. Take a look at this example:


[image: image]


A lot of people will intuitively call −7 the “bigger” number because, when the numbers are positive, 7 is greater than 3. But that thinking doesn’t work the same way for negative numbers! The value of −7 is less than the value of −3.


So stick to greater than and less than. Greater numbers are to the right of smaller numbers on the number line.


Any positive number is greater than any negative number. For example:


[image: image]


Likewise, zero is greater than every negative number:


[image: image]


Less than (<) means to the left of on a number line. You can always reexpress a greater than relationship as a less than relationship—just flip it around. For example:


[image: image]


[image: image]


If 7 is greater than 3, then 3 is less than 7.


If you find yourself making mistakes with negatives, look for opportunities to think about negatives in terms of the number line. Test out the following true statements, or inequalities, on a number line:




















	 


	−7 is less than −3


	−7 < −3


	 







	 


	−3 is less than 2


	−3 < 2


	 







	 


	−3 is less than 0


	−3 < 0


	 










Inequalities are very similar to equations, but equations always use equals signs (=), while inequalities use greater than (>) or less than (<) signs. Later in this guide, you’ll learn more about how to work with both equations and inequalities.


Check Your Skills


3.What is the sum of the greatest negative integer and the smallest positive integer?


For questions 4 and 5, plug in > and < symbols and say the resulting statement aloud.


4.  5 [image: image] 16


5.−5 [image: image] −16


Answers can be found on page 37.


Adding and Subtracting Positives and Negatives


Positive plus positive gives you a positive result. For example:


[image: image]


When adding two positives, you move farther to the right of zero, so the result is always greater than either starting number.


Positive minus positive, on the other hand, could give you either a positive or a negative:


[image: image]


[image: image]


Either way, the result is less than where you started because you move left when you subtract a positive.


Adding a negative is the same as subtracting a positive—you move left. For example:


[image: image]


In fact, you can write 8 + (−3) as 8 − 3. They both mean the exact same thing.


Negative plus negative always gives you a negative because you move even farther to the left of zero:


[image: image]


Subtracting a negative is the same as adding a positive—you move right. Add in parentheses to keep the two minus signs straight:


[image: image]


The equation above is the same as the equation below:


[image: image]


In both cases, you end up with the following:


[image: image]


In general, any subtraction can be rewritten as addition. If you’re subtracting a positive, you can instead add a negative. If you’re subtracting a negative, you can instead add a positive.


Check Your Skills


6.Which is greater, a positive minus a negative or a negative minus a positive?


Answer can be found on page 37.



Multiplying and Dividing


Multiplication (×, or times) is the same as adding the same number multiple times. Imagine that there are three tennis balls per can and you have four cans. How many tennis balls do you have?


[image: image]


Therefore, 12 is the product of 4 and 3. Also, 4 and 3 are called factors of 12.


Parentheses can be used to indicate multiplication. Parentheses are usually written with ( ), but brackets [ ] can also be used, especially if you have parentheses within parentheses. If a set of parentheses bumps up right against something else, multiply that something by whatever is in the parentheses:


4(3) = (4)3 = (4)(3) = 4 × 3 = 12


When writing multiplication, if you use a × symbol, make sure to write it in such a way that you won’t confuse it for the variable x. Also, you may have learned to use a dot to mean multiplication:


4 • 3 = 4 × 3 = 12


The potential danger in using a dot is that you might mistake the dot for a decimal point. If you do want to write a dot, make that dot big and high, as shown above, so it doesn’t look like a decimal point. In general, it’s a good idea to get in the habit of using parentheses rather than • or × so that you minimize your chances of making a careless mistake on the real test.


You can always multiply in either order; you will get the same result, as shown below. (Pop quiz: What other operation that you learned earlier in this section can also be done in either order?)


[image: image]


Pop quiz answer: Addition can also be performed in either order.


Since you are allowed to multiply in any order, don’t necessarily multiply in the given order. Rather, invest a few seconds to think about the easiest order in which to multiply. Try this:


2 × 7 × 5


Most people work left to right, so the second step would be 14 × 5. That’s not terrible, but it’s also not the easiest calculation. Go back to the first step and play around with the numbers. Can you find a way that’s easier?


In general, it’s easy to multiply by multiples of 10, so whenever you see 2’s and 5’s in the mix, rearrange to group them together:


[image: image]


Try this one:


6 × 5 × 7 =


This one has a 5 but no 2. Now what? Actually, there is a 2, lurking inside the 6. Split up the 6 into 2 × 3, and rearrange to pair the 2 with the 5:


[image: image]


In general, think before you multiply. Do the math in whatever order looks best to you—and keep an eye out for 2’s and 5’s.


Division (÷, or divided by) is the opposite of multiplication. Division undoes multiplication:


[image: image]


As with subtraction, order matters in division. 12 ÷ 3 = 4, but 3 ÷ 12 = something else (more on this soon).


Multiplying any number by 1 leaves the number the same. One times anything is equal to whatever you started with:


[image: image]


Multiplying any number by zero (0) gives you zero. Anything times zero is zero:


[image: image]


Since order doesn’t matter in multiplication, this means that zero times anything is zero, too:


[image: image]


Multiplying a number by zero destroys it permanently, in a sense. So you’re not allowed to undo that destruction by dividing by zero.


Never divide by zero: 13 ÷ 0 = undefined. Stop right there—don’t do this! The GMAT avoids getting into undefined-number territory, thankfully.


You are allowed to divide zero by any nonzero number. The answer is—surprise!—zero:


[image: image]



Check Your Skills


Complete the operations.


7.What is 7 × 6 ?


8.What is 52 ÷ 13 ?


Answers can be found on page 37.


Distributing and Factoring


What is 4 × (3 + 2) ? Here’s one way to solve it. Turn (3 + 2) into 5, then multiply 4 by that 5:


[image: image]


If you’re working with real numbers, the process above will usually be the fastest way to solve. But you can solve another way—and that other way is usually necessary when working with algebra or other more advanced math. The other way to solve this problem is to distribute the 4 to both the 3 and the 2:


[image: image]


Notice that you multiply the 4 by both the 3 and the 2. Distributing is extra work in this case, but the technique will come in handy later when you’re doing algebra.


Another way to see how distributing works is to put the sum in front:


[image: image]


In a sense, you’re splitting up the sum 3 + 2. Just be sure to multiply both the 3 and the 2 by 4.


You distribute when the terms inside the parentheses are connected by addition or subtraction signs. Do not distribute if the terms inside the parentheses are connected by multiplication or division; in that case, drop the parentheses and multiply or divide straight across. For example:


[image: image]


Distributing works similarly for subtraction. Just keep track of the minus sign:


[image: image]


Again, for that problem, distribution is more work than it’s worth. You can do the subtraction first, 5 − 2 = 3, and then multiply 6 × 3 to get 18. Just learn how distribution works because you’ll need to do it later with algebra.


You can also go in reverse. You can factor the sum of two products if the products contain the same factor. Pull out the common factor of 4 from each of the products 4 × 3 and 4 × 2. Next, put the sum of 3 and 2 into parentheses:


[image: image]


Most of the time, you’ll see the result written in this form: 4(3 + 2). By the way, common here doesn’t mean frequent or typical. Rather, it means belonging to both products. A common factor is a factor in common (like a friend in common).


You can also write the common factor at the back of each product, if you like:


[image: image]


This is the equivalent of writing (3 + 2)4. Since the order of multiplication doesn’t matter, 4(3 + 2) = (3 + 2)4. Reminder: You can distribute when the math in the parentheses is added or subtracted. Don’t distribute if the math in the parentheses is multiplied or divided.


[image: image]


You will use both distributing and factoring in more advanced ways later in this guide. Keep in mind that using simple numbers to understand the concepts now will help you to apply these same concepts to more complex problems in the future. As you move further in your studies, you will find yourself confused about a problem at times. Try some real numbers to help understand what’s going on, and you may find that you can solve that problem after all!


Check Your Skills


9.Use distribution to solve. What is 5 × (3 + 4) ?


10.Factor a 6 out of the following expression: 36 − 12.


Answers can be found on page 38.


Multiplying Positives and Negatives


Positive × positive is always positive:


[image: image]


Positive × negative is always negative:


[image: image]


Since order doesn’t matter in multiplication, the same outcome happens when you have negative times positive. You again get a negative:


[image: image]


What is negative × negative? Positive. This fact may seem weird, but it’s consistent with the rules developed so far. In the same way that something minus a negative turns into something plus a positive (7 − (−3) = 7 + 3), a negative times a negative also turns positive. In either case, two negatives make a positive.


All the same rules hold true for division:


[image: image]


Notice any pattern there? (Really—examine the information in that table before you keep reading!)


Regardless of whether you’re doing multiplication or division, if the two starting numbers have the same sign (both positive or both negative), then you end up with a positive.


But if the two starting numbers have opposite signs (one positive and one negative), then you end up with a negative.


Check Your Skills


11.What is (2)(−5) ?


12.Use distribution to solve. What is −6 × (−3 + (−5)) ?


Answers can be found on page 38.


Fractions and Decimals


Adding, subtracting, or multiplying integers always results in an integer, whether positive or negative:


Integer + Integer = Integer


Integer − Integer = Integer


Integer × Integer = Integer


However, dividing an integer by another integer does not always give you an integer:


Integer ÷ Integer = Sometimes an integer, sometimes not!


When you don’t get an integer, you get a fraction or a decimal—a number that falls between the integers on the number line:


[image: image]


A horizontal fraction line, or bar, expresses the division of the numerator (above the fraction line) by the denominator (below the fraction line):


[image: image]


In fact, the division symbol ÷ is just a miniature fraction. People often say things such as “seven over two” rather than “seven halves” to express a fraction.


You can express division in three ways: with a fraction line, with the division symbol (÷), or with a slash (/), as shown here:


[image: image]


A decimal point is used to extend place value to the right for decimals. Each place to the right of the decimal point is worth a tenth [image: image], a hundredth [image: image], and so on. For example:


[image: image]


A decimal such as 3.5 has an integer part (3) and a fractional part or decimal part (0.5). In fact, an integer is just a number with no fractional or decimal part.


Every fraction can be written as a decimal, although you might need an unending string of digits in the decimal to properly express the fraction:


[image: image]


Fractions and decimals obey all the rules you’ve seen so far about how to add, subtract, multiply, and divide. Everything you’ve learned for integers applies to fractions and decimals as well: how positives and negatives work, how to distribute, etc.


Check Your Skills


13.Which arithmetic operation involving integers does NOT always result in an integer?


14.Write 2 ÷ 7 in fraction form, then multiply that fraction by 0. What is the result?


Answers can be found on page 38.


Divisibility and Even and Odd Integers


Sometimes you do get an integer out of integer division:


[image: image]


In this case, 15 and 3 have a special relationship. You can express this relationship in any of the following ways:


15 is divisible by 3.


15 divided by 3 equals an integer: 15 ÷ 3 = int


3 is a divisor of 15.


15 divided by 3 equals an integer: 15 ÷ 3 = int


15 is a multiple of 3.


15 equals 3 times an integer: 15 = 3 × int


3 is a factor of 15.


3 times an integer equals 15: 3 × int = 15


People also say the following, though you won’t see this language on the test:


3 goes into 15 evenly.


3 divides 15 evenly.


Even integers are divisible by 2:


14 is even because 14 ÷ 2 = 7 = an integer.


All even integers have 0, 2, 4, 6, or 8 as their units digit.


Zero is even because it is divisible by 2:


0 ÷ 2 = 0, which is an integer.


Odd integers are not divisible by 2:


15 is odd because 15 ÷ 2 = 7.5 = not an integer.


All odd integers have 1, 3, 5, 7, or 9 as their units digit.


Even and odd integers alternate on the number line:


[image: image]


Only integers can be said to be even or odd. Fractions or decimals are not considered even or odd.


Check Your Skills


15.Fill in the blank. If 7 is a factor of 21, then 21 is a [image: image] of 7.


16.Is 2,284,623 divisible by 2 ?


Answers can be found on page 38.


Exponents and Roots (and π)


Earlier, you learned that multiplication is really just repeated addition. Exponents are one level “up” in the food chain: They represent repeated multiplication.


In 52, the exponent is 2 and the base is 5. The exponent tells you how many of the bases to multiply together to get your answer. When the exponent is 2, you usually say squared:


[image: image]


When the exponent is 3, you usually say cubed:


[image: image]


For other exponents, you say to the _____ power or raised to the _____ power. You could also say to the power of _____. For example:


[image: image]


Be careful when writing exponents on your own paper. Make them much tinier than regular numbers and put them clearly up to the right. You don’t want to mistake 52 for 52, or vice versa.


By the way, a number raised to the first power equals the original number:


[image: image]


A perfect square is the square of an integer:


25 is a perfect square because 25 = 52 = int2.


A perfect cube is the cube of an integer:


64 is a perfect cube because 64 = 43 = int3.


Roots undo exponents. The simplest and most common root is the square root, which undoes squaring. The square root is written with the radical sign [image: image]; if a problem refers to the radical, it’s talking about that symbol. Here’s how exponents and roots connect:


[image: image]


As a shortcut, the square root of twenty-five can just be called root twenty-five.


Asking for the square root of 49 is the same as asking what number, times itself, gives you 49:


[image: image]


The square root of a perfect square is an integer, because a perfect square is an integer squared:


[image: image]


The square root of any non-perfect square is an unending decimal that never even repeats, as it turns out:


[image: image]


The square root of 2 can’t be expressed as a simple fraction, either. So you can leave it as is [image: image], or you can approximate it [image: image].


It’s useful on this test to know that root 2 is approximately 1.4 and root 3 is approximately 1.7. Here’s an easy way to remember that:




















	Root


	Value


	Date







	[image: image]


	~1.4


	2/14 is Valentine’s Day







	[image: image]


	~1.7


	3/17 is St. Patrick’s Day













Speaking of dates, have you ever heard of Pi Day? (Feel free to google it.) You’ll encounter one other common number with an ugly decimal in geometry: pi (π).


Pi is the ratio of a circle’s circumference to its diameter. It’s about 3.14159265 . . . without ever repeating.


Since pi can’t be expressed as a simple fraction, it is typically represented by the Greek letter π, or you can approximate it (π ≈ 3.14, or a little more than 3). And—you guessed it—Pi Day is 3/14!


Cube roots undo cubing. The cube root has a little 3 tucked into its notch [image: image]:


[image: image]


Other roots occasionally show up. For example, the fourth root undoes the process of raising a base to the fourth power:


[image: image]


Check Your Skills


17.26 =


18.[image: image]


Answers can be found on page 38.


Variable Expressions and Equations


Up to now, every number you’ve dealt with has been an actual, known number. Algebra is the art of dealing with unknown numbers.


A variable is an unknown number, or an unknown for short. You represent a variable with a single letter, such as x or y.


When you see y, imagine that it represents a number that you don’t happen to know. At the start of a problem, the value of y is hidden from you. It could be anywhere on the number line, in theory, unless you’re told something about y.


The letter x is the stereotypical letter used for an unknown. Since x looks so much like the multiplication symbol ×, you can prevent mistakes by not using the × symbol when writing out algebra. To represent multiplication, do other things.


To multiply variables, put them next to each other:




















	What You See


	What You Say


	What It Means







	xy


	“x y”


	x times y







	abc


	“a b c”


	
The product of a, b, and c


a times b times c














To multiply a known number by a variable, write the known number in front of the variable:




















	What You See


	What You Say


	What It Means







	3x


	“three x”


	3 times x













Here, 3 is called the coefficient of x. If you want to multiply x by 3, write 3x, not x3, which could look too much like x3 (x cubed).


All the operations besides multiplication look the same for variables as they do for known numbers:




















	What You See


	What You Say


	What It Means







	x + y


	
“x and y”


“the sum of x and y”



	x plus y







	x − y


	
“subtract y from x”


“the difference between x and y”


“the difference of x and y”



	x minus y







	[image: image]


	
“x over y”


“x divided by y”



	x divided by y







	x2


	
“x squared”


“x raised to the power of 2”


“x to the second”



	x squared, which is x times x







	[image: image]


	
“root x”


“root of x”


“x rooted”



	the square root of x













By the way, be careful when you have variables in exponents:




















	What You See


	What You Say


	What It Means







	3x


	“three x”


	3 times x







	3x


	“three to the x”


	3 multiplied by itself x times













Never refer to 3x as “three x.” It’s called “three to the x.” Calling it “three x” is likely to lead to a careless mistake, since three x typically means three times x.


An expression is something that ultimately represents a number; for example, x + 3 is an expression. You might not know that number, but you express it using variables, numbers you know, and operations such as adding, subtracting, etc.


An expression is like a recipe. If you follow the recipe, you will get the correct number, as shown in these examples:


















	Expression


	What You Say


	The Number Represented by the Expression







	x + y


	“x plus y”


	Add x and y.







	3xz − y2


	“3 x z minus y squared”


	First, multiply 3, x, and z, then subtract the square of y.







	[image: image]


	“The square root of 2 w, all over 3”


	First, multiply 2 and w together. Next, take the square root. Finally, divide by 3.










Within an expression, you have one or more terms. A single term involves no addition or subtraction (typically). Often, a term is just a product of variables and known numbers. Here are the terms in the previous expressions, with the separate terms separated by commas:


[image: image]


It’s useful to notice terms so that you can simplify expressions, or reduce the number of terms in those expressions. For example, how can you simplify the expression below?


x + 2x


The expression currently has two terms, but they both use the same variable, x, so you can combine them to get a new expression with a single term: 3x.


An equation sets one expression equal to another using the equals sign (=), which you’ve seen plenty of times in your life—and in this book already.


What you might not have thought about, though, is that the equals sign is a verb. In other words, an equation is a complete, grammatical sentence or statement:


[image: image]


Here’s an example:


[image: image]


Each equation has a left side (the subject of the sentence) and a right side (the object of the verb equals). You can say is equal to rather than equals if you want:


[image: image]


Solving an equation is solving this mystery:


What is x ?


Or, more precisely:


What is the value or values of x that make the equation true?


Since an equation is a sentence, it can be true or false, at least in theory. You always want to focus on how to make the equation true, or keep it so, by finding the correct values of any variables in that equation.


The process of solving an equation usually involves rearranging the equation and performing identical operations on each side until the equation tells you what the variable equals. For example:


[image: image]


The solution to the original equation is x = 4. If you replace x with 4 in the equation 3 + 2x = 11, then you get 11 = 11, which is always true. Any other value of x would make the equation false.


If the GMAT gives you the equation 3 + 2x = 11, it’s telling you something very specific about x. For this particular equation, in fact, just one value of x makes the equation work (namely, 4).


Check Your Skills


19.If x = 4 and y = −1, what is the value of the expression 2x − 3y ?


Answer can be found on page 38.


PEMDAS


Consider the expression 3 + 2 × 4.


Should you add 3 and 2 first, then multiply by 4? If so, you get 20.


Or, should you multiply 2 and 4 first, then add 3? If so, you get 11.


There’s no ambiguity—mathematicians have decided on the second option. PEMDAS is an acronym to help you remember the proper order of operations.


When you simplify an expression, don’t automatically perform operations from left to right, even though that’s how you read English. Instead, follow PEMDAS:




















	 


	Parentheses


	Do P first


	 







	 


	Exponents


	Then E


	 







	 


	Multiplication


	Then either M or D


	 







	 


	Division


	 

	 







	 


	Addition


	Then either A or S


	 







	 


	Subtraction


	 

	 










Try these two problems. How are they different?


[image: image]


In the first example, do the M (multiplication) first, then the A (addition):


[image: image]


But in the second example, the math inside the parentheses must be done first:


[image: image]


Parentheses always come first, then exponents, then multiplication and division, and finally addition and subtraction.


Multiplication and division are at the same level of importance in PEMDAS, because any multiplication can be expressed as division, and vice versa:


[image: image]


In a sense, multiplication and division are two sides of the same coin.


Likewise, addition and subtraction are at the same level of importance. Any addition can be expressed as subtraction, and vice versa:


3 − 4 = 3 + (−4)


So you can think of PEMDAS this way:


[image: image]


Earlier in this chapter, you learned that you can do multiplication in any order. The same is true when you have a mix of multiplication and division:


[image: image]


You can multiply first, but you can also rearrange and divide first. When the numbers are greater, multiplying first can make the math much more cumbersome; dividing first usually makes things easier. As always, invest a few seconds to think about the best order in which to do the math.


For addition and subtraction, you can technically do the same thing—but there’s a greater chance of making a careless mistake. Therefore, if you have multiple steps of addition and subtraction, do them left to right:


[image: image]


In the incorrect example, a mistake was made: The given operation is not 2 + 4. It’s actually −2 + 4. It’s really easy to make that mistake if you work out of order, but you’re much less likely to make that mistake if you work left to right.


Note, though, that parentheses always come first. If you have parentheses, always do them first:


[image: image]


Try this more complicated problem:


What is 3 + 4(5 − 1) − 32 × 2 ?


Here is the correct order of steps to simplify:


[image: image]


Try another problem:


What is [image: image]


Here’s the solution:


[image: image]


Try one more:


What is [image: image]


Here’s the solution:


[image: image]



Check Your Skills


Evaluate the following expressions.


20.What is [image: image]


21.What is (5 − 8) × 10 − 7 ?


22.What is −3 × 12 ÷ 4 × 8 + (4 − 6) ?


23.What is [image: image] ?


Answers can be found on pages 38–39.


Combining Like Terms


How can you simplify this expression?


3x2 + 7x + 2x2 − x


Here’s the expression in words:


[image: image]


There are four terms in the expression above. Reminder: A term is an expression that doesn’t contain addition or subtraction. Quite often, a term is just various things multiplied together.


Some of the terms are very similar to one another—they are like terms. Like terms differ only by a numerical coefficient (the number in front of the variable), but the form of the variables is the same. For example, 7x and −x are like terms. The form of the variable is the same in both, but the coefficients are different.


There are two pairs of like terms in the expression:


[image: image]


To be like terms, the variables must be identical, including exponents. Otherwise, the terms aren’t like.


You can combine any like terms into one term by adding or subtracting the coefficients. Keep track of + and − signs. For example:


[image: image]


Whenever a variable does not have a number in front, the coefficient is 1. In the second pair, x can be rewritten as 1x:


[image: image]


Or you could say that you’re adding −1x:


[image: image]


Either way is fine. A negative sign in front of a term on its own is really a −1 coefficient. For instance, −xy2 has a coefficient of −1.


Combining like terms is allowed because, for like terms, everything but the coefficient is a common factor. So you can pull out that common factor and group the coefficients into a sum (or difference). This is when factoring starts to become really useful.


For a review of factoring, see the section Distributing and Factoring earlier in this chapter. When you read something and think, “That rings a bell. I’m pretty sure I learned about this earlier,” flip back and remind yourself about that topic. Spending two minutes recalling an earlier lesson that hasn’t fully imprinted in your brain yet will help you to better recall that same material in the future—including during the test.


In the first pair, the coefficients are 3 and 2, and the common factor is x 2:


[image: image]


The right side then reduces by PEMDAS to 5x2. You don’t have to write out (3 + 2) first (unless you want to); you can go straight to 3x2 + 2x2 = 5x2.


By the way, when you pronounce (3 + 2)x2, you should technically say “the quantity three plus two . . .” The word quantity indicates parentheses. If you just say “three plus two x squared,” someone could (and should) interpret what you said as 3 + 2x2, with no parentheses.


In the case of 7x − x, the common factor is x:


[image: image]


The right side reduces by PEMDAS to 6x.


So, if you combine like terms, you can simplify the original expression this way:


[image: image]


The common factor in like terms does not have to be a single variable expression such as x2 or x. It could involve more than one variable:


[image: image]


Reminder: The coefficient on the first term is −1.


Be careful when you see multiple variables in a single term. In order to combine like terms, the exponents have to match for every variable.


In −xy2 + 4xy2, each term contains a plain x (which is technically x raised to the first power) and y2 (which is y raised to the second power, or y squared). All of the exponents match; the common factor is xy2. Since the two terms are like, you can combine them to 3xy2.


Suppose you had the following series of terms:


[image: image]


None of the terms are like terms. They all have different combinations of variables and exponents. For now, you’re stuck. (Later in this chapter, you’ll see that there’s something else you can do with that expression, but you can’t combine like terms.)


The two terms in the following expression are like terms:


[image: image]


The order of the variables does not matter, since you can multiply in any order. All that matters is that the variables and exponents all match; the common factor is still xy2. You can flip around 3y2x to 3xy2 to get:


[image: image]


In general, be ready to flip around products as you deal with numbers times variables. The order of multiplication does not matter. For example:


[image: image]


The last form, −3x, is the standard way to write this kind of expression: The coefficient is generally written before the variable(s).


For the purposes of like terms, treat the square root of a number like a variable; the square root is the common factor:


[image: image]


Likewise, the common factor could include π:


[image: image]


When terms are not like, tread carefully. Don’t automatically combine everything; see what you can combine and what you cannot.


As you practice simplifying expressions, keep in mind that your main goal is to reduce the overall number of terms by combining like terms.


PEMDAS becomes more complicated when an expression contains terms that are not like and so cannot be combined. Be especially careful when you see terms buried within part of an expression, as in the following cases that you’ll come back to later:


[image: image]


Check Your Skills


Combine as many like terms as possible in each of the following expressions.


24.[image: image]


25.4πr2 − 3πr + 2πr


26.8ba + ab2 − 5ab + ab2 − 2ba2


Answers can be found on page 39.


Distribution


Things become more complicated when multiple terms are found within a set of parentheses.


Start by distributing the example from the previous section: −3(x − 2). Multiply −3 by (x − 2). To keep track of minus signs as you distribute, you can think of (x − 2) as [x + (−2)]. The following example shows the multiplication sign (×) to make it clear that you’re multiplying:


[image: image]


Reminder: The negative sign (on −3) distributes across both terms in the parentheses.


When you do all this on your paper, don’t use the multiplication symbol × to show multiplication, because you could confuse it with the variable x. Use parentheses, such as (−3)(−2). You might also put parentheses around the second product to help keep track of sign:


[image: image]


How can you simplify this expression?


4y2 − y(5 − 2y)


First, distribute negative y, (−y), to both terms in the parentheses:


4y2 − y(5 − 2y) = 4y2 − 5y + 2y2


Notice that −y times −2y becomes +2y2.


Next, combine 4y2 and 2y2 because they are like terms:


4y2 − y(5 − 2y) = 4y2 − 5y + 2y2 = 6y2 − 5y


Sometimes the term being distributed involves a root or π. Consider this tougher example:


[image: image]


The principle is the same. Distribute the first [image: image] to both terms in the parentheses:


[image: image]


It turns out that [image: image] times [image: image] is equal to 2:


[image: image]


You’ll learn more about multiplying roots in Chapter 3. If you’re curious now, feel free to jump ahead to that chapter; look for the section titled Multiply Square Roots: Put Everything Under the Root. Curiosity is a really powerful learning tool; when something captures your attention, follow that spark. You’ll have a better chance of remembering that material for future use.


Here’s an example with π:


π(1 + r)


Distribute the π:


[image: image]


Check Your Skills


27.x(3 + x)


28.[image: image]


Answers can be found on pages 39–40.



Pulling Out a Common Factor



Earlier, you saw the long expression below:


3x2 + 7x + 2x2 − x


This expression has four terms. By combining two pairs of like terms, you can simplify this expression to 5x2 + 6x, which has only two terms.


This expression can’t go below two terms. The two remaining terms (5x2 and 6x) aren’t like, because the variable parts aren’t identical. However, these two terms do still have a common factor—namely, x. Each term is x times something, and you can use this fact to rewrite 5x2 + 6x:


x is a factor of 6x, because 6x = 6 times x.


x is also a factor of 5x2, because x2 = x times x, so 5x2 = 5x times x.


Since x is a factor of both 5x2 and 6x, you can factor it out and group what’s left as a sum within parentheses:


[image: image]


If you distribute the x back through, you’ll end up back where you started:


[image: image]


In addition, x(5x + 6) can be written as (5x + 6)x. Either way, it may or may not be truly “simpler” than 5x2 + 6x. However, pulling out a common factor can be the key move when you solve a GMAT problem.


Sometimes the common factor is hidden among more complicated variable expressions. In the example below, the common factor is xy:


[image: image]


Sometimes the common factor involves a root or π:


[image: image]


Here, the common factor is [image: image]. Notice that the first term ([image: image]) is the same as the common factor; the term [image: image] is really the equivalent of 1[image: image]. In this case, once you pull out the common term, you’ll end up with a 1 in the parentheses. Here’s another example:


[image: image]


In the example above, the common factor is π. Again, when you pull π out of the second term (which is 1π), you’ll end up with a 1 in the parentheses. You can check that this works by distributing π back through.


You can also factor out an integer:


[image: image]


You can even pull out a −1:


[image: image]


In the example above, notice that the expression reverses itself: It goes from 3 − x to x − 3. You can take any similar expression and reverse it by pulling out a −1.


Remember this monster from earlier in this chapter?


[image: image]


You can’t combine like terms but you can pull out a common factor. What is it?


The common factor is xy:


2xy + xy2 − 4x2y + x2y2 = xy(2 + y − 4x + xy)


Check Your Skills


29.Factor a negative x, (−x), out of the expression −2x3 + 5x2 + 3x.


30.Factor the following expression: 4x2 + 3xy − yx + 6x


Answers can be found on page 40.


Long Addition and Subtraction


Sometimes you’ll need to add or subtract larger numbers. If you were taking a real math test, you’d have to do this the “long” way, since you wouldn’t have answer choices. On a multiple-choice exam, however, you can usually get away with using various shortcuts.


Try this problem:


[image: image]


Take a look at these sets of possible answer choices. How would they change your approach to the problem?






















	 


	Set 1


	Set 2


	Set 3


	 







	 


	
(A)717


(B)801


(C)937


(D) 1,042


(E) 1,137



	
(A) 935


(B) 936


(C) 937


(D) 938


(E) 939



	
(A) 917


(B) 927


(C) 937


(D) 947


(E) 957



	 










At a glance, the first set is spread pretty far apart, while the second and third sets are quite close together. If you are given the first set of answers, you can estimate. Take a look at the problem; what’s the best way to estimate long addition?


When the answers are as far apart as in set 1, estimate the first digit of the answer. In this case, the first digit is at least 2 + 6 = 8. In fact, it will cross over into 9, because the next digit over for each is 5 or greater. So the answer will be 9-something. Only answer choice (C) fits.


What about set 2? The answers are so close together that it may seem like you will have to solve the long way—but you don’t. This time, look at the units digits. Each one is different. How can you find the units digit of the given sum?
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