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How to Use This Book


This book provides comprehensive review and extensive practice for AP Precalculus. It is based on the latest AP Precalculus Course and Exam Description published by the College Board.




Introduction


Start with the Introduction, which contains an overview of the AP Precalculus course and exam. Learn the topics covered within each unit, familiarize yourself with the exam format, and review the guidelines for calculator use on test day. Then read through the Prior Knowledge section, which covers important tools and skills (that you may have learned in previous math classes) that can be applied to solve AP Precalculus problems.







Review and Practice


Study Chapters 1 through 12, which are organized according to the units of AP Precalculus. Every chapter includes Learning Objectives that will be covered, a review of each topic, dozens of tables and figures that illustrate key concepts, numerous examples with clear solutions, and multiple-choice practice questions (with detailed answer explanations) to check your progress. You’ll also find helpful tips and advice to keep in mind for test day.


Note: The last three review chapters in this book focus on Unit 4 topics. While Unit 4 topics will not be tested on the AP Precalculus exam, they may be part of your school’s course curriculum. Furthermore, reviewing these chapters may help build your understanding of topics that you will encounter on the exam.







Practice Tests


This book concludes with two full-length practice tests that mirror the actual exam in format, content, and level of difficulty. Each test is followed by detailed answer explanations for all questions.







Glossary of Key Terms


Consult the Glossary of Key Terms at the end of this book. AP Precalculus is a vocabulary-based subject, so a strong command of the most frequently used precalculus terms will further prepare you for success on the exam.







Online Practice


There is also an additional full-length practice test online. You may take this test in practice (untimed) mode or in timed mode. All questions are answered and explained.







For Students


Students who use this book independently will improve their performance by studying the examples carefully and trying to complete the practice problems before referring to the answer explanations. You are strongly encouraged to read the book from start to finish since each topic builds on the previous ones. However, it is possible to use this book as a reference for specific topics that need review.







For Teachers


Teachers who use this book with a class can do so in several ways. You can assign all or part of each set of multiple-choice questions after the topic has been covered during the school year. These sets can also be used for review purposes shortly before exam time. The practice tests will also be helpful in reviewing toward the end of the year.


























	Barron’s Essential


	5











As you review the content in this book to work toward earning that 5 on your AP PRECALCULUS exam, here are five things that you MUST know above everything else:
















	[image: 1]


	Develop an understanding of the content; don’t just memorize. It is much better to understand the different mathematical concepts rather than memorizing properties and formulas. By understanding why the properties and formulas work, you will have a firm grasp of the topic, which will enable you to solve the problems. No two math questions are alike, and so it is impossible to memorize your way through a math course, especially an AP math course. This book often goes through the derivations of formulas and gives background explanations of the concepts so that you will understand how the math works.







	[image: 2]


	
Build your vocabulary. Math is its own language with its own notations and terms. Often terms in math can have multiple meanings within the context of the problem. For example:




	•In trigonometry, tangent refers to the ratio of sides of a right triangle or the ratio of the trigonometric functions, [image: start fraction numerator sine theta over denominator cosine theta end fraction].



	•In geometry, tangent refers to a line that intersects a circle in only one point.



	•In calculus, tangent refers to a line that intersects a curve at a point, matching the curve’s slope there.






Make sure you understand the specific mathematical meanings of each term, especially those in the Glossary at the end of this book. Most of the multiple-choice questions on the exam measure your knowledge and ability to apply mathematical vocabulary.








	[image: 3]


	Mark your model. Since math is its own language, the way you read and approach a problem should be different from how you read in other subject areas. Many problems in math require visualization. If a model is provided, it is important to mark the model with any given information. The markings in the model may tell you about a relationship in the figure that will lead to an equation. If a verbal description is provided, begin by creating a model that can be marked.







	[image: 4]


	Pause for punctuation. When you are reading a problem and see a comma, period, semicolon, colon, or the words and or is, you should stop and ask yourself, “Why might this break in the problem be important?” The answer to this question may tell you about some equation to focus on, information that will allow you to create an equation, or some important information that will lead to a solution to the problem. Think of these pauses as a way for the question writer to signal to you a list of important givens in an organized manner.







	[image: 5]


	
Improve your study habits. Reaching this level in math means that you have been a student for many years and are not afraid to take on a challenging course. You might already have your own study strategies in place or may have found math very easy up until now. Studying for the AP Precalculus exam is an opportunity for you to enhance your study strategies. Study strategies can include:




	•Spacing your studying over a span of weeks as opposed to cramming the days before an exam.



	•Reflecting on topics you struggled with, reading the review material on that section, and answering the practice questions. Repeating a question is a great learning tool to ensure you understand the concept.



	•Using the practice questions at the end of each chapter to test your knowledge.



	•Taking all of the practice tests to become familiar with the testing format and using them to understand which topics you need to repeat and practice more.



	•Using flashcards to review important vocabulary or equations that need to be better understood. The terms you select to make cards on should be ones that are seen often or ones that you are not familiar with.

























Introduction

AP Precalculus is a full-year course designed to prepare you for the math you will encounter at the college level. This course should be taken after you have completed Geometry and Algebra 2 or once you have completed Integrated Math 3. AP Precalculus contains content that is already present in standard high school precalculus courses. This course will develop your ability to express functions, concepts, problems, and conclusions analytically, graphically, numerically, and verbally and to understand how these are related. You will also learn how to use a graphing calculator as a tool for mathematical investigations and problem solving.


Unit Outline

The course is divided into four units. The first three units are assessed on the AP Precalculus exam. The fourth unit includes additional topics available to schools but those topics are not included on the AP Precalculus exam.


Unit 1: Polynomial and Rational Functions

Unit 1 covers the following topics:


	[image: ]Rates of change


	[image: ]Linear functions


	[image: ]Quadratic functions


	[image: ]Complex zeros of polynomial functions


	[image: ]End behavior of polynomial functions


	[image: ]Zeros of rational functions


	[image: ]Vertical asymptotes of rational functions


	[image: ]Holes of rational functions, long division


	[image: ]Transformations of functions, modeling







Unit 2: Exponential and Logarithmic Functions

Unit 2 covers the following topics:


	[image: ]Arithmetic and geometric sequences


	[image: ]Exponential functions


	[image: ]Exponential function manipulation


	[image: ]Data modeling


	[image: ]Composition of functions


	[image: ]Inverse functions


	[image: ]Logarithmic expressions


	[image: ]Inverses of exponential functions


	[image: ]Logarithmic functions


	[image: ]Logarithmic function manipulation


	[image: ]Exponential and logarithmic equations


	[image: ]Exponential and logarithmic inequalities, semi-log plots









Unit 3: Trigonometric and Polar Functions

Unit 3 covers the following topics:


	[image: ]Periodic phenomena


	[image: ]Sine function


	[image: ]Cosine function


	[image: ]Tangent function


	[image: ]Graphs of trigonometric functions


	[image: ]Transformations of sinusoidal functions


	[image: ]Reciprocal trigonometric functions


	[image: ]Solving trigonometric equations


	[image: ]Trigonometric identity proofs


	[image: ]Trigonometry and polar coordinates


	[image: ]Polar function graphs







Unit 4: Functions Involving Parameters, Vectors, and Matrices

Unit 4 covers the following topics:


	[image: ]Parametric functions


	[image: ]Rectilinear motion


	[image: ]Implicit functions


	[image: ]Conic sections, vectors


	[image: ]Vector operations


	[image: ]Vector-valued functions


	[image: ]Matrices, matrix operations


	[image: ]Linear transformations and matrices


	[image: ]Matrices as functions


	[image: ]Markov chains





These Unit 4 topics are not assessed on the AP exam.








Exam Format

The AP Precalculus exam is 3 hours long and is comprised of the following sections.











	Section and Question Type

	Number of Questions

	Time

	Exam Weighting






	I (Multiple-Choice)

	Part A—No Calculator

	28

	80 min

	43.75%




	Part B—Calculator Active*

	12

	40 min

	18.75%




	II (Free-Response)

	Part A—Calculator Active**

	2

	30 min

	18.75%




	Part B—No Calculator

	2

	30 min

	18.75%






*Some of these questions require the use of a graphing calculator.

**Some of these questions require the use of a graphing calculator. Note that, after 30 minutes, you will no longer be permitted to use a calculator.






Scoring of the Exam

Each completed AP exam receives a score according to the following five-point scale:








	AP Score

	Qualification






	5

	Extremely well qualified




	4

	Well qualified




	3

	Qualified




	2

	Possibly qualified




	1

	No recommendation






Many colleges and universities accept a score of 3 or better for college credit or advanced placement. Be sure to check the AP credit policies on individual colleges’ websites.




Using Your Graphing Calculator on the AP Exam

Each student is expected to bring a graphing calculator to the AP exam. Different models of calculators vary in their features and capabilities; however, there are three procedures you must be able to perform on your calculator:


	1.Produce the graph of a function within an arbitrary viewing window.


	2.Solve an equation numerically.


	3.Compute regression models numerically.





Guidelines for Calculator Use


	1.For the multiple-choice questions in Section I: Part B, you may use any feature or program on your calculator.


	
2.On the free-response questions in Section II: Part A, remember the following:


	[image: ]You may use the calculator to perform any of the three listed procedures. When you do, you need to write only the equation or setup that will produce the solution and then the calculator result to the required degree of accuracy (three places after the decimal point unless otherwise specified).


	[image: ]For a solution for which you use a calculator capability other than the three listed above, you must write down the mathematical steps that yield the answer. A correct answer alone will not earn full credit.


	[image: ]When asked to “justify,” you must provide mathematical reasoning to support your answer. Calculator results alone will not be sufficient.









Warning

Don’t rely on your graphing calculator too much. Only a few of these questions require a calculator, and in some cases, it may be an inefficient use of time.






Additional Calculator Notes


	[image: ]Learn the proper syntax for your calculator: the correct way to enter operations, functions, and other commands. Parentheses, commas, variables, or parameters that are missing or entered in the wrong order can produce error messages or yield wrong answers.


	[image: ]Keep your calculator set in radian mode. Almost all questions about angles and trigonometric functions use radians. If you ever need to change to degrees for a specific calculation, return the calculator to radian mode as soon as that calculation is complete.


	
[image: ]Many calculators do not have keys for the secant, cosecant, or cotangent functions. To obtain these functions, use their reciprocals. For example, sec [image: left parenthesis pi over 8 right parenthesis equals start fraction numerator 1 over denominator cosine of left parenthesis pi over 8 right parenthesis end fraction005-01.jpg	x squared minus 5 equals left parenthesis x minus square root of 5 right parenthesis left parenthesis x plus square root of 5 right parenthesis].




	[image: ]Evaluate inverse functions such as arcsin, arccos, and arctan on your calculator. Those function keys are usually denoted as sin−1, cos−1, and tan−1.


	[image: ]To achieve three-place accuracy in a final answer, do not round off variables at intermediate steps since this is likely to produce error accumulations. Round off only after your calculator produces the final answer.


	[image: ]Although final answers expressed in this book are in simplest form, this is not necessary on Section II questions of the AP exam. According to the directions printed on the exam, “unless otherwise specified” (1) you need not simplify algebraic or numerical answers, and (2) answers that include decimals should be correct to three places after the decimal point. However, be aware that if you try to simplify, you must do so correctly or you will lose credit.









Prior Knowledge

Math is very much like a staircase; each course is a stair you climb, providing you with the skills and techniques to guide you upward to the next course. This section will give a brief review of important tools that are used to help solve AP Precalculus questions.


Factoring

Factoring is the process of breaking down a polynomial expression or equation and finding its factors that, when multiplied together, return to the original polynomial. A few different factoring techniques will be reviewed.


Greatest Common Factor (GCF)

Greatest common factor factoring refers to dividing out the greatest like term in a polynomial. The greatest common factor can be a number, a variable, or both.

[image: ] Example

Factor each of the following polynomials.


	1.3x4 − x


	2.2x3 + 6x4 − 4x5


	3.(x + 1)3 − 4(x + 1)2




[image: ] Solution


	1.There are two terms in this polynomial, 3x4 and x. Their greatest common factor is x. Factoring out x gives 3x4 − x = x(3x3 − 1).


	2.There are three terms in this polynomial, 2x3, 6x4, and 4x5. Their greatest common factor is 2x3. Factoring out 2x3 gives 2x3 + 6x4 − 4x5 = 2x3(1 + 3x − 2x2).


	3.There are two terms in this polynomial, (x + 1)3 and 4(x + 1)2. Their greatest common factor is (x + 1)2. Factoring out (x + 1)2 gives (x + 1)3 − 4(x + 1)2 = (x + 1)2((x + 1) − 4) = (x + 1)2(x − 3).







Difference of Two Squares

Difference of two squares factoring refers to binomials of the form x2 − p2. To factor a difference of two squares, x2 − p2 = (x − p)(x + p). The factors are known as conjugate pairs because each factor has the same terms, x and p, but one factor is a sum and the other factor is a difference.



[image: ] Example

Factor each of the following polynomials.


	1.16x2 − 9


	2.(y − 2)2 − 25


	3.49 − 4t2


	4.x2 − 5




[image: ] Solution


	1.Two terms are being subtracted, 16x2 and 9. Factoring using the difference of two squares gives 16x2 − 9 = (4x − 3)(4x + 3).


	2.Two terms are being subtracted, (y − 2)2 and 25. Factoring using the difference of two squares gives (y − 2)2 − 25 = ((y − 2) − 5)((y − 2) + 5) = (y − 7)(y + 3).


	3.Two terms are being subtracted, 49 and 4t2. Factoring using the difference of two squares gives 49 − 4t2 = (7 − 2t)(7 + 2t).


	4.Two terms are being subtracted, x2 and 5. Factoring using the difference of two squares gives [image: x squared minus 5 equals left parenthesis x minus square root of 5 right parenthesis left parenthesis x plus square root of 5 right parenthesis].







Factoring Trinomials

To factor a quadratic of the form x2 + bx + c, look for two real numbers, p and q, that satisfy p + q = b and pq = c.

[image: ] Example

Factor each of the following polynomials.


	1.y2 − 24y + 144


	2.x2 + 6x + 8


	3.z2 − z − 20




[image: ] Solution


	1.Two numbers that multiply to c = 144 are −12 and −12, and these same two numbers add to b = − 24. Therefore, y2 − 24y + 144 = (y − 12)(y − 12).


	2.Two numbers that multiply to c = 8 are 4 and 2, and these same two numbers add to b = 6. Therefore, x2 + 6x + 8 = (x + 4)(x + 2).


	3.Two numbers that multiply to c = − 20 are −5 and 4, and these same two numbers add to b = − 1. Therefore, z2 − z − 20 = (z − 5)(z + 4).




To factor a quadratic of the form ax2 + bx + c where a ≠ 0 and a ≠ 1, you can either guess and check or use the split the middle method.




Steps for Factoring Using Split the Middle


	1.Find the product ac.


	2.Determine numbers whose product is ac and whose sum is b.


	3.Split up the middle term bx, and write it as a sum of the two numbers determined in step 2.


	4.The trinomial is written as an equivalent polynomial with four terms. Group together the first two terms, group together the last two terms, and factor out a common factor from each.


	5.A common factor for the resulting two terms should appear that can then be factored out. Doing this will reveal the two factors of the original trinomial.






[image: ] Example

Factor each of the following quadratics.


	1.25t2 + 10t + 1


	2.3a2 − 10a + 8




[image: ] Solution


	
1.Since this trinomial has an a-value other than 1, factor using the split the middle method. The product of a and c is 25. Two numbers that multiply to 25 are 5 and 5, and they also add to the b-value of 10.

Split the middle term:

[image: 25 t squared plus 5 t plus 5 t plus 1]

Factor by grouping:

[image: left parenthesis 25 t squared plus 5 t right parenthesis plus left parenthesis 5 t plus 1 right parenthesis]

Take out a common factor from each set of parentheses:

[image: 5 t left parenthesis 5 t plus 1 right parenthesis plus 1 left parenthesis 5 t plus 1 right parenthesis]

Factor out the common factor (5t + 1) from each term:

[image:  left parenthesis 5 t plus 1 right parenthesis left parenthesis 5 t plus 1 right parenthesis]



	
2.Since this trinomial has an a-value other than 1, factor using split the middle. The product of a and c is 24. Two numbers that multiply to 24 are −6 and −4, and they also add to the b-value of −10.

Split the middle term:

[image: 3 a squared minus 6 a minus 4 a plus 8]

Factor by grouping:

[image: left parenthesis 3 a squared minus 6 a right parenthesis plus left parenthesis negative 4 a plus 8 right parenthesis]

Take out a common factor from each set of parentheses:

[image: 3 a left parenthesis a minus 2 right parenthesis minus 4 left parenthesis a minus 2 right parenthesis]

Factor out the common factor (a − 2) from each term:

[image: left parenthesis 3 a minus 4 right parenthesis left parenthesis a minus 2 right parenthesis]








Sum or Difference of Cubes

To factor a sum or difference of cubes, use the factoring formulas below:

[image: Line 1: x cubed plus p cubed equals left parenthesis x plus p right parenthesis left parenthesis x squared minus p x plus p squared right parenthesis. Line 2: x cubed minus p cubed equals left parenthesis x minus p right parenthesis left parenthesis x squared plus p x plus p squared right parenthesis.]

The trinomial obtained by factoring a sum or difference of cubes does not factor further.

[image: ] Example

Factor each of the following polynomials.


	1.x3 − 8


	2.1 + 1000x3




[image: ] Solution


	
1.The polynomial is an example of a difference of cubes where p = 2 since 23 = 8. Use the factoring formula:

[image: x cubed minus 8 equals left parenthesis x minus 2 right parenthesis left parenthesis x squared plus 2 x plus 2 squared right parenthesis equals left parenthesis x minus 2 right parenthesis left parenthesis x squared plus 2 x plus 4 right parenthesis]



	
2.The polynomial is an example of a sum of cubes where x = 1 since 13 = 1 and p = 10x since (10x)3 = 1000x3. Use the factoring formula:

[image: 1 plus 1000 x cubed equals left parenthesis 1 plus 10 x right parenthesis left parenthesis 1 squared minus 10 x times 1 plus left parenthesis 10 x right parenthesis squared right parenthesis equals left parenthesis 1 plus 10 x right parenthesis left parenthesis 1 minus 10 x plus 100 x squared right parenthesis]










The Quadratic Formula

When asked to solve a quadratic equation, one method is to use factoring and set each factor equal to zero. Sometimes it is impossible to factor a quadratic equation. In those cases, the solutions can be found using the quadratic formula.


The Quadratic Formula

Given a quadratic equation in standard form, ax2 + bx + c = 0, the formula below can find the solutions to the quadratic equation:

[image: x equals start fraction numerator negative b plus-or-minus square root of b squared minus 4 a c end root over denominator 2 a end fraction]



[image: ] Example

Solve the following quadratic equations, and write your answer in simplest radical form.


	1.2x2 − 5x − 7 = 0


	2.4x2 = 16x + 20






[image: ] Solution


	
1.The quadratic equation is in standard form with a = 2, b = −5, and c = −7. Substitute the values into the quadratic formula:

[image: Line 1: x equals start fraction numerator negative left parenthesis negative 5 right parenthesis plus-or-minus square root of left parenthesis negative 5 right parenthesis squared minus 4 left parenthesis 2 right parenthesis left parenthesis negative 7 right parenthesis end root over denominator 2 left parenthesis 2 right parenthesis end fraction. Line 2: x equals start fraction numerator 5 plus-or-minus square root of 25 plus 56 end root over denominator 4 end fraction. Line 3: x equals start fraction numerator 5 plus-or-minus square root of 81 over denominator 4 end fraction. Line 4: x equals start fraction numerator 5 plus-or-minus 9 over denominator 4 end fraction. Line 5: x equals start fraction numerator 5 plus 9 over denominator 4 end fraction comma x equals start fraction numerator 5 minus 9 over denominator 4 end fraction.]

The solutions are [image: x equals 7 over 2 comma x equals negative 1].



	
2.The quadratic equation needs to be written in standard form first, − 4x2 + 16x + 20 = 0. The equation is now in standard form with a = − 4, b = 16, c = 20. Substitute the values into the quadratic formula:

[image: Line 1: x equals start fraction numerator negative left parenthesis 16 right parenthesis plus-or-minus square root of left parenthesis 16 right parenthesis squared minus 4 left parenthesis negative 4 right parenthesis left parenthesis 20 right parenthesis end root over denominator 2 left parenthesis negative 4 right parenthesis end fraction. Line 2: x equals start fraction numerator negative 16 plus-or-minus square root of 256 plus 320 end root over denominator negative 8 end fraction. Line 3: x equals start fraction numerator negative 16 plus-or-minus square root of 576 over denominator negative 8 end fraction. Line 4: x equals start fraction numerator negative 16 plus-or-minus 24 over denominator negative 8 end fraction. Line 5: x equals start fraction numerator negative 16 plus 24 over denominator negative 8 end fraction comma x equals start fraction numerator negative 16 minus 24 over denominator negative 8 end fraction.]

The solutions are x = − 1, x = 5.








Imaginary Numbers

There are many different sets of numbers, such as integers, natural numbers, rational numbers, and real numbers. There is also the set of imaginary numbers. This occurs when there is a negative number under a square root.

The most basic imaginary number is [image: square root of negative 1 end root] and is notated as i. In other words, [image: i equals square root of negative 1 end root.] Operations using imaginary numbers are much like operations in the real number system.

[image: Line 1: Addition: 2 i plus 3 i equals 5 i. Line 2: Subtraction: 7 i minus 3 i equals 4 i.]

When multiplying imaginary numbers, the exponents of the imaginary number are added together and their coefficients are multiplied.

[image: Multiplication: 2 i times 5 i equals 10 i squared ]

Special properties are associated with the powers of i, as noted in the sidebar to the right.


Powers of i

[image: Line 1: i equals square root of negative 1 end root. Line 2: i squared equals left parenthesis square root of negative 1 end root right parenthesis squared equals negative 1. Line 3: i cubed equals i squared times i equals negative 1 times i equals negative i. Line 4: i to the power of 4 equals i squared times i squared equals negative 1 times negative 1 equals 1]

The powers continue to cycle following this pattern.





When dividing imaginary numbers, the exponents of the imaginary numbers are subtracted and their coefficients are divided.

[image: Division: start fraction numerator 49 i to the power of 5 over denominator 7 i cubed end fraction equals 7 i squared equals 7 left parenthesis negative 1 right parenthesis equals negative 7]

Imaginary numbers can appear when working with square roots. A problem may ask for a solution to be written in simplest a + bi form, which is a complex number. The a represents the real portion of the number, and the bi represents the imaginary portion of the number.

To simplify a complex number, first rewrite all radicals with a negative radicand as imaginary numbers by removing the negative sign and replacing it with the imaginary number i. Finally, simplify the radical.

[image: ] Example

Solve the quadratic equation, and write your solution in simplest a + bi form.

[image: x squared plus 6 x plus 13 equals 0]

[image: ] Solution

The quadratic equation is written in standard form with a = 1, b = 6, c = 13. Use the quadratic formula:

[image: Line 1: x equals start fraction numerator negative left parenthesis 6 right parenthesis plus-or-minus square root of left parenthesis 6 right parenthesis squared minus 4 left parenthesis 1 right parenthesis left parenthesis 13 right parenthesis end root over denominator 2 left parenthesis 1 right parenthesis end fraction. Line 2: x equals start fraction numerator negative 6 plus-or-minus square root of 36 minus 52 end root over denominator 2 end fraction. Line 3: x equals start fraction numerator negative 6 plus-or-minus square root of negative 16 end root over denominator 2 end fraction. Line 4: x equals start fraction numerator negative 6 plus-or-minus i square root of 16 over denominator 2 end fraction. Line 5: x equals start fraction numerator negative 6 plus-or-minus 4 i over denominator 2 end fraction. Line 6: x equals fraction numerator negative 6 plus-or-minus 4 i over denominator 2 end fraction end cell row cell x equals fraction numerator negative 6 plus 4 i over denominator 2 end fraction comma x equals fraction numerator negative 6 minus 4 i over denominator 2 end fraction.]

The solutions are x = − 3 + 2i, x = − 3 − 2i.




Right Triangle Trigonometry

Right triangles are made up of a right angle and two acute angles. The sum of the 3 angles is 180°. The sides opposite the acute angles are called legs, and the side opposite the right angle is called the hypotenuse. The lengths of the sides of a right triangle must satisfy the Pythagorean theorem, a2 + b2 = c2, where a and b are the legs and c is the hypotenuse.

The relationship between the angle measures and the side lengths is known as trigonometry. There are three trigonometric ratios of sides that correspond to an acute angle measure in a right triangle.




Three Trigonometric Ratios

Given the right triangle ABC, where angle A is the right angle shown in the figure, the sides are labeled based upon their relationship to angle θ.

[image: right triangle ABC with sides labeled as adjacent side (AB), opposite side (AC), and hypotenuse (BC)]

The ratio of sides in the box above can be remembered using the following mnemonic device:

[image: S times O over H space C times A over H space T times O over A]


Trigonometric Ratios of Angle 𝜽

[image: Line 1: Sine theta equals start fraction opposite over hypotenuse end fraction equals start fraction A C over B C end fraction. Line 2: cosine theta equals start fraction adjacent over hypotenuse end fraction equals start fraction A B over B C end fraction. Line 3: tangent theta equals start fraction opposite over adjacent end fraction equals start fraction A C over A B end fraction.]






Special Right Triangles

Two triangles have known angle measures and corresponding side lengths. These are known as the special right triangles.


30°–60°–90° Triangle

In this triangle, the two acute angles measure 30° and 60° and the third angle is the right angle, 90°. Their corresponding side lengths are in the ratio [image: 1 colon square root of 3 colon 2], as shown in the figure below.

As a result, below are six known trigonometric values that correspond to this special right triangle:

[image: Line 1: sine 30 degrees equals one-half; cosine 30 degrees equals start fraction square root of 3 over 2 end fraction. Line 2: tangent 30 degrees equals start fraction 1 over square root of 3 end fraction equals start fraction square root of 3 over 3 end fraction; sine 60 degrees equals start fraction square root of 3 over 2 end fraction. Line 3: cosine 60 degrees equals one-half; tangent 60 degrees equals start fraction square root of 3 over 1 end fraction equals square root of 3.]

[image: right triangle with angle 30 degrees and opposite side of length one, angle 60 degrees and opposite side of length radical 3, and 90 degrees with opposite side of length 2]






45°–45°–90° Triangle

In this triangle, the two acute angles measure 45° and 45° and the third angle is the right angle, 90°. Their corresponding side lengths are in the ratio [image: 1 colon 1 colon square root of 2], as shown in the figure.

As a result, below are three known trigonometric values that correspond to this special right triangle:

[image: Line 1: sine 45 degrees equals start fraction numerator 1 over denominator square root of 2 end fraction equals start fraction numerator square root of 2 over denominator 2 end fraction. Line 2:  cosine 45 degrees equals start fraction numerator 1 over denominator square root of 2 end fraction equals start fraction numerator square root of 2 over denominator 2 end fraction. Line 3: tangent 45 degrees equals 1 over 1 equals 1.]

[image: right triangle with angle 45 degrees and opposite side of length one, angle 45 degrees and opposite side of length 1, and 90 degrees with opposite side of length radical 2]

The trigonometric values of angles other than 30°, 45°, and 60° can be measured using calculators. In this course, you will learn that the trigonometric values of angles that measure more than 90° can also be evaluated.








Law of Sines and Law of Cosines

Two laws help determine the lengths and angles of triangles that don’t necessarily have to be right triangles. They are known as the law of sines and the law of cosines.


Law of Sines

The law of sines relates the lengths of two sides of a triangle to the sines of the angles opposite those sides.


The Law of Sines

[image: start fraction numerator side of capital delta A B C over denominator sine of angle opposite side end fraction equals start fraction numerator a over denominator sine A end fraction equals start fraction numerator b over denominator sine B end fraction equals start fraction numerator c over denominator sine C end fraction]

[image: ]



[image: ] Example

In ΔABC, a = 12, sin A = 0.6, and sin B = 0.4. What is the length of side b?



[image: ] Solution

Since the sine of two angles and the length of a side are given, solve for b by using the law of sines.

[image: Line 1: start fraction numerator a over denominator sine A end fraction equals start fraction numerator b over denominator sine B end fraction. Line 2: start fraction numerator 12 over denominator 0.6 end fraction equals start fraction numerator b over denominator 0.4 end fraction. Line 3: 0.6 b equals left parenthesis 0.4 right parenthesis left parenthesis 12 right parenthesis. Line 4: b equals start fraction numerator 4.8 over denominator 0.6 end fraction equals 8.]

[image: ] Example

In ΔABC, ∠A = 59°, ∠B = 74°, and b = 100 meters. Find c to the nearest tenth of a meter.

[image: ] Solution

It is helpful to make a model of the given information to determine the necessary equation needed to solve the problem.

[image: triangle with angles labeled as A, B and C; angle A = 59 degrees; angle B = 74 degrees; angle C = 47 degrees; side b = 100 m]

First find the measure of ∠C, which is the third angle of the triangle:

[image: angle C equals 180 degrees minus left parenthesis 59 degrees plus 74 degrees right parenthesis equals 47 degrees. ]

Now find c using the law of sines.

[image: Line 1: start fraction numerator c over denominator sine C end fraction equals start fraction numerator b over denominator sine B end fraction. Line 2: start fraction numerator c over denominator sine 47 degrees end fraction equals start fraction numerator 100 over denominator sine 74 degrees end fraction. Line 3: c sine 74 degrees equals left parenthesis 100 right parenthesis left parenthesis sine 47 degrees right parenthesis. Line 4: c equals start fraction numerator 100 sine 47 degrees over denominator sine 74 degrees end fraction equals 76.1 m.]






Law of Cosines

The law of cosines relates the lengths of the three sides of a triangle to the cosine of the angle opposite one of the sides.


The Law of Cosines

[image: Line 1: a squared equals b squared plus c squared minus 2 b c cosine A. Line 2: b squared equals a squared plus c squared minus 2 a c cosine B. Line 3: c squared equals a squared plus b squared minus 2 a b cosine C.]

[image: triangle ABC, with side a opposite angle A, side b opposite angle B, and side c opposite angle C]



[image: ] Example

In ΔABC, a = 6, b = 10, and ∠C = 120°. What is the length of side c?

[image: ] Solution

It is helpful to make a model of the given information to determine the necessary equation needed to solve the problem.

[image: Illustration of triangle ABC with angle C = 120 degrees, side AC of length 10, and side BC of length 6]

Since three sides and one angle are marked in the model, use the law of cosines to find the length of side c.

[image: Line 1: c squared equals a squared plus b squared minus 2 a b cosine C Line 2: c squared equals left parenthesis 6 right parenthesis squared plus left parenthesis 10 right parenthesis squared minus 2 left parenthesis 6 right parenthesis left parenthesis 10 right parenthesis cosine 120 degrees.]

Use your calculator.

[image: Line 1: c squared equals 196. Line 2: c equals plus-or-minus square root of 196 equals plus-or-minus 14.]

Since c represents the length of a side, reject the negative length. Therefore, c = 14.
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Chapter 1 Rates of Change


Learning Objectives

In this chapter, you will learn:


	➜The difference between a relation and a function


	➜How to calculate the rate of change and its meaning


	➜How to calculate the rate of change of different functions







1.1 Relations and Functions


Relations

Most mathematical studies are based upon two different quantities and how they relate to one another. This is known as a relation. A relation can be represented by a diagram, an equation, or a list that specifies a specific relationship between groups of elements.

For example, consider relation r shown in Figure 1.1 as both a diagram and a list of ordered pairs.

r:


[image: One circle mapping -1 to 10, 3 to -7 and 45, 6 to 12, 10 to 33 and 45, 25 to 67 in a second circle. The number 5 in the first circle and the number 0 in the second circle don't map to anything.]

Figure 1.1




The elements in the oval on the left are known as the set of input values, which is also called the domain. The elements in the oval on the right are known as the set of output values, which is also called the range. The arrows lead from the inputs and end at their corresponding outputs.

Following the arrows helps to write the relation as a set of ordered pairs as shown below:

[image: r colon left curly bracket left parenthesis negative 1 comma 10 right parenthesis comma left parenthesis 3 comma negative 7 right parenthesis comma left parenthesis 3 comma 45 right parenthesis comma left parenthesis 6 comma 12 right parenthesis comma left parenthesis 10 comma 33 right parenthesis comma left parenthesis 10 comma 45 right parenthesis comma left parenthesis 25 comma 67 right parenthesis right curly bracket]

There are two things to notice about relation r:


	1.Not all of the elements in the domain were used: 5 did not have a corresponding output.


	2.Some inputs had multiple outputs: 3 mapped to −7 and 45, and 10 mapped to 33 and 45.









Functions

A relation that maps a set of input values to a set of output values where each input value is mapped to one and only one output value is defined as a function. For relation r as a function, 5 would need to be removed from the domain, and both 3 and 10 should be mapped to only one output each. This is shown in Figure 1.2.


[image: One circle mapping -1 to 10, 3 to -7, 6 to 12, 10 to 45, and 25 to 67 in a second circle. The numbers 0 and 33 in the second circle don't map to anything.]

Figure 1.2




An example of a real-life model of a function is the cost of a taxi. Taxis calculate the cost of a ride based on the amount of time a passenger spends in the vehicle. Therefore, the cost of a particular ride is a function of the length of the ride. A passenger cannot have two charges for the same duration. In this example, time is the domain and cost is the range.

Functions are powerful mathematical tools for describing how one variable quantity depends on another. A function can be represented verbally, numerically, algebraically, or graphically. Variables are often used to represent the infinitely many possibilities for the domain and range of a function. The variable representing input values is called the independent variable, and the variable representing output values is called the dependent variable. Since functions, like relations, can be represented by ordered pairs, x is often used to represent the independent variable and y often represents the dependent variable. Then every input and its corresponding output can be represented by the ordered pair (x, y).

Often functions can be written as equations based upon a rule that describes the relationship between the independent and dependent variables. Returning to the cost of the taxi, for a passenger to ride, it costs $2.00 to enter the car and $1.50 for every minute of the ride. A table of values can be created to list the different corresponding inputs and outputs. For example, at 0 minutes, the cost is $2.00 just to enter the taxi. After a minute of driving, $1.50 is added to that cost for a total of $3.50. At 2 minutes, another $1.50 is added for a total cost of $5.00. This is illustrated in Table 1.1.


Table 1.1







	x = time (minutes)

	y = cost (dollars)






	0

	2.00




	1

	3.50




	2

	5.00




	3

	6.50




	4

	8.00






Since there are infinitely many values that time can take on, listing all the corresponding pairs is tedious. It is more efficient to write the cost of a ride as an equation dependent upon time. Since the independent variable is time, let x represent the time in minutes and y represent the cost in dollars. The cost equation could be written as y = 2.00 + 1.50x.



There is another way to notate functions as equations. If f represents a function, then f(x), read as “f of x,” represents the value of the function when x takes on a specific value. In other words, y = f(x). The benefit of this notation is that it allows you to see the two variables and clearly identify the independent and dependent variables. It is also a nice way to identify specific values. For example, to find the cost of the taxi ride after 5 minutes, we would input 5 for x to find the cost. This substitution would look like f (5) = 2.00 + 1.50(5) = 9.50 = y. After 5 minutes, the cost of the taxi would be $9.50.

Different letters can be used to fit what the variables represent. For example, t can stand for time and c for cost. Our taxi equation can be rewritten as c(t) = 2.00 + 1.50t.

[image: ] Example

If f(x) = 10x − 2, find the value of f (3).

[image: ] Solution

To find the value of f (3), the input is x = 3. This value is substituted for x in the equation.

[image: f left parenthesis 3 right parenthesis equals 10 left parenthesis 3 right parenthesis minus 2 equals 30 minus 2 equals 28]

When x = 3, f (3) = 28 = y. The ordered pair that represents this solution is (3, 28).

[image: ] Example

Given g = {(− 1, 1), (0, 3), (4, 7), (5, 1), (8, −10)}, find g(0).

[image: ] Solution

To find the value of g(0), the input is x = 0. Find the ordered pair whose x-value is 0. The y-value will represent the function value. The ordered pair is (0, 3), so g(0) = 3.

[image: ] Example

If v(t) = t2 + 5, what is v(c + 2)?

[image: ] Solution

To evaluate v(c + 2), the input is t = c + 2. This input is substituted for t in the equation.

[image: v left parenthesis c plus 2 right parenthesis equals left parenthesis c plus 2 right parenthesis squared plus 5 equals left parenthesis c plus 2 right parenthesis left parenthesis c plus 2 right parenthesis plus 5 equals c squared plus 2 c plus 2 c plus 4 plus 5 equals c squared plus 4 c plus 9]

Another way functions can be represented is by their graphs. To graph a function, plot its coordinate pairs as points on an xy-plane. The xy-plane is a coordinate grid with a horizontal line that represents the x-axis and a vertical line that represents the y-axis. Coordinate pairs are plotted by moving left or right on the x-axis and then moving down or up on the y-axis. If the function is continuous over its domain, the points of the pairs can be connected to reveal the graph. The graph provides a nice visual and can show different behaviors of the graph that can lead to important conclusions about the function.

Returning to the taxi cost function, f(x) = 2.00 + 1.50x, graph the function on the coordinate plane. Begin by plotting the values from Table 1.2 on the coordinate plane, as shown in Figure 1.3.




Table 1.2







	x = time (minutes)

	y = cost (dollars)






	0

	2.00




	1

	3.50




	2

	5.00




	3

	6.50




	4

	8.00







[image: graph with the points (0,2), (1, 3.5), (2, 5), (3, 6.5) and (4, 8)]

Figure 1.3




Since the domain is time, assume the inputs are all real numbers greater than zero. The points can be connected to create a continuous graph, as shown in Figure 1.4.


[image: graph with the points (0,2), (1, 3.5), (2, 5), (3, 6.5) and (4, 8) and a line passing through all the points and an arrowhead at the top right of the line ]

Figure 1.4






This is a linear function because its graph is a line. Note that the axes can change names, too, depending on the independent and dependent variables being used. If we graphed c(t) = 2.00 + 1.50t, the x-axis could be renamed as t and the y-axis could be renamed as either c or c(t).

Various types of functions will be explored in later chapters of this book. Many have general concepts that can be applied, including domain, range, x- and y-intercepts, and graph behaviors.




Domain and Range

The domain of a function, f(x), is the largest possible set of numbers x for which f(x) is a real number. To find the domain graphically, look along the x-axis from left to right. The x-value of the point farthest to the left represents the lower bound of the domain, and the x-value of the point farthest to the right represents the upper bound of the domain.

The range of a function, f(x), is the set of all values that y can have as x takes on each of its possible values.

Figure 1.5 is the graph of function g(x).


[image: graph of a function, y = g(x), with a line segment from (-6, 0) to (-2, 8) and then (-2, 8) to (2, 0) and then (2, 0) to (5, 3); there is also a horizontal line for y = 2]

Figure 1.5




The point farthest to the left is (−6, 0), and the point farthest to the right is (5, 3). Therefore, the domain of g(x) is − 6 ≤ x ≤ 5, which can be written as the interval [−6, 5].

The lowest points are (−6, 0) and (2, 0). The highest point is (−2, 8). Therefore, the range of g(x) is 0 ≤ y ≤ 8, which can be written as the interval [0, 8].

Figure 1.5 has closed circles on the endpoints, but not all graphs have closed endpoints, as seen in the next figure.



Figure 1.6 is the graph of function h(x).


[image: graph of a line segment with an open circle at (-5, 4) to closed circle (-2, 1) and then line segment from (-2, 1) to open circle (1, 4)]

Figure 1.6




The point farthest to the left is (−5, 4), and the point farthest to the right is (1, 4). Since these points have open circles, it means the graph of the function goes up to those points but does not include those values. Therefore, the domain of h(x) is − 5 < x < 1, which can be written as the interval (−5, 1).

The lowest point is (−2, 1) and is graphed with a closed circle. The highest points are (−5, 4) and (1, 4), which are graphed with open circles. Therefore, the range of h(x) is 1 ≤ y < 4, which can be written as the interval [1, 4).

Figure 1.7 is the graph of k(x).


[image: Graph of a curve that rises from (-3.9, -7), peaks at (-2.5, 1), falls to (0, -6), and then rises, passing through the point (1, 0)]

Figure 1.7




There are arrowheads on both endpoints. This means the graph continues in those directions forever. Since there is no left or right endpoint, the domain is all real numbers, which can be written in interval notation as (− ∞, ∞). Since there is no lowest or highest endpoint, the range is all real numbers, which is written in interval notation as (− ∞, ∞).



[image: ] Example

State the domain and range of each of the functions in Figures 1.8 and 1.9.


	
1.


[image: Graph of a curve with left endpoint as an open circle at (0, -32) and a closed right endpoint at (16, -4)]

Figure 1.8






	
2.


[image: graph of a concave down curve (f) with a left endpoint at (-4, 0)]

Figure 1.9








[image: ] Solution


	
1.The point farthest to the left is (0, −32) and has an open circle. The point farthest to the right is (16, −4) and has a closed circle. Therefore, the domain is 0 < x ≤ 16, which can be written as the interval (0, 16].

The lowest point is (0, −32) and has an open circle. The highest point is (16, −4) and has a closed circle. Therefore, the range is − 32 < y ≤ − 4, which can be written as the interval (−32, −4].



	
2.The point farthest to the left is (−4, 0) and has a closed circle. There is no point farthest to the right since there is an arrowhead on the right side of the graph. Therefore, the domain is − 4 ≤ x or x ≥ − 4, which can be written as the interval [− 4, ∞).

The lowest point is (−4, 0) and has a closed circle. There is no highest point since there is an arrowhead on the right side of the graph. Therefore, the range is 0 ≤ y or y ≥ 0, which can be written as the interval [0, ∞).





Algebraically, the domain can be calculated by considering the input values that would make the function not exist or be undefined.


Rules to Find the Domain

There are two key rules to follow when algebraically finding the domain of a function.


	1.Do not divide by zero. Exclude from the domain of a function any value of x that results in a 0 in the denominator. For example, if [image: f left parenthesis x right parenthesis equals start fraction numerator x plus 4 over denominator x minus 3 end fraction], then [image: x not equal to 3 since f left parenthesis 3 right parenthesis equals start fraction numerator 3 plus 4 over denominator 3 minus 3 end fraction equals 7 over 0], which is undefined. Therefore, the domain of the function is the set of all real numbers except 3, which can be represented as (−∞, 3) ∪ (3, ∞).


	2.Do not take the square root (or any even root) of a negative number. Since the square root of a negative number is not a real number, the quantity underneath a square root must always be greater than or equal to 0. If [image: f left parenthesis x right parenthesis equals square root of x plus 5 end root], then x + 5 ≥ 0 and x ≥ −5. The domain of the function is the set of all real numbers greater than or equal to −5, which can be represented as [−5, ∞).









Intercepts

The x-intercept of the graph of a function is found where the graph intersects the x-axis. At this point, the output value is zero and the corresponding input values are said to be the zeros of the function. When graphically finding the zeros of a function, look to see where the graph intersects the x-axis.

The y-intercept of the graph of a function is found where the graph intersects the y-axis. At this point, the input value is zero.

[image: ] Example

Find the zeros of the function f(x) shown in Figure 1.10. Also state the coordinates of the y-intercept.


[image: graph of a curve that is tangent to the x-axis at (-1, 0) and passes through the x-axis at (2, 0) and (4, 0)]

Figure 1.10






[image: ] Solution

To find the zeros, locate the x-intercepts. The x-intercepts are the points (−1, 0), (2, 0), and (4, 0). Therefore, the zeros are x = −1, 2, and 4.

The y-intercept is the point (0, 8).

To find the zeros of a function algebraically, set the equation equal to zero and solve for x. The x-values will represent the zeros of the function.

To find the y-intercept of a function algebraically, substitute 0 for the input value and solve for y. The y-value will represent the y-coordinate of the y-intercept.

[image: ] Example

Find the zeros of each of the following functions.


	1.f(x) = 2x − 48


	2.g(x) = (x − 3)(x + 5)(x + 13)




[image: ] Solution


	
1.To find the zeros of the function, first set the equation equal to 0. Solve for x by adding 48 to both sides of the equation and then dividing both sides by 2.

[image: Line 1: 2 x minus 48 equals 0. Line 2: 2 x equals 48. Line 3: x equals 24.]



	
2.First set the equation equal to 0. To solve for x, set each of the factors equal to 0 since the only way a product can equal 0 is if at least one of the terms in the parentheses is 0.

[image: Line 1: left parenthesis x minus 3 right parenthesis left parenthesis x plus 5 right parenthesis left parenthesis x plus 13 right parenthesis equals 0. Line 2: left parenthesis x minus 3 right parenthesis equals 0; left parenthesis x plus 5 right parenthesis equals 0; left parenthesis x plus 13 left parenthesis equals 0. Line 3: x equals 3; x equals negative 5; x equals negative 13.]





[image: ] Example

Find the y-intercept of each of the following functions.


	1.f(x) = 2x − 48


	2.g(x) = (x − 3)(x + 5)(x + 13)




[image: ] Solution


	
1.To find the y-intercept of a function, substitute 0 for the input value and solve for y.

[image: f left parenthesis 0 right parenthesis equals 2 left parenthesis 0 right parenthesis minus 48 equals 0 minus 48 equals negative 48 equals y]

The y-intercept has the coordinates (0, −48).



	
2.Substitute 0 for the input value, and solve for y.

[image: g left parenthesis 0 right parenthesis equals left parenthesis 0 minus 3 right parenthesis left parenthesis 0 plus 5 right parenthesis left parenthesis 0 plus 13 right parenthesis equals left parenthesis negative 3 right parenthesis left parenthesis 5 right parenthesis left parenthesis 13 right parenthesis equals negative 195 equals y]

The y-intercept has the coordinates (0, −195).







Notice in the previous two examples that a function can have multiple zeros or x-intercepts but only one y-intercept. This is true for every function since a function can have one and only one output for any input. Since the input for a y-intercept is always 0, that 0 can correspond to only one y-value in order to remain a function.


Remember that a function can have many x-intercepts or zeros but can have only one y-intercept.



This rule can easily be visualized using a graph and is called the vertical line test. The vertical line test states that an equation represents a function if no vertical line intersects the graph of the equation in more than one point.

The graph in Figure 1.11 represents a function since any vertical line that can be drawn intersects the graph in at most one point. The graph in Figure 1.12 is not a function since it fails the vertical line test.


[image: graph of a curve with a vertical line through it that only intersects the graph in one point]

Figure 1.11





[image: graph of a sideways parabola through which a vertical line intersects at two points]

Figure 1.12







Additional Behaviors of Functions

The last general behaviors that will be discussed about functions can be easily viewed from a function’s graph and help describe its shape. These behaviors can also be tested algebraically and are a major topic of conversation in calculus.




Increasing/Decreasing

A function is increasing over an interval of its domain if, as the input values increase, the output values always increase. In other words, for all a and b in the interval of the domain, if a < b, then f(a) < f(b).

A perfect example of an increasing function is the taxi cost equation, f(x) = 2.00 + 1.50x. As time increases, the cost of the taxi continues to increase. As shown in Figure 1.4, as you follow the path of the graph from left to right, the graph continues to travel up.

Alternatively, a function is decreasing over an interval of its domain if, as the input values increase, the output values always decrease. In other words, for all a and b in the interval, if a < b, then f(a) > f(b).

A real-world example that models a decreasing function is the value of a new car. After you buy a car, as time increases, the value of the car continues to decrease as the car is said to depreciate.

Figure 1.13 shows the graph of an increasing function, and Figure 1.14 shows the graph of a decreasing function.


[image: graph of a positive sloped, increasing linear function]

Figure 1.13





[image: graph of a negative sloped, decreasing linear funtion]

Figure 1.14




Note that a graph of a function can have both increasing and decreasing intervals over the domain.

[image: ] Example

Using the graph of the function shown in Figure 1.15, identify the intervals where the function is increasing and the intervals where it is decreasing.




[image: graph of a function that passes through the x-axis at (-1.5, 0), is tangent to the x-axis at (0, 0), and passes through the x-axis at (2.8, 0) ]

Figure 1.15




[image: ] Solution

Begin at the left endpoint of the graph, and follow its path to the right endpoint of the graph. Note that the function changes behavior more than once. When stating the intervals, use the x-values since they represent the independent variable.

The function is decreasing over the intervals (−∞, −1] ∪ (0, 2).

The function is increasing over the intervals (−1, 0) ∪ (2, ∞).




Concavity

Unlike linear functions, the graphs of other functions that will be discussed are not only continuous but are also smooth and appear to bend, sometimes upward or downward. This is known as the concavity of a graph, as shown in Figure 1.16.


[image: a graph of a concave up (U-shaped) parabola and a concave down (upside-down U-shaped) parabola]

Figure 1.16




A more formal definition of concavity now leads to a discussion of rates of change.










1.2 Rates of Change

A rate is a comparison between two different quantities.


To find the average rate of change, either two points or two sets of inputs with their corresponding outputs are needed. Then the differences can be calculated.

Finding the average rate of change between an initial point and a final point is equivalent to finding the slope of the segment (or secant) between those points.




Average Rate of Change

The average rate of change is the change in the value of one quantity divided by the change in the value of another quantity. Common examples of average rate of change include finding the average [image: speed equals start fraction numerator change in distance over denominator change in time end fraction] and the slope of a line [image: segment equals start fraction numerator capital delta y over denominator capital delta x end fraction equals start fraction numerator y subscript 2 minus y subscript 1 over denominator x subscript 2 minus x subscript 1 end fraction].

[image: ] Example

A car travels between two cities according to the distance-time graph shown in Figure 1.17.


[image: graph of distance (in miles) on the y-axis over time (in hours) on the x-axis, with a line segment from (0, 0) to (0.5, 25), a line segment from (0.5, 25) to (1, 40), a line segment from (1, 40) to (1.5, 70), and a line segment from (1.5, 70) to (2, 110)]

Figure 1.17





	(a)What is the car’s average speed for the first hour?


	(b)What is the car’s average speed for the entire trip?


	(c)How does the average speed in part (a) compare with the average speed in part (b)?




[image: ] Solution


	
(a)Initially, the car has traveled 0 miles in 0 hours. After 1 hour, the car has traveled 40 miles. The average speed for the first hour is

[image: start fraction numerator 40 minus 0 over denominator 1 minus 0 end fraction equals 40 mph]



	
(b)Initially, the car has traveled 0 miles in 0 hours. By the end of the trip, the car has traveled 110 miles in 2 hours. The average speed for the entire trip is

[image: start fraction numerator 110 minus 0 over denominator 2 minus 0 end fraction equals 55 mph]



	(c)Figure 1.18 shows the two secants that represent the solutions to parts (a) and (b). The slope of the secant for part (b) is steeper than the slope of the secant for part (a). In other words, over the course of the entire trip, more distance was gained after the initial hour.







[image: graph of distance (in miles) on the y-axis over time (in hours) on the x-axis, with a line segment from (0, 0) to (0.5, 25), a line segment from (0.5, 25) to (1, 40), a line segment from (1, 40) to (1.5, 70), and a line segment from (1.5, 70) to (2, 110); graph contains another line segment from (0, 0) to (2, 110) and another line segment from (0, 0) to (1, 40)]

Figure 1.18




The average speed for the entire trip does not give all the details for the speeds along the way. The average speed is just that, an average or an overall idea of the rate of change between a starting point and an ending point.

Finding the speed at a specific instant in time is something entirely different. Graphically at one point, such as t = 1 hour, the secant line would change to a tangent line, as shown in Figure 1.19.


[image: graph of distance (in miles) on the y-axis over time (in hours) on the x-axis, with a line segment from (0, 0) to (0.5, 25), a line segment from (0.5, 25) to (1, 40), a line segment from (1, 40) to (1.5, 70), and a line segment from (1.5, 70) to (2, 110); the graph contains a line tangent at the point (1, 40)]

Figure 1.19




Finding the rate of change at this value is an issue since the previous slope formula needs two points and only one point is known for the tangent line.

The rate of change at a point can be approximated by the average rate of change of the function over small intervals containing the point, if such values exist.



[image: ] Example

Given the graph of function f(x) = x2 shown in Figure 1.20, find the average rate of change at point P(4, 16).


[image: Graph of a parabola whose vertex is (0, 0) and passes through point P at (4, 16)]

Figure 1.20




[image: ] Solution

It is impossible to find the average rate of change at one point since two points are needed. To approximate, we will choose points to serve as endpoints with point P to create secant lines. As the endpoints get closer and closer to point P, the slopes of the secant lines should approach one value. This value will be the approximation of the average rate of change at point P. As seen in Figure 1.21, as the endpoints get closer to point P, the secant lines begin to look the same.




[image: Graph of a parabola whose vertex is (0, 0) and passes through point P at (4, 16); also a line segment from A(0, 0) to P(4, 16), a line segment from B(1, 1) to P(4, 16), a line segment from C(2, 4) to P(4, 16), a line segment from D(3, 9) to P(4, 16), a line segment from E(3.5, 12.25) to P(4, 16), and a line segment from P(4, 16) to F(4.36, 19)]

Figure 1.21




Table 1.3 will help to organize the different average rates of change.


Table 1.3








	Point

	P(4, 16)

	Average Rate of Change






	A(0, 0)

	P(4, 16)

	[image: start fraction numerator 16 minus 0 over denominator 4 minus 0 end fraction equals 16 over 4 equals 4]




	B(1, 1)

	P(4, 16)

	[image: start fraction numerator 16 minus 1 over denominator 4 minus 1 end fraction equals 15 over 3 equals 5]




	C(2, 4)

	P(4, 16)

	[image: start fraction numerator 16 minus 4 over denominator 4 minus 2 end fraction equals 12 over 2 equals 6]




	D(3, 9)

	P(4, 16)

	[image: start fraction numerator fraction numerator 16 minus 9 over denominator 4 minus 3 end fraction over denominator 4 minus 3 end fraction equals 7 over 1 equals 7]




	E(3.5, 12.25)

	P(4, 16)

	[image: start fraction numerator 16 minus 12.25 over denominator 4 minus 3.5 end fraction equals fraction numerator 3.75 over denominator 0.5 end fraction equals 7.5]




	F (4.36, 19)

	P(4, 16)

	[image: start fraction numerator 16 minus 19 over denominator 4 minus 4.36 end fraction equals fraction numerator negative 3 over denominator negative 0.36 end fraction equals 8.333 with bar over 333]






For x-values smaller than 4, the slopes approach 7.5. For x-values greater than 4, the values approach [image: 8.333 with bar over 333]

Since the equation of the function is given, x-values that are even closer to 4 from both the left and right directions can be substituted into the function as shown in Table 1.4.




Table 1.4








	Point

	P(4, 16)

	Average Rate of Change






	G(3.9, 15.21)

	P(4, 16)

	[image: Start fraction numerator 16 minus 15.21 over denominator 4 minus 3.9 end fraction equals fraction numerator 0.79 over denominator 0.1 end fraction equals 7.9]




	H(3.95, 15.6025)

	P(4, 16)

	[image: start fraction numerator 16 minus 15.6025 over denominator 4 minus 3.95 end fraction equals fraction numerator 0.3975 over denominator 0.05 end fraction equals 7.95]




	I(3.99, 15.9201)

	P(4, 16)

	[image: start fraction numerator 16 minus 15.9201 over denominator 4 minus 3.99 end fraction equals fraction numerator 0.0799 over denominator 0.01 end fraction equals 7.99]




	J(4.001, 16.008001)

	P(4, 16)

	[image: start fraction numerator 16 minus 16.008001 over denominator 4 minus 4.001 end fraction equals fraction numerator negative 0.008001 over denominator negative 0.001 end fraction equals 8.001]




	K(4.01, 16.0801)

	P(4, 16)

	[image: start fraction numerator 16 minus 16.0801 over denominator 4 minus 4.01 end fraction equals fraction numerator negative 0.0801 over denominator negative 0.01 end fraction equals 8.01]




	L(4.1, 16.81)

	P(4, 16)

	[image: start fraction numerator 16 minus 16.81 over denominator 4 minus 4.1 end fraction equals fraction numerator negative 0.81 over denominator negative 0.1 end fraction equals 8.1]







The rates of change at two points can be approximated by calculating average rate of change approximations over sufficiently small intervals containing each point, if such values exist.



Coming in from the left and getting closer to point P(4, 16), points G, H, and I have slopes that approach 7.99. Coming in from the right and getting closer to point P(4, 16), points J, K, and L have slopes that approach 8.001. Overall, it seems that the slopes are approaching the value of 8. Therefore, the approximate average rate of change at point P is 8.

[image: ] Example

A small local restaurant sponsored a contest to name their new special dish. Patrons submitted their entries between noon (t = 0) and 10 p.m. (t = 10). The number of entries t hours after noon is modeled by the function N for 0 ≤ t ≤ 10. Values of N(t), at various times t, are shown in Table 1.5. Use the data in the table to approximate the rate at which entries were being deposited at time t = 8.


Table 1.5












	t (hours)

	0

	3

	6

	7

	9

	10




	N(t) (number of entries)

	0

	25

	43

	50

	79

	125






[image: ] Solution

Since t = 8 is between t = 7 and t = 9, which are included in the table, find the average rate of change between these two points to use as an approximate rate of change for the entries being deposited at time t = 8.

Calculate the approximate average rate of change at t = 8:

[image: start fraction numerator N left parenthesis 9 right parenthesis minus N left parenthesis 7 right parenthesis over denominator 9 minus 7 end fraction equals fraction numerator 79 minus 50 over denominator 2 end fraction equals 29 over 2 equals 14.5]

As demonstrated in the previous examples, a rate of change quantifies how two quantities vary together.

A positive rate of change indicates that as one quantity increases or decreases, the other quantity does the same. Algebraically, when calculating the average rate of change, the value simplifies to a positive number. In the previous example, as time increased from t = 0 to t = 10, the number of entries continuously increased from N = 0 to N = 125. In other words, the rate at which entries were being deposited increased as the day went by. A positive rate of change can be seen on the graph shown in Figure 1.22.




[image: A graph of position (m) on the y-axis and time (s) on the x-axis, with a line segment from (1, 10) to (6, 60) labeled as a "positive rate of change"]

Figure 1.22




A negative rate of change indicates that as one quantity increases, the other decreases. For example, a freshman in college begins the semester with $1,000 in their savings account. Each week they take out $75 to pay for their expenses. After one week, the student has $925. The average rate of change is [image: start fraction numerator 925 minus 1000 over denominator 1 minus 0 end fraction equals fraction numerator negative 75 over denominator 1 end fraction equals negative 75] Graphically, a negative rate of change can be seen in Figure 1.23.


[image: A graph of position (m) on the y-axis and time (s) on the x-axis, with a line segment from (1, 60) to (6, 10) labeled as a "negative rate of change"]

Figure 1.23




Unlike Figures 1.22 and 1.23, not all graphs are linear. Each type of function that will be discussed in later chapters has its own unique graphical behaviors. One such behavior is known as concavity. The concavity of a function describes how the graph of the function curves and bends as shown in Figure 1.24.


[image: graphs of a concave up (U-shaped) parabola and a concave down (upside-down U-shaped) parabola]

Figure 1.24




More formally, the graph of a function is concave up on intervals in which the rate of change is increasing. To illustrate this, consider the function f(x) = (x − 4)2 + 2, as shown in Figure 1.25 and Table 1.6.




[image: graph of a concave up parabola with equation f(x) = (x - 4) ^2 + 2]

Figure 1.25





Table 1.6







	x

	f(x)






	2

	6




	3

	3




	4

	2




	5

	3




	6

	6






Table 1.7 calculates the average rates of change between the pairs of points.


Table 1.7








	Point 1

	Point 2

	Average Rate of Change






	(2, 6)

	(3, 3)

	−3




	(3, 3)

	(4, 2)

	−1




	(4, 2)

	(5, 3)

	1




	(5, 3)

	(6, 6)

	3






As x is increasing, the average rate of change is also increasing. This illustrates why the graph of the function is concave up in Figure 1.25.

Alternatively, the graph of a function is concave down on intervals in which the rate of change is decreasing. To illustrate this, consider the function f(x) = − (x − 4)2 + 2, as shown in Figure 1.26 and Table 1.8.




[image: graph of an upside-down, U-shaped parabola whose vertex is at (4, 2)]

Figure 1.26





Table 1.8







	x

	f(x)






	2

	−2




	3

	1




	4

	2




	5

	1




	6

	−2






Table 1.9 calculates the average rates of change between the pairs of points.


Table 1.9








	Point 1

	Point 2

	Average Rate of Change






	(2, −2)

	(3, 1)

	3




	(3, 1)

	(4, 2)

	1




	(4, 2)

	(5, 1)

	−1




	(5, 1)

	(6, −2)

	−3






As x is increasing, the average rate of change is decreasing. This illustrates why the graph of the function is concave down in Figure 1.26.








1.3 Rates of Change in Linear Functions

Many different types of functions will be discussed and analyzed in this course. Calculating the average rate of change can be used to help identify some of them. Consider Table 1.10, which shows the ordered pairs of the linear function y = f(x) = −4x + 7.


Table 1.10


[image: ]




Rate of Change

In general, all linear functions have a constant rate of change, [image: m equals start fraction numerator capital delta y over denominator capital delta x to the power of prime end fraction] and can be written in the slope-intercept form y = f(x) = mx + b, where b is the y-coordinate of the y-intercept. Only linear functions have a constant average rate of change. The average rate of change can be used to determine whether a particular function is linear or not. Functions that are not linear are said to be nonlinear.



As the value of x increases by 1, the value of y decreases by 4. In other words, for every consecutive integer ordered pair, the average rate of change is −4. This would also be true over any interval length. Consider the ordered pairs (−2, 15) and (3, −5). The average rate of change is

[image: start fraction numerator capital delta y over denominator capital delta x end fraction equals start fraction numerator negative 5 minus 15 over denominator 3 minus left parenthesis negative 2 right parenthesis end fraction equals start fraction numerator negative 20 over denominator 5 end fraction equals negative 4]

It is not a coincidence that the average rate of change of the linear function f(x) = − 4x + 7 is the slope of the linear function.
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