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May 2, 2023


Hello! Welcome to the GRE® All The Quant.


I hope this book provides just the guidance you need to get the most out of your GRE studies. If you have any questions or feedback, please do not hesitate to contact us at gre@manhattanprep.com or 212-721-7400. Also: We try to keep all of our books free of errors, but if you think we’ve goofed, please visit manhattanprep.com/GRE/errata.


All of our Manhattan Prep books are based on the continuing experiences of both our instructors and our students. The primary authors and editors of this edition of the book were Manhattan Prep instructors Dmitry Farber, Chris Gentry, Rina Goldfield, Tyler Johnson, Stacey Koprince, Logan Smeallie, and Ryan Starr. Project management, design, and quality assurance were led by Deepika Devan, Mario Gambino, Marie Gugnishev, and Helen Tan. I’d like to send particular thanks to Manhattan Prep instructors Whitney Garner and Emily Meredith Sledge for their additional content contributions to this edition.


Finally, we are indebted to all of the Manhattan Prep students who have given us excellent feedback over the years. This book wouldn’t be half of what it is without their voice.


And now that you are one of our students too, please chime in! I look forward to hearing from you. Thanks again and best of luck preparing for the GRE!


Sincerely,
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Stacey Koprince


Director of Content and Curriculum


Manhattan Prep


www.manhattanprep.com/gre 623 Broadway, New York, NY 10012 Tel: 212-721-7400







Getting the Most Out of Your GRE Math Studies

In This Chapter:


	The GRE Exam

	Math Formats in Detail







Getting the Most Out of Your GRE Math Studies

Congratulations! You’ve taken the first big step on your way to graduate school.

You may not have done a lot of math since high school, and any complex math you do today is likely done in a spreadsheet or some other advanced software. It’s going to take hard work to get ready for the GRE Math section—but you can do it! This book will take you from the basics all the way up to the material you need to master for a top GRE Math score (or whatever your goal score may be).

In this chapter, you’ll learn how to use this book to lift your GRE math skills as effectively and efficiently as possible. You’ll also learn how the GRE works, including the types of math skills covered and the problem types used on the GRE.

Also: You have access to additional digital resources on the Manhattan Prep website. Create a free account to get a free, full-length practice test as well as guidance on making flash cards, memorizing hard vocabulary, setting up an effective study calendar, and more.

How to Use This Book

Your first task is to get into the right mindset to study for the GRE Quant section. This test is not about blindly applying a bunch of formulas, rules, and steps that you’ve memorized. Yes, you will have to relearn a bunch of math that you first learned in school, but you will also need to develop your number sense—that is, your ability to think in a logical way about quantitative concepts. This ability is crucial to success both in grad school and in the working world (not to mention your personal financial life). However, there’s a decent chance you weren’t taught how to think about math this way during your prior schooling.

This book will help you build that number sense right from the very first unit, Number Properties. This unit will also reintroduce you to a lot of math concepts you first learned when your age was measured in single digits. Don’t remember exactly what a digit is? The first unit will remind you.

This book is organized to build from foundational topics to more advanced ones, so continue through the rest of the book in order. The later units will build on those number sense skills while adding more advanced formulas, rules, and strategies to your repertoire. (By the way, Repertoire is a good vocabulary word to know for the verbal portion of the GRE.)

This book covers everything that someone would need to get a perfect GRE Math score—but very few people actually need a perfect score. As you study, keep in mind that you don’t have to know it all! Prioritize based on your strengths and weaknesses, of course, but don’t necessarily try to master all of your weaknesses; you can let a few things go.

Also, for those weaknesses you do address, you don’t have to address everything at once. When a particular topic or subtopic is driving you crazy, set it aside for now. Move on to other material and loop back around in a week or two. It may be the case that what you learn in the meantime will better prepare you to handle the problem or topic that’s frustrating you today.

As you use this book, you may find yourself wanting to jump back to something you learned earlier...but you don’t remember exactly where it was. The Table of Contents (ToC) is your friend. The ToC lists not just the unit and chapter names but also the names of every subheading in each chapter. Flip to the beginning of the book to scan the ToC to find what you need. (This little skill will also be extremely useful in grad school—start practicing now!)

If you are taking one of our classes...

Follow your course syllabus! It will give you reading assignments from the chapters and will tell you which problems to do for homework. Don’t hesitate to talk to your instructor if you have questions, want advice about an issue, or are struggling with any particular assignment.

If you are just starting out...

Unless you are still in high school or you earned an undergraduate degree in math, you’ll likely need to work carefully through this book right from the very beginning. Take your time in the first unit, in particular. Make flash cards, and think through your Takeaways. You’re not just relearning foundational math; you’re also developing your number sense. This early work will help you to push a lot further when you get to more advanced math later.

Don’t feel that you have to master every single concept or solve every single problem. When a particular topic is driving you crazy, set it aside for now. Move on to other material and loop back around in a week or two. It may be the case that what you learn in the meantime will better prepare you to handle the problem or topic that’s frustrating you today.

And feel free to move more quickly through material that is a strength for you. Even if you haven’t done math on paper in a while (or at all!), you may find that certain concepts and skills come back to you more easily than others.

If you haven’t already, create a free account on our website to get access to a free study syllabus containing additional resources (including a full-length practice test!) that will help you through your studies.

If you have already been studying for a while...

You may be able to work more quickly through some of the earlier sections of the book—but don’t skip anything entirely. Do work through the first unit in order to develop your number sense, but you may find that you can work more quickly through the practice problems in this unit. Do make flash cards and think through your takeaways carefully as you learn.

You probably already have some idea of your strengths and weaknesses, so use that information to help prioritize your studies (more on this a little later in this chapter). However, don’t get bogged down by your biggest weaknesses. When you find yourself stuck, set that topic aside for a week or two and loop back around later.

Finally, if you haven’t already, create a free account on our website to get access to a free study syllabus containing additional resources (including a full-length practice test!) that will help you through your studies.

Don’t Write in This Book

Because the GRE is computer based, you will not be able to write directly on the problems or diagrams given on screen. Instead, you’re going to need to transcribe what you need from the screen to your scratch paper, including redrawing geometry figures. Get used to this now. Use separate scratch paper to solve the problems in this book.

Bonus: You’ll avoid spoiling yourself when you want to retry certain problems.

Doing (And Redoing) Practice Problems

There are a lot of practice problems in this book! Here’s how to get the most out of them.

Use problems to pretest and diagnose

When you’re about to start a new chapter, consider first flipping to the end-of-chapter problem set and trying a few problems...yes, before you’ve read anything in the chapter.

Why? Learning science shows that you actually learn better when you quiz yourself on the material before you learn it. You’ll almost certainly struggle and get stuff wrong, but you’ll also see what you do and don’t know. That creates curiosity and focus: When you read the chapter, your brain will be primed to figure out whatever it was that was giving you trouble. In addition, you’ll be better positioned to remember what you’re learning right now because it’s resolving the “mystery” that you created for yourself when you struggled with those problems.

Finally, knowing something about your strengths and weaknesses will help you to prioritize as you work through the material in that chapter. Speed up when you’re getting it (you might even skim or skip certain parts of the chapter) and spend that extra time on the material that’s giving you more trouble.

In-chapter problems

You’ll see Check Your Skills problems sprinkled throughout the chapters. Do these problems as you see them, immediately after you read the subsection leading up to the problems. Don’t keep track of your time.

If you’re skipping a subsection because you did well on the related end-of-chapter problems that you tried ahead of time, then also skip the Check Your Skills problems.

End-of-chapter problems

Every chapter contains an end-of-chapter problem set. If you pretested, try those problems again when you’re done working through the chapter, and then try a few more. If you didn’t pretest, do about half of the problems.

You don’t need to set a timer, but pay attention to whether you feel like you’re solving efficiently or whether you feel like this is taking some time. (You can also set a timer if you like or if you find that you don’t remember afterward which problems took you longer.)

Pretty accurate and efficient? Check the solutions to see whether there’s an even better/more efficient way to solve. (If so, try it out yourself!) Then, save the other half of the problems in this set to do closer to your test date and move on to the next chapter.

Struggling with either accuracy or efficiency? Don’t read the solutions yet. Consider this an open-book test. Go back into the chapter to reread and relearn, and then come back and try one of the same problems again. Can you push further now or is it still a struggle? Go back and look in the chapter or check the explanation to see whether that helps. If you’re still stuck, set aside this topic area for three days (keep a list or log), and then come back and try again. Still stuck? Set it aside for two weeks, and then try again—or if it’s a pretty discrete* topic, consider putting this on your “bail” list as one of the topics that you aren’t planning to master.

*Discrete is another great GRE vocabulary word. Look it up if you’re not sure what it means. At the same time, look up the word discreet and compare the definitions.

Redo problems

If you’re planning to do a thousand problems once each and never look at them again...then you’re not going to get the most out of your studies. But it’s also probably not a good idea to do every problem three times. There’s a balance to be found here.

Keep a Redo Log. The first time you solve a problem, if you do so correctly and within a reasonable time and, if when reviewing, you don’t find a better/faster way to do that same type of problem in future, you don’t need to list that problem in your Redo Log.

Alternatively, if the problem is way too hard and/or it’s in one of your “big weakness” categories, don’t add it to the Redo Log either. It’s not a good use of your study time. Just get something like it wrong faster in the future.

When you do add something to your Redo Log, include the date you want to try the problem again. Here are some guidelines:









	Reason to Redo
	To Do Today
	Date to Redo



	Got it wrong and don’t want to just bail on similar in future
	Review the topic or skill
	Min: 3 days
Max: 2 weeks



	Got it right but took too long
	Figure out how to solve more efficiently
	Min: 1 week



	Got it right but not confident
	Nothing
	Min: 1 week



	Got it right but realize there’s a better way
	Solve it the better way
	Min: 1 week





If you feel comfortable with spreadsheets, it’s great to keep your log in Excel so that you can filter to find all of the problems that you slated to redo today.

Your log is going to get long. You’re going to wonder how you can ever possibly do all of the new problems in your problem sets alongside all of the problems listed in your Redo Log.

The answer was actually already mentioned earlier in this chapter: You’re not going to do every problem in each problem set (not right now, anyway). Save approximately half of the problems for your review period, the final few weeks before you take the official test. (You still might not do all of them then, but you can make that call when you get there.)

How to Use This Book with Other Resources

This book can’t teach you everything you need to know for the GRE—for example, it doesn’t address the Verbal or Analytical Writing (essay) sections at all. So you’ll need to choose another resource to study for those sections. (We do have another book for those sections if you’re interested.)

It’s also a great idea to get The Official Guide to the GRE General Test, which is published by the test makers and contains real, past GRE test questions. You may want additional drill material beyond that—we’ve collected more than 1,500 math and verbal drill problems into our 5 lb. Book of GRE Practice Problems (it literally weighs five pounds).

In general, start by learning the math and vocab content and analytical skills and strategies that cover the problems tested on the GRE—so start with this book and an equivalent book for the Verbal side of the test. Don’t do all math and only then switch to verbal (or vice versa). Do some math today and some verbal tomorrow and then back to math again on the third day.

As you build your knowledge and skill base, use the GRE 5 lb. book for extra drills wherever you feel the need for more practice.

After a few weeks, take a practice test. You won’t feel ready yet, but take it anyway. This will help you to get a feel for the timing and pacing you’ll need when you get to the real test, and it will also provide you with a wealth of data on your strengths and weaknesses. That data will be crucial to helping you prioritize your studies.

Analyze that data in two ways:








	Already studied:
	

	What worked and what didn’t?

	Of the things that didn’t stick in my brain, which ones do I want to review now?

	Which ones do I want to defer to later (and maybe never master them because I don’t need them to get my goal score)?







	Haven’t studied yet:
	

	What are my strengths? When I get to it, move through this material more quickly or focus on the harder parts of this material.

	Which weaknesses are opportunities (e.g., I was almost there or I understand the explanation)? Prioritize these areas (when I get there).

	What are my biggest weaknesses? Defer these when they first come up in my studies. Later, decide whether to loop back around to them.









Depending on your overall study time frame—most people study for about three to six months—take practice tests approximately every three to five weeks. The official test makers offer both free and paid official practice tests, and test prep makers also offer tests (you can take one of ours for free, too!).

The GRE Exam

Exam Structure

The GRE has six scored sections. You will get a 10-minute break between the third and fourth sections and a 1-minute break between the other sections. The Analytical Writing section, also known as the Essay section, is always first.

The remaining sections can be seen in any order and will include:


	Two Verbal Reasoning sections, each of which typically has 20 problems to answer in 30 minutes

	Two Quantitative Reasoning (Math) sections, each of which typically has 20 problems to answer in 35 minutes

	Either an unscored section or a research section (or both or neither...more on this in a bit)













	Section #
	Section Type
	# Problems
	Time
	Scored?



	1
	Essay
	2 essays
	30 minutes each
	Yes



	2
	Math or Verbal
	Approx. 20
	30–35 minutes
	Maybe



	3
	Math or Verbal
	Approx. 20
	30–35 minutes
	Maybe



	10-Minute Break



	4
	Math or Verbal
	Approx. 20
	30–35 minutes
	Maybe



	5
	Math or Verbal
	Approx. 20
	35–35 minutes
	Maybe



	(6)
	Math or Verbal
	Approx. 20
	30–35 minutes
	Maybe



	(Last)
	Research Section
	Varies
	Varies
	No





You will definitely have at least two Verbal and at least two Math sections. You may or may not have a third Verbal or a third Math section. These four or five sections can come in any order. For example, you could see:


	Math 1, Verbal 1, Math 2, Verbal 2, Math 3

	Verbal 1, Verbal 2, Math 1, Verbal 3, Math 2

	Math 1, Verbal 1, Verbal 2, Math 2 (no fifth section)



If you do see a total of three Math sections, then one of those sections won’t count toward your score—but you won’t know which one. Likewise, if you see a total of three Verbal sections, one of the three won’t count toward your score, but you won’t know which one. It is not necessarily the case that the first four multiple-choice sections will be the scored sections. As a result, complete all of the sections to the best of your ability.

At the end of the test, you may be asked to do a research section. If so, they will tell you in advance that this section is unscored and it will be the very last section you see.

Finally, it’s possible that you will not be given any unscored section at all. In this case, you will receive just four multiple-choice sections (two Math and two Verbal) and all four will count.

Using the Calculator

The GRE does provide an on-screen calculator, so memorizing times tables or square roots is less important than it used to be. However, if you have nothing memorized, having to pull up the calculator every time will slow you down too much. You’ll still want to know your times tables up to at least 10 × 10 and both squares and square roots up to at least 102.

In addition, the calculator is not a cure-all; in many problems, the difficulty is in figuring out what numbers to put into the calculator in the first place. In some cases, using a calculator will actually be less helpful than doing the problem some other way. And the calculator itself is very limited: You can add, subtract, multiply, divide, or take a square root. That’s it.

Take a look at this example:

If x is the remainder when (11)(7) is divided by 4 and y is the remainder when (14)(6) is divided by 13, what is the value of x + y ?

This problem is designed so that the calculator won’t tell the whole story. Certainly, the calculator will tell you that 11 × 7 = 77. When you divide 77 by 4, however, the calculator yields an answer of 19.25. The remainder is not 0.25, because a remainder is always a whole number.

One option is to go back to your pencil and paper and find the largest multiple of 4 that is less than 77. Since 4 goes into 76, the remainder is 1 (there’s one left over) when dividing 77 by 4.

In fact, since the problem asks only about the remainder, you don’t even need to know how many times 4 goes into 76—just that it does go in! One way to mentally “jump” to 76 is to say that 4 goes into 40, so 4 also goes into 80…but that’s a bit too big, so subtract 4 to get 76.

Likewise, 14 × 6 = 84. How many times does 13 go into a value that’s less than 84 but as close as possible to 84? Start listing the multiples of 13:

13, 26, 39, 52, 65, 78

Bingo, 78 is it. How many are left over? That is, how many more numbers are there till you get to 84? A total of 6, so 6 is the remainder when 84 is divided by 13.

The questions asks for x + y and 1 + 6 = 7, so the answer is 7.

It is also possible to use the calculator to find a remainder, if you prefer. You’ll learn how to do that later in this book.

Some people will want to use the calculator for the above math, and others will prefer to do the work on paper. Choose the best path for you. Your task is to study enough to know, before the test starts, when you want to do the work on paper and when you want to pull up the on-screen calculator.

Practice Using the Calculator!

The on-screen calculator can slow you down or lead to incorrect answers if you’re not careful! Do plan to use it on test day—and practice first. You can use any calculator, including the one on your phone, but use only the operations that are allowed on the GRE calculator:


	Add

	Subtract

	Multiply

	Divide

	Square root



That’s it. There’s not even a button to square a value—you have to type in 32 × 32 to get the square of 32.

Navigating the Problems in a Section

The GRE offers you the ability to move freely around the problems in a single section. You can go forward and backward one by one and can even jump directly to any problem from the “review list” screen. You can also mark a problem for later review. The review list screen provides a snapshot of which problems you have answered, which ones you have marked, and which ones are incomplete.

If you finish a section early, double-check the review list for completion. Do answer every problem—there’s no penalty for getting something wrong. You’ll get a chance to practice with the review list when you take practice exams.

The majority of GRE test-takers are pressed for time in at least some of the sections. You may find that you have time to go back to just one or two problems—or you may not have time to go back to any of them. With these points in mind, here’s what we recommend:


	In general, do the problems in the order in which they appear.

	When you encounter a pretty-hard-but-not-impossible problem, do your best to eliminate answer choices that you know are wrong. Then choose one of the remaining answers and keep going. (What you’ve just done is called educated guessing.)

	If it’s an impossible problem, don’t try to eliminate answers first—just put in a random guess and move on.

	When you encounter an “I could do this but it’s going to take extra time” problem, put in a random guess for now but mark the problem for later review. Do this on a maximum of 3 problems in the section. (If it turns out that you don’t have time to get back to the problem, at least you’ve made a guess.)

	Aim to save at least a minute at the end of the section to review the review list. Scan down. Did you leave any problems blank? If so, click into them and put in a random guess.

	If you still have more time left, jump into one of your “marked for later” problems.



Avoid repeatedly clicking forward and backward through all of the problems, searching for “easy” ones. This will eat up valuable time. Instead, be disciplined about making the call to move on when you hit a problem that’s just too hard. (How do you know that quickly and confidently? Via your studies. Part of the value in prioritizing your studies as you go is knowing when you want to bail on a problem during the test.)

Getting good at navigating the test sections will take a lot of practice. Use the above advice on practice exams and when doing timed problem sets (even when you’re doing timed sets out of a book and not on a computer screen).

Math Formats in Detail

The 20 problems in each Math section can be broken down by format as follows (all numbers are approximate):


	7 Quantitative Comparison problems—These ask you to compare two quantities and pick one of four choices (A, B, C, or D).

	10 Discrete Quant problems—Most of these are standard multiple-choice problems, asking you to pick one of five choices (A, B, C, D, or E). A few will ask you to pick one or more choices from a list. Others will ask you to “fill in the blank,” essentially; these are called numeric entry.

	3 Data Interpretation problems—All three problems will be related to a single set of data given in graph or table form. The formats of the problems themselves are the same as for Discrete Quant. Most are standard multiple-choice, and the rest ask you to pick one or more choices or to fill in the blank.



It’s typically the case that the Quantitative Comparison problems will appear together at the beginning of each section and that the Data Interpretation problems will appear together starting around question 13.

Quantitative Comparison

The format of every Quantitative Comparison (QC) problem is the same. All QC problems contain a Quantity A and a Quantity B. Some also contain common information that applies to both quantities.

Your job is to, well, compare the two quantities (surprise!) and decide which one of the following four statements is true:

(A) Quantity A is always greater than Quantity B, in every possible case.

(B) Quantity B is always greater than Quantity A, in every possible case.

(C) Quantity A is always equal to Quantity B, in every possible case.

(D) None of the above is always true.

For example: Most of the time, Quantity A is greater, but in just one case, Quantity B is greater. As the GRE puts it, “The relationship cannot be determined from the information given.” So the correct answer is (D).

On the actual GRE, these four choices are worded exactly as shown in the following example:








	
x ≥ 0



	Quantity A
	Quantity B



	x
	
x2






(A) Quantity A is greater.

(B) Quantity B is greater.

(C) The two quantities are equal.

(D) The relationship cannot be determined from the information given.

When x = 0, then the two quantities are equal. Eliminate answers (A) and (B) since one quantity cannot always be greater than the other quantity.

If x = 2, then Quantity B is greater. Eliminate answer (C) since the two quantities cannot always be equal.

The answer is (D): The relationship can’t be determined from the information given.

Select One or More Answer Choices

Discrete Quant and Data Interpretation problems can ask you to pick one or more choices. According to the Official Guide to the GRE Revised General Test, the official directions for “Select One or More Answer Choices” read as follows:


Directions

Select one or more answer choices according to the specific question directions.

If the question does not specify how many answer choices to select, select all that apply.

The correct answer may be just one of the choices or as many as all of the choices, depending on the question.

No credit is given unless you select all of the correct choices and no others.

If the question specifies how many answer choices to select, select exactly that number of choices.



There is no partial credit. If three of six choices are correct and you indicate two of the three, no credit is given. If you are told to indicate two choices and you indicate three, no credit is given. Read (and follow!) the directions carefully.

On your screen, the answer choice boxes for “Select One or More” will always be squares, while the standard “pick just one” multiple-choice problems will always use circles. The squares are a good visual reminder that you may need to select more than one choice on these problems, just as you might check more than one box on a checklist.

Also: Even when they ask you to select all that apply, it might be the case that only one answer needs to be selected!

Here’s a sample problem:

If ab = |a| × |b| and ab ≠ 0, which of the following could be true?

Indicate all that apply.

[image: image] a = b

[image: image] a > 0 and b < 0

[image: image] ab > 0

This is a select-all problem, so only one, only two, or all three of the choices may be correct. The equation given in the question stem must be valid. Try some real numbers to test each answer choice.

For answer (A): If a = 2 and b = 2, then it’s true that ab = |a| × |b|, so answer choice (A) could be true and therefore is a correct answer.

Answer (B): If a = 2 and b = –2, then ab = –4 but |a| × |b| = 4, which is not true. But could there be another set of numbers for which this answer is true? Examine the pattern. If a is positive and b is negative, then ab must be negative. But |a| × |b| must always be positive due to the absolute value symbols. Therefore, the left side of the equation would be negative and the right side would be positive, which is impossible. Choice (B) cannot be true, so eliminate this choice.

Answer (C): Based on the work done so far, the right side of the equation will always be positive, so the left side must also be positive. The left side is equal to ab, so it is true that ab could be positive. In fact, ab must be positive.

To answer this problem correctly, select answer (A) and answer (C). Do not select answer (B).


Strategy Tip

Fully process the statement given in the problem (simplify it or list the possible scenarios) before considering the answer choices. That is, don’t just look at ab = |a| × |b| and move on. It’s your job to draw inferences about that statement before plowing ahead. This will save you time in the long run!



Numeric Entry

Some Discrete Quant and Data Interpretation problems won’t offer any answer choices at all. Instead, you’ll type a number into a blank box on the screen—literally, you’ll fill in the blank. This can feel more challenging, but the math principles being tested are the same as on the rest of the exam.

You’ll be given one box if you are supposed to enter an integer (such as 12 or 0 or −3) or a decimal (such as 2.7 or −1.53). Click on the answer box and type your answer.

If you are supposed to enter a fraction, though, you’ll be given two boxes. One box (the numerator) will be on top of a fraction line, while the other box (the denominator) will be underneath. Click on each box separately to enter the numerator and denominator. You do not have to simplify the fraction before you enter. For example, you can enter [image: image]; you don’t have to simplify it to [image: image].

Do pay attention to the directions. You may be asked to round your answer in a particular way, for example, or you may be asked to answer in minutes even though the problem provides some time measurements in hours.

Here’s an example of a numeric entry problem:

If x∆y = 2xy − (x − y), what is the value of 3∆4 ?

[image: image]

This is a “weird symbol” function: The test writers made up a definition, or function, for a symbol that isn’t a real math symbol. Essentially, they’re asking you to follow directions. Substitute the asked-for values into the given function (x = 3 and y = 4) and simplify:

[image: image]

The answer is 25, so you would type 25 into the box.







UNIT ONE


Number Properties


Understanding different types of numbers and how they interact is fundamental to doing well on the math sections of the GRE. In this unit, you will learn multiple methods used to categorize numbers as well as how to approach various question types that require using number sense, including the often-dreaded Quantitative Comparison question format.


In This Unit:




	Chapter 1: Develop Your Number Sense


	Chapter 2: Number Properties


	Chapter 3: Quantitative Comparison: Pick Numbers










CHAPTER 1

Develop Your Number Sense

In This Chapter:


	Integers and Their Digits

	Non-Integers and Their Digits

	Manipulating Integers

	Factors

	Prime Numbers

	Positives, Negatives, and Zero

	Calculator Use

	Number Lines

	Check Your Skills Answer Key

	Problem Set

	Solutions







CHAPTER 1
Develop Your Number Sense

Whether you use math in your current work or haven’t seen an equation since 11th grade, you have already developed a number sense. You employ your number sense when you:


	Decide how much lettuce to buy at the grocery store

	Scale up a recipe in the kitchen

	Figure out how much money to put into the tip jar

	Send your share of the utility bill to your roommate

	Check your speed while driving



You need a well-developed number sense for the GRE as well—and you’ll also be able to use that number sense in grad school and at work.

This book begins with a review of some core number concepts and terms. In this chapter, you will learn about different kinds of numbers, including integers, factors, and prime numbers, as well as the relationships among these kinds of numbers. You’ll also learn how to use number lines and the calculator on the GRE. And you’ll use all of these concepts as a foundation to address harder problems in subsequent chapters.

Integers and Their Digits

Integers

Integers are whole numbers: They are numbers that do not have any fractions or nonzero decimals attached. Some people think of them as counting numbers, that is, 1, 2, 3, and so on. Integers can be positive or negative. For instance, the negative counting numbers are all integers as well: −1, −2, −3, –4, and so on. Finally, there’s one more important number that qualifies as an integer: 0.

Number lines offer a visualization of many number concepts, and you will find them throughout this book. They orient numbers in relation to one another, ordering them on a line that moves from left to right, from smaller numbers to bigger numbers. The most structured version of a number line will contain evenly spaced tick marks:

[image: image]

Every number marked on this number line is an integer, and each tick mark represents a distance of 1.

Numbers such as 7, 15.000, −346, and 0 are all integers. Numbers such as [image: image], and π are not integers. Non-integers can be visualized in the spaces between integers:

[image: image]

The tick marks on number lines can be spaced to illustrate integer or non-integer distances. This number line shows fractional distances, with each tick mark spaced a distance of [image: image] from its neighbor on either side:

[image: image]

Digits

Every number is composed of digits. There are exactly 10 digits in our number system: 0, 1, 2, 3, 4, 5, 6, 7, 8, 9. Knowing the digits is typically not enough to determine a number. For example, a number composed of the digits 3, 5, and 6 could be 356, 536, 635, 365, 563, or 653. It may even be a decimal: 3.56, 56.3, etc.

Integers can be classified by the number of digits they contain. For example:

2, 7, and −8 are each single-digit numbers (they are each composed of one digit).

43, 63, and −14 are each double-digit numbers (composed of two digits).

500,000 and −468,024 are each six-digit numbers (composed of six digits).

789,526,622 is a nine-digit number (composed of nine digits).

A digit’s location is defined as its place value. For example, the number 1,234 is one thousand two hundred thirty-four, meaning the 1, 2, 3, and 4 digits hold spots in the thousands, hundreds, tens, and ones (or “units”) places, respectively. One way to think of a digit in a certain place value is as defining how many 1’s, 10’s, 100’s, etc. you have. The number 1,234 has one 1,000, two 100’s, three 10’s, and four 1’s. You can write the number as the sum of these products:

1,234 = (1 × 1,000) + (2 × 100) + (3 × 10) + (4 × 1)

In the number 452, the digit 2 is in the units place, the digit 5 is in the tens place, and the digit 4 is in the hundreds place:

452 = (4 × 100) + (5 × 10) + (2 × 1)

This can also be visualized on the number line. On a number line where each tick mark represents a distance of 100, the number 452 will be somewhere between the 400 and 500:

[image: image]

The spaces between each 100 can be broken into tenths, with each smaller tick mark representing a distance of 10. The number 450 would be five 10’s away from 400, which is very close to 452:

[image: image]

In fact, 452 is [image: image] ’s of the way between 450 and 460. Putting 10 evenly spaced regions between 450 and 460 would allow you to indicate the exact position of 452:

[image: image]

Check Your Skills


Refer to the following evenly spaced number line for questions #1–3.

[image: image]




	What is the value of x on the number line?

	What is the value of y on the number line?

	Place 40 on the number line.



Answers can be found on page 32.

Non-Integers and Their Digits

Fractions

Fractions divide an integer into equal parts and express how many of those pieces are present. Fractions have two components: a numerator and a denominator. The number above the fraction bar is called the numerator and defines the number of pieces selected; the number below the fraction bar is called the denominator and defines how many parts the whole has split into:

[image: image]

In the picture above, the circle has been divided into a total of 4 pieces, of which 3 are selected. Because 3 out of 4 are selected, the fraction is represented as [image: image].

If all four pieces were selected, as illustrated below, the fraction would be [image: image], which is the same as 1. Selecting all parts of a fraction turns it back into an integer:

[image: image]

You can again visualize this on a number line. To picture [image: image], break up the spaces between 0 and 1 into four equal chunks. Each tick mark represents a distance of [image: image] is 3 tick marks to the right of zero:

[image: image]

Decimals

Decimals offer another way to express the part-whole relationship. The fraction in the previous example, [image: image], can also be expressed as the decimal 0.75. You can find the decimal version of a fraction by punching the fraction into the calculator: If you divide 3 by 4, then 0.75 results. Decimals and fractions express the same idea in different forms.

Digits

A deeper way to think about decimals is in terms of digits. Decimals are composed of digits, just as integers are. The number 123.456 has a 1 in the hundreds place, a 2 in the tens place, and a 3 in the units place, but what about the digits after the decimal point? Those digits represent the tenths place, the hundredths place, and the thousandths place, respectively: The tenths digit is 4, the hundredths digit is 5, and the thousandths digit is 6. The number in each place tells you how many tenths, hundredths, or thousandths the number has.

If you put [image: image] into the calculator, you’ll get 0.875 at the end, or 8 tenths, 7 hundredths, and 5 thousandths. Again, you can express this number as the sum of these products:

[image: image]

You can picture this on the number line. First, picture the [image: image] by breaking the number line into increments of [image: image]:

[image: image]

Now add the [image: image] to the 0.8 by splitting the distance between 0.8 and 0.9 into ten intervals:

[image: image]

When the distance between 0.8 and 0.9 is split into ten parts, the resulting tick marks each account for a hundredth.

If you really wanted to, you could go even further and split the number line into thousandths—but thankfully the GRE is unlikely to make you go that far. It’s going to be enough just to know that the value is between 0.87 and 0.88 on the number line (and it might even be enough just to know that it’s between 0.8 and 0.9).

Unlike integers, non-integers are not generally classified by the number of digits they contain, because you can always add any number of zeros at the end, on the right side of the decimal point, without changing the value of the number:

9.1 = 9.10 = 9.100

Here’s another example:

[image: image]

The chart shown analyzes the place value of all the digits in the number 692,567,891,023.8347.

Consider the decimal portion of this long number: 0.8347.

The 8 is in the tenths place, giving it a value of 8 tenths, or [image: image].

The 3 is in the hundredths place, giving it a value of 3 hundredths, or [image: image].

The 4 is in the thousandths place, giving it a value of 4 thousandths, or [image: image].

The 7 is in the ten-thousandths place, giving it a value of 7 ten-thousandths, or [image: image].

You can again view 0.8347 as the sum of these products:

[image: image]

Some problems may ask you to round your answer to a certain place value. For example, you may be asked to round the value 12.34 to the tenths place.

The digit 3 is currently in the tenths place. In order to round to the tenths place, look at the digit that is immediately to the right of the 3. In this case, the digit 4 is immediately to the right of the tenths place. This digit, 4, is the digit that will determine how to round the tenths place.

If the value immediately to the right is 4 or less, then round down. When rounding down, don’t do anything at all to the digit in question—leave it as is. In this case, leave the 3 as is. As a result, 12.34 rounded to the nearest tenths digit is 12.3.

What if you were asked to round 12.35 to the nearest tenths place? If the value immediately to the right of the desired place is 5 or greater, then round up. When rounding up, increase the digit by one—in this case, change the 3 to 4. As a result, 12.35 rounded to the nearest tenths digit is 12.4.

Rounding always depends on the single digit immediately to the right of the digit in question. Ignore any digits farther to the right. For instance, if you were to round 12.34982 to the nearest tenths place, the hundredths digit, 4, is the only digit to consider; ignore the 982. Because the digit 4 is less than 5, the tenths digit is rounded down to 12.3.

Check Your Skills


	How many digits are in 99,999?

	In the number 4,472.1023, in what place value is the 1?



Answers can be found on page 32.

Manipulating Integers

Addition, subtraction, or multiplication of integers always produces another integer. For example:

3 + 2 = 5

5 − 3 = 2

2 × 5 = 10

Division gets funkier. Sometimes division results in an integer; sometimes it does not:

[image: image] You bought eight apples and want to divide them evenly between two kids. How many apples does each kid get? Four apples!

[image: image] You bought eight apples and want to divide them evenly among five kids. This time, each kid gets 1.6 apples!

In other words, the division of integers can result in integers or non-integers.

If an integer is divided by another integer and the result is an integer, then the first number is divisible by the second. So 8 is divisible by 2 because 8 ÷ 2 equals an integer. On the other hand, 8 is not divisible by 5, because 8 ÷ 5 is not an integer.

Factors

Fractions and decimals result when one number doesn’t divide evenly into another one. When you split 6 apples among 4 kids, the result is a decimal (1.5), not an integer. However, other integers do divide evenly into 6: namely, 1, 2, 3, and 6 itself. These numbers are factors of 6. For now, when discussing factors, we’ll limit our scope to positive factors. However, negative numbers can also be factors, as you’ll see later in the book.

You can confirm the factors of 6 by finding numbers that evenly divide 6:








	6 ÷ 1 = 6
	Any number divided by 1 equals itself, so an integer is always divisible by 1.



	[image: image]
	Note that 2 and 3 form a pair. They multiply to 6.



	[image: image]
	These results are not integers, so 6 is not divisible by 4 or by 5.



	6 ÷ 6 = 1
	Any number divided by itself equals 1, so an integer is always divisible by itself.





You can stop with 6 divided by 6 because factors are always equal to or less than the number in question. The values 7, 8, and so on cannot be factors of 6 because they are greater than 6.

So 6 is divisible by 1, 2, 3, and 6. There are a variety of ways you might see this relationship expressed on the GRE, including:









	

	2 is a factor of 6

	2 is a divisor of 6

	2 divides 6 evenly




	 
	

	6 is a multiple of 2

	6 is divisible by 2

	2 goes into 6









Sometimes the GRE will ask you what the factors of a number are. In the case of 6, its positive factors are 1, 2, 3, and 6. Alternatively, when the GRE asks how many factors a number has, count the unique factors. If you’re asked how many positive factors 6 has, the answer is that 6 has four positive factors. At other times, you will need to know the prime factors of a number. This book will explore factors, divisibility, and prime factors in greater detail in Unit 3, but for now, let’s define primes in general.

Prime Numbers

What if you wanted to find the positive factors of 7? The only possibilities are the positive integers less than or equal to 7; check each one:

[image: image]

Thus, 7 has only two positive factors—1 and itself. Numbers that have exactly two positive factors are prime numbers. Prime numbers play a very important role in answering questions about divisibility, so it’s critical that you learn to identify what numbers are prime and what numbers aren’t.

The prime numbers that appear most frequently on the GRE are the prime numbers less than 20. They are 2, 3, 5, 7, 11, 13, 17, and 19. Note two things about this list: First, 1 is not a prime number because it has only one distinct factor (1 itself) rather than two. Second, out of all the prime numbers, 2 is the only even prime number.

The number 2 is prime because it has exactly two factors—1 and itself. It’s the only even prime number because every other even number is also divisible by 2 and thus has another factor besides 1 and itself. For instance, 4 is divisible by 2 (so it isn’t prime), and 6 is divisible by 2 (so it isn’t prime), and 12,408 isn’t prime, because it is also divisible by 2. All of these even values greater than 2 have at least one additional factor besides 1 and itself: the factor 2. Therefore, the number 2 is the only even prime number.

Every positive integer (with one exception) can be placed into one of two categories—prime or composite:








	Prime
	Composite



	

	2, 3, 5, 7, 11, etc.




	

	4, 6, 8, 9, 10, etc.







	

	
exactly two factors: 1 and itself




	

	
more than two factors







	

	e.g.: 5 = 1 × 5




	

	e.g.: 6 = 1 × 6 and 6 = 2 × 3









The one exception is the number 1. It’s actually neither prime nor composite. Rather, it’s in its own category all by itself: the only positive integer to have exactly one factor.

Check Your Skills


	List all the prime numbers between 20 and 50.



Answers can be found on page 32.

Positives, Negatives, and Zero

All numbers are either positive, negative, or zero. Positive numbers are greater than zero, negative numbers are less than zero, and zero is, well, zero. Positive numbers are the numbers most people naturally think of, like the number of apples in that bowl or how much money is in your bank account. Negative numbers are a little more abstract. One way to think of them is in terms of subtraction or taking away, like how many apples you ate or how much money you owe.

Negative numbers are all to the left of 0 on the number line. Positive numbers are all to the right of 0:

[image: image]

As with integers, positive and negative numbers have some predictable interactions that are helpful to memorize:

Positive + Positive = Positive

Negative + Negative = Negative

Negative + Positive = It depends! See below.

Positive × Positive = Positive

Negative × Negative = Positive

Negative × Positive = Negative

For Negative + Positive: The answer depends because the number that is farther from 0 will determine the charge of the sum. For example, 5 + (−2) = 3. The 5 is farther from 0 than is −2, and since 5 is positive, the sum is positive. However, −7 + 3 = −4. The −7 is farther from 0 than is 3, and since −7 is negative, the sum is negative.

Chapter 2: Number Properties will explore positives and negatives in greater detail.

Calculator Use

On the GRE, you won’t need to do all of this math on paper: The test includes an on-screen calculator. The calculator provides the four most basic operations (addition, subtraction, multiplication, and division) as well as a square root function:

[image: image]

The on-screen interface may be foreign to you, so take time to practice with it. You can click numbers in with your mouse or use your keyboard to input numbers when the calculator is selected. Especially if you don’t have a numeric keypad on your keyboard, get comfortable completing arithmetic computations with your mouse.

The calculator is a little clunky to use, so you have a judgment call to make. When is the math so straightforward that you feel comfortable doing it in your head or on paper—without taking a lot of time or risking a mistake? And when is the math annoying enough to pull up the calculator? The GRE isn’t a test of mental math; even though the calculator can be clunky, don’t hesitate to pull it up when warranted. The calculator is great for turning fractions into decimals and for dividing or multiplying numbers bigger than 10. As you study, make a plan for when you will and will not pull up the calculator on screen.

There are a few things to look out for when relying on the GRE calculator. First, be aware that it respects the order of operations (a concept covered in depth in Chapter 4: Equations). For example, if you enter “6 + 2 × 3” into the GRE calculator, the calculator will first multiply 2 by 3 and then will add the 6, resulting in 12. If you wanted to add the 6 and 2 first, enter 6 + 2 into the calculator and hit enter. After the calculator produces a result (in this case, 8), prompt the calculator to multiply by 3, resulting in 24.

Second, it is easy to enter in a digit incorrectly, with no real way to check on the calculator whether you made a mistake. Therefore, it’s valuable to use the calculator with an estimation in mind of what a correct answer ought to be. If you mean to compute 164 ÷ 2 and the calculator returns 132, it’s important to recognize that 132 can’t possibly be the right answer. (In fact, 132 is 264 ÷ 2.)

Third, consider when the calculator may actually cost you time. It’s not typically time effective to use the calculator for every single step of a math problem. Moreover, on many problems, you can estimate—you don’t actually need to calculate an exact value because the answer choices are pretty spread out or something like that.

Finally, when you do use the calculator, get into the habit of first jotting down what you’re about to punch in. This is one way to minimize careless mistakes when entering in the numbers and operations.

Number Lines

The earlier number line examples were structured with evenly spaced tick marks. For example:

[image: image]

These number lines will almost always contain real numbers and may contain variables as well. They will usually have tick marks, not circles. In the example above, x = 3; solve for x by counting the number of tick marks to the right of 1.

Not all number lines will provide this level of detail. Some will display only a handful of points that are not necessarily evenly spaced. These number lines are likely to contain fewer actual numbers and will contain at least one variable. For example:

[image: image]

Variables are placeholders for unknown values; they will be discussed more in Chapter 2: Number Properties.

GRE number lines are always drawn to scale. As a result, you can estimate and make inferences by eye even when it’s not possible to determine exact numbers. In the example above, r is closer to 0 than s is. You can also infer that r, to the left of 0, is negative, while s, to the right of 0, is positive. Put these inferences together: First, r is certainly less than s. Second, it’s possible that r and s could be −2 and 5, respectively; it’s also possible that they could be −13 and 24; either way, r is closer to 0 than s is.

Problems that talk about line segments or points that all lie on a line can be thought of as number lines; they will typically use points on the line, rather than tick marks. For example, a question might state that point X is the midpoint of line segment ST:

[image: image]

These line segments or number lines are rarely shown with any real numbers. Often, the only points on the line are designated by variables. Questions that require this type of number line may or may not provide information about the specific distance between points, although they may provide proportional information. For instance, in the previous number line, although the length of line segment ST is not given, you do know that ST is twice as long as either segment SX or segment XT (because X is the midpoint of ST).

Check Your Skills


Refer to the following number line for questions #7 and 8.

[image: image]

Which of the following MUST be true?




	
v > s + t


	
v + s > t + r




Answers can be found on page 32.

Check Your Skills Answer Key

1. 10

The tick marks on the number line ascend from left to right by increments of 10. The variable x is on the tick mark between 0 and 20, so its value is 10.

2. −50

The tick marks on the number line ascend from left to right by increments of 10. The variable y is two tick marks to the left of −30, so its value is −50.

3. Two tick marks to the right of 20

The tick marks on the number line ascend from left to right by increments of 10, so 40 is placed two tick marks to the right of 20 on the number line.

[image: image]

4. 5

Although the number uses only 9’s, there are five 9’s total, in the ten-thousands, thousands, hundreds, tens, and ones places.

5. Tenths place

The digit immediately to the right of the decimal is the tenths digit. So in the number 4,472.1023, the 1 is in the tenths place.

6. 23, 29, 31, 37, 41, 43, and 47

7. Must be true

Given that v is greater than t, adding negative number s to positive number t will result in a sum that is less than t. As a result, v will still be greater than the sum s + t.

8. Must be true

The number line defines v and t as positive, where v is greater than t. It also defines r and s as negative, where r is “more negative” than s (or r is farther away from 0 on the number line). Therefore, v + s represents the greater of the two positive numbers with a closer to 0 negative number subtracted, while t + r represents the lesser of the two positive numbers with a farther from 0 negative number subtracted—that is, even more is subtracted from t. As a result, v + s is greater than t + r.

Alternatively, try testing real values that fit the given facts: r = −2, s = −1, t = 1, v = 2.

v + s = 2 + (−1) = 1

t + r = 1 + (−2) = −1

Problem Set


For problems #1–4, refer to the following number line. Label each statement as must be true, could be true, or must be false.

[image: image]




	
s + q > 0

	
pq > t


	
t − q = 2

	
s − p > r − q





In problems #5–9, decide whether the expression described is always positive, always negative, or sometimes positive. If you answer sometimes positive, give numerical examples to show how the value could be either positive or negative.




	The product of three negative numbers

	One negative number divided by one positive number

	
[image: image], given that x, y, and z are negative

	
[image: image], given that r < s < 0 < w < t


	
[image: image], given that xyz > 0




Solve problems #10–15. Use a calculator where desired. Reminder: You can only add, subtract, multiply, divide, or take a square root on the GRE calculator!




	If [image: image] is simplified and rounded to the nearest whole number, how many digits will it have?

	What digit is in the thousandths place after simplifying the following expression: (0.08)2 ÷ 0.4 ?

	Determine the number of nonzero digits to the right of the decimal place for the following decimals:
[image: image]



	Which of the following must produce integers?
Indicate all such statements.

[image: image] Integer × Integer

[image: image] Integer ÷ Integer

[image: image] Integer + Integer

[image: image] Integer − Integer

[image: image] Prime × Prime

[image: image] Prime ÷ Prime



	How many primes are there from 10 to 41, inclusive? (Note: The term inclusive means to include 10 and 41 themselves in your work.)

	Which of the following are factors of 18 ?
Indicate all such factors.

[image: image] 2

[image: image] 3

[image: image] 6

[image: image] 12

[image: image] 18

[image: image] 36





Solutions


	
Must be true
Although no specific values are given, the number line indicates that s is greater than 1 and that q is between −1 and 0. Since s is greater than 1 and q cannot be −1 (or less), s will always offset the negative value of q. Even in an extreme case, s would be something like 1.000001 and q would be something like −0.9999, so the sum of s and q would remain positive.



	
Could be true
Both p and q are negative, so the product pq must be positive. In addition, t must be between 0 and 1. Test some numbers that fit these facts to see what happens.

If t ≈ 0.75, q ≈ −0.5 and p ≈ −1.5, then pq would be (−1.5)(−0.5) = 0.75, which equals t. In this one case, it’s not true that pq > t. Can you tweak the numbers to make the inequality true? If t were 0.74 and the other numbers were left unchanged, then it would be true that pq > t. The inequality could be true, but it doesn’t have to be true.



	
Must be false
The value of t is between 0 and 1. The value of q is between −1 and 0. In order to reach 2, you’d need 1 − (−1) = 1 + 1 = 2, but the first value has to be less than 1 and the second value has to be greater than −1. Even taking the most extreme possible values, 0.999999 − (−0.999999) cannot equal 2.



	
Must be true
The value of s is greater than 1 and the value of p is less than −1. Therefore, the difference s − p = (greater than 1) − (less than −1) = (greater than 1) + (greater than 1) = greater than 2. Alternatively, use real values to understand what’s happening. Let s = 1.5 and p = −1.5. In this case, s − p = 1.5 − (−1.5) = 1.5 + 1.5 = 3. Since the second value will “turn” positive and both values have to be at least 1 point something, the answer will always be greater than 2.

Next, r must be between 0 and 1 and q must be between −1 and 0. Let r = 0.5 and q = −0.5. In this case, the difference r − q = 0.5 − (−0.5) = 0.5 + 0.5 = 1. Since the second value will “turn” positive and both values have to be less than 1, the answer will always be less than 2. Finally, since s − p must be greater than 2 and r − q must be less than 2, it must be the case that s − p is always greater than r − q.



	
Always negative
Take this in steps. The product of the first two negative numbers is positive. This positive product times the third value, which is negative, is negative. For example:

(−1)(−2)(−3) = (2)(−3) = −6



	
Always negative
Two values with different signs will always produce a negative when one is divided by the other.



	
Always negative
Do this problem in two steps. First, a negative number divided by a negative number yields a positive number. Second, that positive result divided by a negative number yields a negative result.

Alternatively, keep in mind that multiplying or dividing an odd number of negative terms will always produce a negative, while multiplying or dividing an even number of negative terms will always produce a positive. Three negative terms multiplied or divided together will be negative.



	
Always positive
The inequality defines r and s as negative and w and t as positive. Therefore, rst is a positive value, because the two negatives multiply to a positive and the third value is already positive. A positive value (rst) divided by another positive value (w) yields a positive number.

Alternatively, keep in mind that multiplying or dividing an odd number of negative terms will always produce a negative, while multiplying or dividing an even number of negative terms will always produce a positive. Exactly two negative terms multiplied or divided by any number of positive terms will result in a positive value.



	
Always negative
Given that the product xyz is positive, there are two possible scenarios: (1) all of the values are positive, or (2) two of the values are negative and the third is positive. First, simplify the fraction. Then, test out both scenarios.

Simplifying the original fraction yields [image: image].

If all of the values are positive, then the single negative sign will make the final value negative. If two of the numbers are negative, they will essentially cancel each other out to become positive. In this case again, the negative sign makes the end result negative.



	
2
You can plug this into the calculator or you can use a shortcut (discussed more in Chapter 32: Advanced Concepts). For every zero in the denominator, shift the decimal point once to the left in the numerator to cancel out one zero. The calculator and the shortcut yield the same result: 45.63021. Regardless of whether the value is rounded up or down, there will be two digits when the value is rounded to the nearest whole number (that is, when everything after the decimal point is dropped).

If you had instead been asked to find the actual value rounded to the nearest whole number, you would look at the place immediately to the right of the decimal—in this case, the tenths place. The digit in the tenths place, 6, is greater than 5. Therefore, round the number up, so 45 becomes 46. The value rounded to the nearest whole number is 46.



	
6
To square a number in your calculator, multiply it by itself. Plug in (0.08)(0.08) to get 0.0064. Divide 0.0064 by 0.4 to get the simplified value of 0.016. The thousandths place is the third digit to the right of the decimal, which in this case is 6.



	
(a) 2; (b) 2; (c) 1
Use the calculator to translate each of the fractions into decimals, and then count the number of nonzero digits to the right of the decimal:

[image: image]



	
(A) Integer × Integer; (C) Integer + Integer; (D) Integer − Integer; (E) Prime × Prime
Any instance in which an integer is multiplied by, added to, or subtracted from another integer will always result in an integer. For division, however, the value of each integer determines whether the result will be an integer. Therefore, options (A), (C), and (D) must produce integers, but option (B) may not.

Prime numbers are always integers, so they follow the same principles, with one exception: Dividing one prime by a different prime can never result in an integer. The only circumstance in which a prime divided by a prime would produce an integer is when dividing a prime number by itself. For example 3 divided by 3 equals 1, which is an integer. Therefore, option (E) must produce an integer but option (F) may not.



	
9
The primes from 10 to 41, inclusive, are 11, 13, 17, 19, 23, 29, 31, 37, and 41. Note that prime numbers are not evenly spaced and do not follow any kind of known pattern, so you have to list them and count them manually.



	
(A) 2; (B) 3; (C) 6; (E) 18
To test whether each answer choice is a factor of 18, take 18 and divide it by that choice. If the result is an integer, then that choice is a factor of 18.









	Answer Choice
	
18 ÷ Answer Choice

	Factor?



	2
	18 ÷ 2 = 9
	Yes



	3
	18 ÷ 3 = 6
	Yes



	6
	18 ÷ 6 = 3
	Yes



	12
	18 ÷ 12 = 1.5
	No



	18
	18 ÷ 18 = 1
	Yes



	36
	18 ÷ 36 = 0.5
	No





There is another way to find the factors of 18, which will be taught in Chapter 9: Divisibility.
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CHAPTER 2
Number Properties

Why is it useful to define a number in terms of its properties—e.g., even or odd? Positive or negative? Prime? The GRE will ask you to use number properties to solve for variables, to restrict a range of numbers to test, and to simply make it through the test. In this chapter, you’ll learn how to recognize and use certain properties of numbers in conjunction with the number sense concepts introduced in Chapter 1: Develop Your Number Sense. You’ll also learn how to test cases, or scenarios, using real numbers and you’ll learn the basics of exponents.

Understanding the Unknown

A variable is a letter that gets used as a stand-in for a number. Any letter can serve as a variable (x and y are probably the most commonly used), and a variable can represent any number—positive, negative, integer, decimal, or even zero. For example:

[image: image]

You can think of a variable as a mystery box containing a single surprise number or as a slick costume that a number wears to disguise itself. By obfuscating the numbers in a problem, variables add a layer of complexity to math. Their presence in a problem generally means that you won’t be able to get to a solution using the calculator alone. (By the way, obfuscate—to make obscure or unclear—is a great vocabulary word for the Verbal section of the GRE. If you haven’t run across that word before, pop it onto a flash card.)

The GRE will often use variables to hide whether a number is positive or negative. If the variable b shows up in a problem, for instance, any of the following could be values of b, along with infinitely more options:

[image: image]

Positives and Negatives

The Rules

Questions testing your knowledge of the interactions between positive numbers and negative numbers are a perennial GRE favorite. Chapter 1: Develop Your Number Sense outlined some of these interactions:








	Positive + Positive = Positive
	3 + 2 = 5



	Negative + negative = negative
	−2 + −6 = −8



	Negative + Positive = it depends!
Whichever has the bigger absolute value (more on this below) will win out.


	−6 + 2 = −4
5 + −3 = 2

x + y = ???







As you can see, there’s uncertainty about the outcome when positives and negatives are added—you’ll often need specific information about the numbers involved to know what the sign of the resulting number will be. By contrast, there is much more certainty about the outcome of multiplication and division of positives and negatives, especially when talking about multiplying or dividing two numbers:









	Same sign = Positive
	Positive ×/÷ Positive
Negative ×/÷ negative


	3 × 2 = 6
(−8) ÷ (−4) = 2





	Different signs = negative
	Positive ×/÷ negative
Negative ×/÷ Positive


	5 × (−6) = −30
−12 ÷ 4 = −3







This principle can be extended to predict the results of multiplication or division involving more than two numbers. For example, if three numbers are multiplied together, the result will be positive if there are either no negative numbers or two negative numbers. The result will be negative if there are one or three negative numbers:

[image: image]


Key Concept

When multiplying or dividing a group of nonzero numbers:


	The result will be positive if you have an even number of negatives.

	The result will be negative if you have an odd number of negatives.





A Double Negative

What happens when positives and negatives are subtracted from one another? First, subtracting a negative is the same as adding a positive. For instance:

7 − (−3) = 7 + 3 = 10

This can be seen as an offshoot of the multiplication rules above: An expression such as −(−3) follows the principle that two negatives multiply to make a positive, 3.

This is a very easy step to miss, especially when the double negative is more hidden. For instance:

What is 7 − (x − 2)?

Many people will make the mistake of computing this as 7 − x − 2 = 5 − x. However, the minus sign outside the parentheses must be distributed to both the x and the −2, as follows:

7 − (x − 2)

7 − x + 2

9 − x

You’ll learn more about order of operations and distribution in Chapter 4: Equations. For now, just know that if a negative sign is outside parentheses, every term inside the parentheses gets that negative. The expression above can be broken down into:

[image: image]

Check Your Skills


	What is − (−5) + 5 − (−5) ?
[image: image]



	Is the product −12 × −15 × 3 × 4 × 5 × −2 positive or negative?




Answers can be found on page 60.

The first question is an example of a fill-in-the blank problem. When the GRE presents a blank box, as this problem did, you’ll need to type in an answer manually. There are no answer choices, and there is no partial credit given. The answer you enter must be exactly right to receive credit.

When signs meet variables

Remember these examples of possible values of b?

[image: image]

Variable b is not necessarily positive, which also means, perhaps counterintuitively, that −b is not necessarily negative. Consider what −b would imply for each of the six examples:

[image: image]

If b is negative, then −b will be positive. It’s tempting to read −b as “negative b.” However, it’s more accurate to think of it as the opposite of b: Whatever the sign of the number represented by b is, −b will have the opposite sign.

The GRE will often use inequalities and zero to hint at the signs of variables. For instance, to express that the variable a is positive, the GRE may say a > 0. Similarly, to indicate that a represents a negative number, the GRE may say a < 0. As such, > 0 and < 0 are GRE code for positive and negative, respectively. So if a problem tells you x < 0 and y > 0, get into the habit of reading those givens as x is negative and y is positive.


Strategy Tip: Translate greater than 0 and less than 0 as positive and negative, respectively.



Consider the following setup:

[image: image]

What must be true about a and b? Translate the inequality as “a divided by b is positive.” From the rules given earlier, dividing two numbers that have the same sign will produce a positive, so a and b must have the same sign to produce a positive result.

What is that sign? Are they both positive? Or are they both negative? From this inequality alone, it’s impossible to know. Let’s say the problem actually gave you the following:

[image: image]

If a and b have the same sign and b is negative, then a must also be negative.

Check Your Skills


Use your number sense to determine which of these answers must be true. For the first two, note that multiple correct answers are possible.




	If mn < 0, which of the following must be true?
Indicate all such statements.

[image: image] m > 0

[image: image] n < 0

[image: image] [image: image]



	If c − d > c, which of the following must be true?
Indicate all such statements.

[image: image] c > 0

[image: image] d < 0

[image: image] c + d < c



	If xy ≠ 0, is (−x) × (−y) definitely positive?



Answers can be found on page 60.

Absolute Values

The absolute value of a number answers this question: How far away is the number from 0 on the number line? For example, the absolute value of 5 is 5 because it’s a distance of 5 away from zero on a number line:

[image: image]

The symbol for absolute value is |number|. For instance, the absolute value of 5 is written as |5|.

Interestingly, |−5| also equals 5:

[image: image]

Both 5 and −5 are the same distance from 0, and so both have the same absolute value: 5. Every negative number will always have a positive absolute value:

|−40| = 40

|−22| = 22

The only exception to this rule is zero: The absolute value of 0 is 0, which is neither positive nor negative. Incidentally, zero is also the smallest possible absolute value a number can have.

A more conceptual way to think of absolute values is that they indicate the size of a number irrespective of its sign. Consider −1000 versus 3, for instance. Mathematically, 3 is greater than −1000 because 3 is positive and −1000 is negative. But imagine you receive a $1,000 fine and then find $3 lying on the ground. You probably wouldn’t get much comfort from the fact that the 3 positive dollars were mathematically greater than the 1000 negative dollars. Absolute values are the symbolic way of focusing on a number’s size, irrespective of its sign.

Absolute Value and Variables

What happens when variables get involved? Consider this example:

| p| = 7

Since absolute values denote a number’s distance from zero on a number line, read the equation as “p is 7 points away from zero.” But that still leaves out a crucial detail: 7 points in which direction? After all, 7 itself is 7 away from zero, but so is −7. So p is equal to 7 or −7. Absolute value equations involving variables tend to return two possible solutions rather than just one. A technical way of processing this is to replace the absolute value symbols with a +/− symbol:

[image: image]

If it’s easier to conceptualize, break plus and minus into two different equations, one for the positive scenario and the other for the negative scenario.

p = +7 or p = −7

This works the same even when there are more complex expressions on either side of the equation. Just make sure to introduce parentheses when needed before placing the ± sign:

[image: image]

Treat the absolute value symbol like parentheses. Solve the arithmetic problem inside first, and then find the absolute value of the answer. For example, for expressions like |4 −7|, first subtract 7 from 4, to get 4 − 7 = −3, and then take the absolute value. Because −3 is three units from zero, |4 −7| = |−3| = 3.

For more on handling parentheses, algebraic expressions, and equations, see Chapter 4: Equations.

Absolute Value and Positives/Negatives

Absolute values can also be used to test positives and negatives:

b | b | < 0

First, b cannot equal 0 here, since (0)(0) equals 0, not less than 0. If b ≠ 0, it follows that |b| must be positive. The inequality can then be read as “b times some positive number is less than zero” or “b times some positive number yields a negative number.”

The product of two numbers will be negative only if the two numbers have different signs. Therefore, b itself must be a negative number, since |b| is positive. Generally speaking, when absolute values appear in problems along with < 0 or > 0, read the absolute values as code for “some positive number.”

Check Your Skills


	If p| q| < pq, which of the following must be true?
(A) p < 0

(B) q > 0

(C) pq < 0

(D) |p|q > 0





Answers can be found on page 61.

Testing Positive and Negative Cases

Some Positives and Negatives problems deal with multiple variables, each of which can be positive or negative. As you saw on the last practice problem, it’s a great idea to set up a table listing all the possible positive/negative combinations of the variables and determine what effect each combination would have on the question. Here’s a more complicated problem with a full five answer choices:

If ab > 0, which of the following must be negative?

(A) a + b

(B) |a| + b

(C) a − b

(D) [image: image]

(E) [image: image]

The product of a and b is positive, so a and b have the same sign: They are either both positive or both negative. List the possible positive/negative combinations of a and b that meet this criterion. Then, use real numbers to test the combinations in the answer choices. Keep track of your work with a chart:









	 
	Case: +, +
a = 3
b = 6
	Case: −, −
a = −3
b = −6



	Criterion met? ab > 0
	Y
	Y



	(A) a + b

	POS
	−



	(B) |a| + b

	POS
	−



	(C) a − b

	[image: image]
	POS



	(D) [image: image]

	POS
	−



	(E) [image: image]

	[image: image]
	[image: image]





After testing a = 3 and b = 6, you can eliminate answers (A), (B), and (D), since they can’t always be negative. When testing the second set of values, ignore the answers you’ve already eliminated; just test the answers that remain.

What if, on your second set of values, you still can’t get down to one answer? For example, here’s what would have happened with the values a = −6 and b = −3:









	 
	Case: +, +
a = 3
b = 6
	Case: −, −
a = −3
b = −6



	Criterion met? ab > 0
	Y
	Y



	(A) a + b

	POS
	−



	(B) |a| + b

	POS
	−



	(C) a − b

	[image: image]
	[image: image]



	(D) [image: image]

	POS
	−



	(E) [image: image]

	[image: image]
	[image: image]





It’s still between answers (C) and (E)! Take a closer look at the two answers that remain. Try a third set of values that changes things up somehow. For example, since order matters when subtracting, try reversing the order of the numbers for one of the cases:








	 
	+, +
a = 6
b = 3



	Criterion met? ab > 0
	Y



	(C) a − b

	POS



	(E) [image: image]

	[image: image]





Another approach to this problem is to determine what you know from the fact that ab > 0. The signs of a and b must be the same (both positive or both negative). Knowing that two values have the same sign isn’t universally useful when adding or subtracting, but that information is really useful when multiplying or dividing. If they have the same sign, then [image: image] has to be positive and [image: image] must be negative.

Check Your Skills


	If |x| > |y|, which of the following must be true?
Indicate all such statements.

[image: image] xy is positive

[image: image] x + y > 0

[image: image] x2 > y2



	If ab < 0, a > b, and a > −b, which of the following must be true?
(A) [image: image]

(B) a + b < 0

(C) b − (−a) > 0

(D) [image: image]

(E) a − b < 0





Answers can be found on pages 61–62.

Evens and Odds

All integers can be described as either even or odd. Even numbers are integers that are divisible by 2 (that is, when you divide them by 2, you get an integer result). Odd numbers are integers that are not divisible by 2.

Evens: −4, −2, 0, 2, 4, 6… Odds: −3, −1, 1, 3, 5…

Zero is even because, when you divide it by 2, the answer is 0—an integer.

Consecutive integers alternate between even and odd:

[image: image]

Arithmetic Rules of Evens & Odds

The GRE tests your knowledge of how even and odd numbers combine through addition, subtraction, multiplication, and, to a lesser degree, division. The outcome of these arithmetic operations can be derived by picking numbers and testing them. For instance, if a problem indicates that x is even, plug in any even number (0, 2, etc.) for x and proceed. While this is certainly a valid strategy, it also pays to memorize the rules for operations with odds and evens, as they are extremely useful for certain GRE math questions.

Addition and Subtraction

even ± even = even

even ± odd = odd

odd ± odd = even

Adding or subtracting two of the same kind of number (both even or both odd) will always yield an even result.

Multiplication

even × even = even

even × odd = even

odd × odd = odd

Multiplying an even number by any integer yields an even result. Even numbers are divisible by 2, so even numbers always have a factor of 2. When numbers with a factor of 2 are multiplied by other integers, the factor of 2 doesn’t disappear—it remains in the resulting products. As a result, those products will always be even.

You may be wondering what happens when evens and odds divide each other. Unfortunately, there are few hard and fast rules for what the outcome will be when odds and evens divide; such cases tend to depend more on rules of divisibility and interactions between the numbers’ factors than on properties of evens and odds themselves. In these circumstances, it will be a good idea to test specific even and odd cases. (For more on Divisibility, see Chapter 9: Divisibility, and for more on Picking Numbers to test cases, see Chapter 3: Quantitative Comparison: Pick Numbers.)


Key Concept

To produce an even number:


	Add or subtract two evens or two odds (E − E = E and O + O = E)

	Multiply any integer by an even number (E × O × O = E)



To produce an odd number:


	Add or subtract one even and one odd (E + O = O)

	Multiply only odd integers (O × O × O × O = O)





Consecutive Integers

One common term the GRE will use to describe evens and odds is consecutive integers. Consecutive integers are integers in order on the number line, such as 2, 3, 4, and 5. The integers 133, 134, 135, and 136 are consecutive, as are −12, −11, −10, −9, and −8. In any list of consecutive integers, every other number is even and the remaining numbers are odd.









	Consecutive Integers
	Even Integers
	Odd Integers



	2, 3, 4
	2, 4
	3



	133, 134, 135, 136
	134, 136
	133, 135



	−12, −11, −10, −9, −8
	−12, −10, −8
	−11, −9





The GRE could ask whether the product of two consecutive integers is odd. Or whether the sum of five consecutive integers is odd. Sometimes the problem depends on whether the number you start with is even or odd, and sometimes it doesn’t.

Is the product of two consecutive integers odd? The answer is always no. Pick some numbers to test:

(3)(4) = 12

(4)(5) = 20

(5)(6) = 30

No matter what, the result is even, because one of any two consecutive integers will always be even. The other one will always be odd, but because there is at least one even integer, the product will always be even.

Is the sum of five consecutive integers odd? The answer depends on where you start. Consider these two cases:

1 + 2 + 3 + 4 + 5 = 15

2 + 3 + 4 + 5 + 6 = 20

In the first case, the sum is odd because there are three odds and two evens in the mix. The two evens add to an even value and two of the odds add to an even value. Those two pairings, even + even, also add to an even value. But there’s still one more odd value to add to the mix, so the final value is even + odd = odd.

In the second case, the sum is even because there are two odds and three evens in the mix. The two odds add to an even value and two of the evens add to an even value. Those two pairings, even + even, also add to an even value. And there’s still one more even value to account for, so even + even = even.

Check Your Skills


For the following questions, indicate whether the expression will be odd or even.




	1,007,425 × 305,313 + 2

	5 × 778 × 3 × 4 + 1

	The sum of four consecutive integers



Answers can be found on pages 62–63.

The Sum of Two Primes

The GRE often uses prime numbers as a proxy to test the properties of odds and evens because all prime numbers are odd with the exception of the number 2. For example, the sum of any two primes will be even (“Add two odds …”), unless one of those primes is the number 2. As a result, if the problem states that the sum of two primes is odd, then one of those primes must be the number 2. Conversely, if you know that 2 cannot be one of the primes in the sum, then the two primes must both be odd and therefore their sum must be even.

If a and b are both prime numbers greater than 10, which of the following could be true?

Indicate all that apply.

[image: image] ab is an even number.

[image: image] The difference between a and b equals 37.

[image: image] The sum of a and b is even.

Because a and b are both prime numbers greater than 10, they must both be odd. Therefore, ab must be an odd number, so choice (A) cannot be true. Similarly, if a and b are both odd, then their difference must be even, so a − b cannot equal 37 (an odd number). Therefore, choice (B) cannot be true. Finally, because a and b are both odd, a + b must be even, so choice (C) will always be true.

Before you check your skills, here’s a math vocab alert: The word distinct, in math terms, means different. If a problem says that two variables are distinct, then the two variables cannot have the same value.

Check Your Skills


	If m and n are two distinct prime numbers and m < n, which of the following must be true?
(A) m is even.

(B) n is odd.

(C) n − m is odd.

(D) mn is odd.

(E) mn is prime.





Answers can be found on page 63.

Testing Odd and Even Cases

The GRE will usually bring variables into the picture when asking about evens and odds. As with positives and negatives, sometimes you will be told outright that a variable is even or odd. Usually, however, the test will only hint at this. Here’s an example of one of the most common way the GRE hints at evens and odds:

p = 2n, where n is an integer

In this case, 2 times any integer produces an even result, so p must be even. This can also be extrapolated to any other even coefficient. If the test were to tell you that p = 4n (where n is an integer), it would still be the case that p is even.

Here’s a different example:

q = 2n + 1, where n is an integer

In this case, 2n will be even, and adding 1 (or any odd number) to an even number produces an odd result, so q must be odd. This can be extrapolated to other numbers. If the test were to tell you that q = 6n + 3, for instance, it would still be the case that q was odd.

The GRE will often use multiple variables to test evens and odds. For instance, a problem might state the following:

If p and q are integers such that pq is odd…

In this case, p and q are both odd, as the only way that two integers can multiply to an odd product is when they are both odd. On the other hand, a problem might start out as follows:

If c and d are integers and cd is even…

In this case, at least one of the variables is even (because an even number times any integer yields an even answer), but you would need more information about c and d in order to determine which one is even (or whether both are even).

In the most complex scenarios, multiple variables could be odd or even, and you’ll need to determine the implications of each possibility. In that case, set up a table listing all the possible odd/even combinations of the variables and determine what effect that would have on the question.

If a, b, and c are integers and ab + c is odd, which of the following must be true? Indicate all that apply.

[image: image] a + c is odd.

[image: image] b + c is odd.

[image: image] abc is even.

When two terms (in this case, ab and c) add to an odd number, one of the terms must be odd and the other must be even. So in this case, either ab is odd and c is even or ab is even and c is odd. Further, when ab is odd, then both a and b are odd. When ab is even, then at least one (and possibly both) of a and b are even. Set up a table to keep track of the scenarios. There’s only one possible scenario for the combination ab odd, c even, but there are three possible scenarios for the combination ab even, c odd:











	Scenario
	a
	b
	c
	
Check:
ab + c = odd




	(1): ab odd, c even
	Odd
	Odd
	Even
	O × O + E = O



	(2): ab even, c odd
	Odd
	Even
	Odd
	O × E + O = O



	(3): ab even, c odd
	Even
	Odd
	Odd
	E × O + O = O



	(4): ab even, c odd
	Even
	Even
	Odd
	E × E + O = O





Do check your work at the end of each row, just to make sure you didn’t make a mistake.

Next, evaluate the answer choices against the four possible cases. Because the question asks what must be true, try to find a false case.

(A) a + c is odd. In Scenario 2, a is odd and c is odd. Because odd + odd = even, this choice does not have to be true. Eliminate.

(B) b + c is odd. In Scenario 3, b is odd and c is odd. Because odd + odd = even, this choice does not have to be true. Eliminate.

(C) abc is even. In all four scenarios, it is the case that abc is even, so this choice must be true. Therefore, the only correct answer is choice (C).

Alternatively, you can test real values rather than characteristics. As before, lay out the possible scenarios, but this time, use 1 for odd values and 2 for even values:











	Scenario
	a
	b
	c
	
Check:
ab + c = odd




	(1): ab odd, c even
	1
	1
	2
	1 × 1 + 2 = 3



	(2): ab even, c odd
	1
	2
	1
	1 × 2 + 1 = 3



	(3): ab even, c odd
	2
	1
	1
	2 × 1 + 1 = 3



	(4): ab even, c odd
	2
	2
	1
	2 × 2 + 1 = 5





Next, evaluate the three answer choices.

(A) a + c is odd. In Scenario 2, a is 1 and c is 1. Since 1 + 1 = 2, this choice does not have to be true. Eliminate.

(B) b + c is odd. In Scenario 3, b is 1 and c is 1. Since 1 + 1 = 2, this choice does not have to be true. Eliminate.

(C) abc is even. In all four scenarios, it is the case that abc is even, so this choice must be true. Therefore, the only correct answer is choice (C).

Check Your Skills


	If x is odd, which of the following must be true?
Indicate all such statements.

[image: image] x + 3 is even.

[image: image] 2x is odd.

[image: image] 3x + 1 is odd.



	If pq is odd, which of the following must be true?
Indicate all such statements.

[image: image] [image: image] is odd.

[image: image] p + q is even.

[image: image] p − q is odd.



	If x and y are integers, and [image: image] is even, which of the following could be true?
Indicate all such statements.

[image: image] xy is odd.

[image: image] xy is even.

[image: image] x + y is odd.





Answers can be found on pages 63–64.

Exponents

Exponents (also known as powers, orders, or indices) are the superscript numbers that sometimes appear to the upper-right corner of larger numbers. At their most basic level, exponents are a shorthand for repeated multiplication of the number below, called the base. For example, taking 4 to the 5th power, or 45, would look like this:

41 = 4

42 = 4 × 4 = 16

43 = 4 × 4 × 4 = 64

44 = 4 × 4 × 4 × 4 = 256

45 = 4 × 4 × 4 × 4 × 4 = 1,024

If you’ve heard the phrase “exponential growth” used to describe a rapid increase, this is why: In cases involving numbers greater than 1, operations with exponents tend to produce large results, or increase exponentially.

Outcomes for numbers 1 or less than 1 are somewhat less predictable, though some outcomes are assured. For instance, for any number x:

x1 = x

x0 = 1

1x = 1

The calculator will sometimes be helpful in determining the values of numbers with exponents on the GRE. However, the calculator does not have an exponent button. As such, it’s only practical to use the calculator for relatively small exponent operations. For instance, you can use the calculator to find the value of something like 73 because it’s not too cumbersome to punch in 7 × 7 × 7 to get 343. By contrast, calculating something like 1710 is impossible: Even if you were inclined to put 17 into the calculator ten times, the display of the GRE calculator wouldn’t be able to show all of the digits in the final product. As such, understanding the rules and properties of exponents is essential to solving these problems on the GRE.

Exponents and Evens & Odds

The GRE often uses exponents to disguise questions that test positives, negatives, evens, and odds. Consider what happens when an odd number is raised to various powers:

31 = 3

32 = 3 × 3 = 9

33 = 3 × 3 × 3 = 27

34 = 3 × 3 × 3 × 3 = 81

The number 3 raised to any of these powers results in an odd number. The same would be true of 5, 7, 11, 15, or any odd number raised to any positive integer power.

This occurs because the base, 3, is odd, and odd × odd always returns an odd result. The same is true for odd × odd × odd as well as odd × odd × odd × odd and so on. Similarly, raising any even base to a positive integer exponent will always result in an even outcome.


Key Concept

Where n is a positive integer:

(odd)n = odd

(even)n = even



Exponents with Positives and Negatives

What about the sign of the outcome? If the base of an exponent expression is positive, the result will always be positive (even when the exponent is negative). For example, 22 is positive and 2−2 is also positive. However, when the base is negative, the sign of the outcome will depend on whether the exponent is even or odd. Consider (−2)4:

[image: image]

When a negative number is raised to an even power, the result is positive, but when a negative number is raised to an odd power, the result is negative. This is an extension of the rules of positive/negative multiplication outlined earlier in this chapter: Multiplying two negatives results in a positive product, whereas multiplying a positive and a negative results in a negative product.

As a side note, it’s important not to conflate the operation (−2)4 with the operation −24. In the latter case, the 24 is processed first, and the negative sign is applied at the end: −(2 × 2 × 2 × 2) = −16. This is a consequence of the order of operations, more information on which can be found in Chapter 4: Equations.

When the GRE tests your knowledge of interactions between positives, negatives, evens, odds, and exponents, it will often do so using variables. Consider the following:

If x < 0, which is greater: x2 or x3?

One might expect x3 to be greater than x2, but the problem also indicates that x is less than 0 (that is, x is negative). When x is negative, the even exponent 2 will produce a positive result, whereas the odd exponent 3 will produce a negative result. Therefore, x2 is greater than x3 when x is negative. In a more general sense, operations with even and odd exponents go as follows:


Key Concept

xeven ≥ 0

xodd = ?



Raising a number to an even exponent will always result in a number 0 or greater. When raising a number to an odd exponent, the result will keep the sign of the base. In a sense, this means expressions involving even exponents have a more predictable outcome than expressions involving odd exponents. However, there’s a flip side to this predictability. For instance, if x2 = 25, what is the value of x?

On the surface, the solution may seem clear: x = 5. However, because even exponents produce a positive result even when the base is negative, it’s also possible that x = −5. In other words, because the exponent is even, there are two possible answers to the question What is x ? 5 and −5. By contrast, if you’re told that a3 = −27, then a = −3. Because the exponent is odd, it’s not possible for a to equal 3.

Check your skills


	If ab > 0 and a2b < 0, which of the following must be positive?
Indicate all such statements.

[image: image] a

[image: image] b

[image: image] a + b

[image: image] [image: image]

[image: image] ab2

[image: image] a3b



	If n is an integer and y = x2n, which of the following must be false?
(A) x > 0

(B) y < 0

(C) y > x

(D) x is even

(E) y is odd





Answers can be found on page 65.

Check Your Skills Answer Key

1. 15

The double negatives in front of the first term and the third term cancel each other out and make each of those terms positive: 5 + 5 + 5 = 15.

2. Negative

There are three negative numbers given. When multiplying nonzero negatives, if there are an odd number of negative values, the overall product will be negative. The product of the first two of the negative numbers will be positive, and the third negative number will make the final product negative.

3. [image: image]

The fact that mn is negative indicates that m and n must have different signs, but it’s impossible to know which one is positive and which is negative. Eliminate choices (A) and (B). However, [image: image] must be negative, as the rules are the same for division as they are for multiplication. Answer (C) must be true.

4. (B) d < 0; (C) c + d < c

Hmm. If you take c and subtract d...the result is greater than the starting point, c. What increases when you subtract? When you subtract a negative, the two negative signs create a positive, so it must be the case that d is negative. (Try some real numbers if you’re not sure.) So answer (B) does have to be true: d must be negative.

Is it possible for the starting point, c, to be negative or 0? If c = 0, then it’s still the case that subtracting a negative will turn positive, and so c − d will still be greater than c. So c does not have to be positive; eliminate answer (A).

Finally, evaluate answer (C). If you start with c and add d—which has to be a negative value—then you will get a smaller value as a result. So it also must be true that c + d is less than c itself.

Whenever you can use logic to think through a problem, go for it. But if you’re not sure, try some real numbers to prove it to yourself.

5. No

Since xy ≠ 0, neither x nor y by itself equals 0. Because the two negative signs multiply to a positive, the question can be rewritten as (−x)(−y) = xy. So is xy definitely positive?

It’s impossible to tell. If x and y are both positive or both negative, their product will be positive. But if x is positive and y is negative, or vice versa, the product will be negative.

6. (A) p < 0

The only difference between the two sides of the inequality is that one side takes the absolute value of q. Neither p nor q can be 0, because 0 < 0 is false, so p and q have to be either positive or negative. The inequality p|q| < pq must be true, so what are the possible signs of p and q?









	p
	q
	
Is p|q| < pq true?




	1
	2
	2 < 2 False



	1
	−2
	2 < −2 False



	−1
	2
	−2 < −2 False



	−1
	−2
	−2 < 2 True!





The only combination that works is one in which both p and q are negative. Answer (A) p < 0, then, must be true.

Because this is a “select one choice” problem, you don’t have to evaluate the other answer choices, but here’s why they’re incorrect. Eliminate answer (B) q > 0, as q is actually negative. Also eliminate answer (C) pq < 0, as the product pq has to be positive. Finally, eliminate answer (D) |p|q > 0, as a positive times a negative cannot yield a positive value.

7. (C) x2 > y2

Test the possible situations that maintain the requirement that the absolute value of x is greater than the absolute value of y. Double-check the values you’ve chosen to make sure that you aren’t breaking the fact given in the question stem. Then test the answer choices, but stop if you get down to just one answer:









	 
	
x = 5
y = 3
	
x = −5
y = 3



	Criterion met? |x| > |y|
	|5| > |3| OK
	|−5| > |3| OK



	(A) xy is positive
	15
	−15 Elim



	(B) x + y > 0
	8
	−2 Elim



	(C) x2 > y2

	25 > 9
	25 > 9





At this point, stop because only choice (C) remains, so it must be true. But if you still had more than one choice remaining after testing the second case, then you’d test another case or two (perhaps x = 3 and y = −5 or x = −3 and y = −5) to see whether you could disprove any of the remaining answers.

You could also solve this abstractly. The absolute value signs indicate that x and y could be either positive or negative. Therefore, there is no way to know whether xy is positive because x or y could be negative. And it’s equally impossible to say whether x + y will be positive, as nothing in the problem precludes both x and y from being negative. There always has to be at least one correct answer for any problem, so choice (C) is the only possible correct answer by process of elimination.

8. (C) b − (−a) > 0

Though complicated, the given information here does indicate everything you need to know about a and b. Start by testing some numbers just to make sense of the given information. First, if ab < 0, then the two variables must have opposite signs. Pick two real values to keep track, such as −2 and 1. Second, if a > b, then a must be the positive number, and b the negative number, so a = 1 and b = −2. Finally, if a > −b, a must have a larger absolute value than b. That means the numbers initially picked won’t work. Adjust them so they do fit the facts. Try a = 2 and b = −1. This keeps the signs opposite, a is positive and b is negative, and 2 > −(−1).

Now, walk these values through the answer choices.

(A) [image: image]

Untrue: If a and b have opposite signs, then the value will be negative: [image: image].

(B) a + b < 0

Untrue: 2 + (−1) = 1, which is not negative.

(C) b − (−a) > 0

True: −1 − (−2) = 1, which is greater than 0. Keep this choice in.

(D) [image: image]

Untrue: [image: image]

(E) a − b < 0

Untrue: 2 − (−1) = 3, which is not negative.

9. Odd

An odd multiplied by an odd is an odd. Then an even is added to that odd, which results in an odd number.

10. Odd

At least one of the numbers multiplied together is even, so the product of all of the numbers will be even. Then, add an odd to that even to produce an odd number.

11. Even

Because integers go back and forth between evens and odds, any four consecutive integers will consist of two evens and two odds. So the sum of any four consecutive integers can be expressed as even + odd + even + odd. The first pairing of even + odd = odd, as does the second pairing, so the simplified sum is odd + odd. Add the two odds together to produce an even.

12. (B) n is odd

Testing real numbers works well for problems involving evens and odds. When primes are involved, it’s important to test the number 2, since it’s the only even prime number.









	Answer
	
m = 2
n = 3
	
m = 3
n = 5



	(A) m is even.
	True
	False
Eliminate



	(B) n is odd.
	True
	True



	(C) n − m is odd.
	True
	False
Eliminate



	(D) mn is odd.
	False
Eliminate
	−



	(E) mn is prime.
	False
Eliminate
	−





13. (A) x + 3 is even

The problem states only that x is odd. Test this fact against the three statements.

(A) x + 3 is even. Adding 3 to an odd value will indeed always result in an even value. For example, 3 + 3 = 6 and 7 + 3 = 10. This choice must be true.

(B) 2x is odd. Multiplying any integer by an even number will produce an even result, not an odd result. For example 2(3) is even. Therefore, 2x has to be even, not odd. Eliminate choice (B).

(C) 3x + 1 is odd. Multiplying an odd integer by 3 will result in an odd value; for example, 3(5) = 15. Next, adding one to an odd value will result in an even value. Therefore, 3x + 1 has to be even, not odd; eliminate this choice.

14. (B) p + q is even

In order for pq to be odd, both p and q must be odd themselves. Choose two odd values and see what can be eliminated:

[image: image]

The only answer that remains is (B), so it must be the only correct answer.

15. (B) xy is even; (C) x + y is odd

If [image: image] is even, then either x and y are both even, or x is even and y is odd. Also, the problem asked what could be true, so if you can find even one case that works for a particular answer choice, then that choice is correct. Make a chart to keep track:










	 
	
x even
y even
	
x even
y odd
	Keep?



	Criteria met? [image: image] is even.
	Y
	Y
	 



	(A) xy is odd.
	No
xy is even.
	No
xy is even.
	Eliminate



	(B) xy is even.
	Yes
	−
	Keep



	(C) x + y is odd.
	No
x + y is even.
	Yes
x + y is odd.
	Keep





In the first case, both x and y are even, answer (B) results in a Yes answer, so this answer must be correct. Test answers (A) and (C) for the second case. When x is even and y is odd, answer (A) still doesn’t work, so eliminate (A). Choice (C), on the other hand, does work for the second case, so choice (C) is also correct.

16. [image: image]

The question asks what must be positive. First, determine what you can infer from the question stem. Since ab > 0, a and b must have the same sign, either both positive or both negative. Because a2 is definitely positive, the fact that a2b is negative indicates that b must be negative. Finally, because a and b must have the same sign, a is also negative.

[image: image]

Only answers (D) and (F) must always be positive.

17. (B) y < 0

The question asks what must be false. Because n is an integer, it must be the case that 2n is even. Consequently, y is equal to x raised to an even power. Because raising a base to an even power always results in a number 0 or greater, y cannot be negative, so answer (B) must be false.

Alternatively, test some real values. Let n = 1 and x = 2. As a result, y = 22 = 4. In this case, x > 0 and y > x, so eliminate answers (A) and (C) because they can be true. Likewise, it is also the case that x is even, so eliminate answer (D).

The two remaining answers are (B) and (E). Try another case with different characteristics for the numbers. For example, try n = 2 and x = 3 (which changes n from odd to even and x from even to odd). In this case, y = 34 = 81. Since y is now odd, eliminate answer (E). The only answer remaining is (B).

Problem Set


In problems #1–5, decide whether the expression described is positive, negative, or cannot be determined. If you answer cannot be determined, give numerical examples to show that the expression could be either positive or negative.




	
xy, given that x < 0 and y ≠ 0

	
y2 |x|, given that xy ≠ 0

	
[image: image], given that b < a < 0

	−4|d|, given that d ≠ 0

	
h4k3m2, given that k < 0 and hm ≠ 0

	If |A| > 19, which of the following cannot be equal to A ?
(A) 26

(B) 22

(C) 18

(D) −20

(E) −24






For problems #7–20, answer each question odd, even, or cannot be determined. Try to explain each answer using the rules you learned in this section. All variables in problems #7–20 are assumed to be integers unless otherwise indicated.




	If n is odd, p is even, and q is odd, what is n + p + q ?

	If r is a prime number greater than 2, and s is odd, what is rs ?

	If t is odd, what is t4 ?

	If u is even and w is odd, what is u + uw ?

	If x ÷ y yields an odd integer, what is x ?

	If a + b is even, what is ab ?

	If c, d, and e are consecutive integers, what is cde ?

	If f and g are prime numbers, what is f + g ?

	If m is odd, what is m2 + m ?

	If n, p, q, and r are consecutive integers, what is their sum?

	If t = s − 3, what is s + t ?

	If u is odd and w is even, what is (uw)2 + u ?

	If xy is even and z is even, what is x + z ?

	If a, b, and c are consecutive integers, what is a + b + c ?

	Simplify: x − (3 − x)

	If x4 = 16, what is |x| ?



Solutions

1. Cannot be determined

The problem indicates that x is negative and y is not equal to 0, but y could be either positive or negative. As a result, there is no way to determine whether the product xy is positive or negative. For example, if x = −2 and y = 3, then xy would equal −6. But if x = −2 and y = −3, then xy would equal 6.

2. Positive

Since xy ≠ 0, neither x nor y can be 0. They must be either positive or negative. Therefore, the value of |x| is positive, because any absolute value must be either 0 or positive. Also, y2 is positive because any nonzero value raised to an even exponent will be positive. Therefore, y2| x| is a positive number multiplied by another positive number, which will always produce a positive result.

3. Negative

The inequality establishes that a and b are both negative. Therefore, the numerator is a positive number and the denominator is a negative number. A positive divided by a negative always results in a negative value.

4. Negative

The value of d is not zero, so you can treat the expression |d| as a positive number. A negative number times a positive number always yields a negative number.

5. Negative

Since k is negative, k3 is also negative. Nonzero numbers raised to even exponents always yield positive numbers, so h4 and m2 are both positive. Therefore, the final product, h4k3m2, is the product of two positives and a negative, which is always negative.

6. (C) 18

Because the absolute value represents the distance from zero on the number line, the value of A is either greater than 19 or less than −19. The only answer choice that does not fit these parameters is choice (C), 18.

7. Even

Break it into pieces. First, n + p is O + E = O. Then, that odd number plus q is O + O = E. If in doubt, try plugging in actual numbers: 7 + 2 + 3 = 12 (even).

8. Odd

All prime numbers greater than 2 are odd. (This is one of the common indirect ways for the GRE to tell you that a number must be odd.) Multiplying odd by odd equals odd: O × O = O. If in doubt, try plugging in actual numbers: 3 × 5 = 15 (odd).

9. Odd

t4 is equal to t multiplied by itself four times: O × O × O × O = O. If in doubt, try plugging in actual numbers: 1 × 1 × 1 × 1 = 1 (odd).

10. Even

The product of an even number and an odd number will be even, so uw is even. Therefore, u + uw is E + E = E. If in doubt, try plugging in actual numbers: 2 + 2(3) = 2 + 6 = 8 (even).

11. Cannot be determined

There are no guaranteed outcomes in division. For example, 6 ÷ 2 = 3, where x is even (6), but 3 ÷ 1 = 3, where x is odd (3). Since x could be even or odd, the outcome can’t be determined.

12. Cannot be determined

Since a + b is even, a and b are either both odd or both even. If they are both odd, then ab is odd. If they are both even, then ab is even. Therefore, it cannot be determined whether ab is odd or even.

13. Even

Because they are consecutive, at least one of the integers c, d, or e must be even. Therefore, the product cde must be even.

14. Cannot be determined

If either f or g is 2 and the other is an odd prime, then f + g will be odd. If f and g are odd primes, or if f and g are both 2, then f + g will be even. Therefore, it cannot be determined whether f + g is odd or even.

15. Even

The term m2 must be odd (O × O = O). Therefore, m2 + m must be even (O + O = E).

16. Even

Since n, p, q, and r are consecutive integers, two of them must be odd and two of them must be even. Pair them up to add them: O + O = E and E + E = E. Then add the results of the pairs: E + E = E.

17. Odd

Given that t = s − 3, if s is even, then t must be odd. If s is odd, then t must be even. Either way, the sum must be odd: E + O = O or O + E = O.

18. Odd

Since u is odd and w is even, the product uw is even, so (uw)2 must also be even. Therefore, E + O = O.

19. Cannot be determined

Since xy is even, then at least one of x and y is even. Therefore, it’s possible for x to be even or odd. Since z must be even, x + z could be O + E or E + E. Therefore, it cannot be determined whether x + z is odd or even.

20. Cannot be determined

Since a, b, and c are consecutive, either there are two evens and an odd or there are two odds and an even, so the sum a + b + c could be O + E + O or E + O + E. In the first case, the sum is even; in the second, the sum is odd. Therefore, it cannot be determined whether a + b + c is odd or even.

21. 2x − 3

Carry the negative sign through to each term inside the parentheses:

x − (3 − x) = x − 3 + x = 2x − 3

22. 2

Because 16 is the fourth power of 2 and −2, the value of x could be either 2 or −2. However, the absolute value of both 2 and −2 is 2, making 2 the lone solution to the problem. (While it’s a good idea to memorize the powers of 2 up to at least 24, you can also solve the original equation by finding the prime factorization of 16, a process covered in Chapter 9: Divisibility.)
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