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Introduction


The Fabulous Fibonacci Numbers

In a remote section of the Austrian Alps, there is a long-abandoned salt mine entrance with a cornerstone bearing the inscription “anno 1180.” It refers to the year that the mine was established. Clearly there is something wrong with this designation. Scholars have determined that the first published use of the Hindu numerals (our common numerals) in the Western world was in 1202. It was in this year that Leonardo of Pisa (Leonardo Pisano), more commonly known as Fibonacci (pronounced: fee-boh-NACH-ee), published his seminal work Liber Abaci, or “book of calculation.” He began chapter 1 of his book with:



The nine Indian1 figures are: 9 8 7 6 5 4 3 2 1.


With these nine figures, and with the sign 0, which the Arabs call zephyr, any number whatsoever is written.




This constitutes the first formal mention of our base-ten numeral system in the Western world. There is speculation, however, that Arabs already introduced these numerals informally and locally in Spain in the second half of the tenth century.


Unlike luminaries from the past, whose fame today is largely based on a single work, such as Georges Bizet (1838–1875) for Carmen, Engelbert Humperdinck (1854–1921) for Hänsel und Gretel, or J. D. Salinger (b. 1919) for The Catcher in the Rye, we should not think of Fibonacci as a mathematician who is known only for this now-famous sequence of numbers that bears his name. He was one of the greatest mathematical influences in Western culture and unquestionably the leading mathematical mind of his times. Yet it was this sequence of numbers, emanating from a problem on the regeneration of rabbits, that made him famous in today’s world.


Fibonacci was a serious mathematician, who first learned mathematics in his youth in Bugia, a town on the Barbary Coast of Africa, which had been established by merchants from Pisa. He traveled on business throughout the Middle East and along the way met mathematicians with whom he entered into serious discussions. He was familiar with the methods of Euclid (ca. 300 BCE) and used those skills to bring to the European people mathematics in a very usable form. His contributions include introducing a practical numeration system, calculating algorithms and algebraic methods, and a new facility with fractions, among others. The result was that the schools in Tuscany soon began to teach Fibonacci’s form of calculation. They abandoned the use of the abacus, which involved counting beads on a string and then recording their results with Roman numerals. This catapulted the discipline of mathematics forward, since algorithms were not possible with these cumbersome symbols. Through his revolutionary book and other subsequent publications, he made dramatic changes in western Europe’s use and understanding of mathematics.


Unfortunately, Fibonacci’s popularity today does not encompass these most important innovations. Among the mathematical problems Fibonacci poses in chapter 12 of Liber Abaci, there is one about the regeneration of rabbits. Although its statement is a bit cumbersome, its results have paved the way for a plethora of monumental ideas, which has resulted in his fame today. The problem, which is stated on page 25 (figure 1-2), shows the monthly count of rabbits as the following sequence of numbers: 1, 1, 2, 3, 5, 8, 13, 21, 34, 55, 89, 144, 233, 377, . . ., which is known today as the Fibonacci numbers. At first sight one may wonder what makes this sequence of numbers so revered. A quick inspection shows that this sequence of numbers can go on infinitely, as it begins with two 1s and continues to get succeeding terms by adding, each time, the last two numbers to get the next number (i.e., 1 + 1 = 2, 1 + 2 = 3, 2 + 3 = 5, and so on). By itself, this is not very impressive. Yet, as you will see, there are no numbers in all of mathematics as ubiquitous as the Fibonacci numbers. They appear in geometry, algebra, number theory, and many other branches of mathematics. However, even more spectacularly, they appear in nature; for example, the number of spirals of bracts on a pinecone is always a Fibonacci number, and, similarly, the number of spirals of bracts on a pineapple is also a Fibonacci number. The appearances in nature seem boundless. The Fibonacci numbers can be found in connection with the arrangement of branches on various species of trees, as well as in the number of ancestors at every generation of the male bee on its family tree. There is practically no end to where these numbers appear.


Throughout these pages we will explore many manifestations, so that you may be motivated to find other instances in nature where these Fibonacci numbers surface. The book will also provide you with a gentle, yet illuminating discussion of the unusual nature of these numbers. Their interrelationships with other seemingly completely unrelated aspects of mathematics will open the door to applications in a variety of other fields and areas as remote as the stock market.


It is our desire that this book serve as your introduction to these fabulous numbers. We will provide you with the development of the Fibonacci numbers, a sort of history, one might say. Then we will investigate the many “sightings” of these numbers by subject area. For example, in geometry we will explore their relationship with the most beautiful ratio, known as the “golden ratio.”2 Here the Fibonacci numbers, when taken as quotients in consecutive pairs, approach the golden ratio:




 
  ϕ=1.6180339887498948482045868343656…



The larger the Fibonacci numbers, the closer their quotient approaches the golden ratio.


Consider, for example, the quotient of the relatively small pair of consecutive Fibonacci numbers:




 
  
   13
  8
 
 =1.625



Then consider the quotient of the somewhat larger pair of consecutive Fibonacci numbers:



[image: fig_14_1.jpg] 3


and the quotient of an even larger pair of consecutive Fibonacci numbers:



[image: fig_14_2.jpg]


Notice how these increasingly larger quotients seem to surround the actual value of the golden ratio, ϕ. Then, when we take much larger pairs of consecutive Fibonacci numbers, their quotients get us ever closer to the actual value of the golden ratio, ϕ. For example,
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Compare this last quotient to the value of the golden ratio:




 ϕ=1.6180339887498948482045868343656…



We will also discuss the nature and glory of the golden ratio itself. Its appearance in architecture and art is more than coincidental. If you were to sketch a rectangle encasing the front view of the Parthenon in Athens, Greece, you will have drawn a golden rectangle—that is, one whose length and width are in the golden ratio. Many artists have employed the golden rectangle in their art. The painting of Adam and Eve by the famous medieval German artist Albrecht Dürer (1471–1528), for instance, has the subjects encased in a golden rectangle.


Interestingly enough, the Fibonacci numbers did not get their prominence, and their name, until Edouard Lucas (1842–1891), a French mathematician, studied them in the second half of the nineteenth century. He mused about the start of the sequence, wondering what would happen if the sequence had begun with 1 and 3, rather than 1 and 1. So he studied this new sequence (following the same additive rule) and then compared it to the Fibonacci sequence. The Lucas numbers, which are 1, 3, 4, 7, 11, 18, 29, 47, 76, 123, . . ., interrelate with the Fibonacci numbers. We will explore their relationship later.


There is almost no end to the places where the Fibonacci numbers appear and their many applications. We will present mathematical recreations, as well as more serious properties of these numbers—all of which will fascinate the uninitiated as well as the math-savvy reader. You will be truly awed by these magnificent numbers and most likely will be continuously consciously seeking your own sightings of the Fibonacci numbers. Throughout this book we hope to appeal to all types of readers, but always have the general reader in mind. For the more mathematically advanced reader, however, we provide an appendix with proofs of statements made throughout this book. Our goal is to evoke the power and beauty of mathematics for all readers.


We recently discovered that the Fibonacci numbers were described in early Indian mathematics writings.5 The earliest appear-ance can be found under the name mātrāmeru (“the moun-tain of cadence”) in Chandahsūtras (The Art of Prosody) by the Sanskrit grammarian Pingala (between the fifth and second century BCE). More complete were the writings of Virahānka (sixth century CE) and Ācārya Hemacandra (1089–1172), who cite the Fibonacci numbers. It is speculated that Fibonacci may have come to these numbers from his Arabic sources, which exposed him to these Indian writings.


Sometime before his death in 1564, the German calculation master Simon Jacob6 made the first published connection between the golden ratio and the Fibonacci series, but it appears to have been something of a side note.7 Jacob had published a numerical solution for the golden ratio. In the margin of the page discussing the Euclidean algorithm from the second proposition of Book VII of Euclid’s Elements, he wrote the first twenty-eight terms of the Fibonacci sequence and stated:



In following this sequence one comes nearer and nearer to that proportion described in the 11th proposition of the 2nd book and the 30th of the 6th book of Euclid, and though one comes nearer and nearer to this proportion it is impossible to reach or to overcome it.







1. Fibonacci used the term Indian figures for the Hindu-Arabic numerals.


2. The golden ratio will be discussed in reasonable depth (with ample applications in geometry and art) so that the reader will have a true appreciation for it and, consequently, its relationship to the Fibonacci numbers. It is often symbolized by the Greek letter ϕ.


3. The bar above the last repeat of 16 indicates that the 16 digits repeat indefinitely.


4. The fortieth Fibonacci number is 102,334,155 and the forty-first is 165,580,141.


5. Parmanand Singh, “Ācārya Hemacandra and the (so-called) Fibonacci Numbers,” Mathematics Education 20, no. 1 (1986): 28–30.


6. Simon Jacob was one of the best-known German master calculators of his time. In 1557 he published a practice book on arithmetic calculation that gave insight into the art of calculation (Rechenbuch auf den Linien und mit Ziffern, 1557; Ein New und Wolgegründt Rechenbuch, 1612).


7. Peter Schreiber, “A Supplement to J. Shallit’s Paper ‘Origins of the Analysis of the Euclidean Algorithm,’” Historia Mathematica 22 (1995): 422–24.










Chapter 1 

A History and Introduction to the Fibonacci Numbers

With the dawn of the thirteenth century, Europe began to wake from the long sleep of the Middle Ages and perceive faint glimmers of the coming Renaissance. The mists rose slowly as the forces of change impelled scholars, crusaders, artists, and merchants to take their tentative steps into the future. Nowhere were these stirrings more evident than in the great trading and mercantile cities of Italy. By the end of the century, Marco Polo (1254–1324) had journeyed the Great Silk Road to reach China, Giotto di Bondone (1266–1337) had changed the course of painting and freed it from Byzantine conventions, and the mathematician Leonardo Pisano, best known as Fibonacci, changed forever Western methods of calculation, which facilitated the exchange of currency and trade. He further presented mathematicians to this day with unsolved challenges. The Fibonacci Association, started in 1963, is a tribute to the enduring contributions of the master.

Leonardo Pisano—or Leonardo of Pisa, Fibonacci1—his name as recorded in history, is derived from the Latin “filius Bonacci,” or a son of Bonacci, but it may more likely derive from “de filiis Bonacci,” or family of Bonacci. He was born to Guilielmo (William) Bonacci and his wife in the port city of Pisa, Italy, around 1175, shortly after the start of construction of the famous bell tower, the Leaning Tower of Pisa. These were turbulent times in Europe. The Crusades were in full swing and the Holy Roman Empire was in conflict with the papacy. The cities of Pisa, Genoa, Venice, and Amalfi, although frequently at war with each other, were maritime republics with specified trade routes to the Mediterranean countries and beyond. Pisa had played a powerful role in commerce since Roman times and even before as a port of call for Greek traders. Early on it had established outposts for its commerce along its colonies and trading routes.


[image: fig_18_1.jpg]
Figure 1-1 
Leonardo of Pisa (Fibonacci).



In 1192 Guilielmo Bonacci became a public clerk in the customs house for the Republic of Pisa, which was stationed in the Pisan colony of Bugia (later Bougie, and today Bejaia, Algeria) on the Barbary Coast of Africa. Shortly after his arrival he brought his son, Leonardo, to join him so that the boy could learn the skill of calculating and become a merchant. This ability was significant since each republic had its own units of money and traders had to calculate monies due them. This meant determining currency equivalents on a daily basis. It was in Bugia that Fibonacci first became acquainted with the “nine Indian figures,” as he called the Hindu numerals and “the sign 0 which the Arabs call zephyr.” He declares his fascination for the methods of calculation using these numerals in the only source we have about his life story, the prologue to his most famous book, Liber Abaci. During his time away from Pisa, he received instruction from a Muslim teacher, who introduced him to a book on algebra titled Hisâb al-jabr w’almuqabâlah2 by the Persian mathematician al-Khowarizmi (ca. 780–ca. 850), which also influenced him.

During his lifetime, Fibonacci traveled extensively to Egypt, Syria, Greece, Sicily, and Provence, where he not only conducted business but also met with mathematicians to learn their ways of doing mathematics. Indeed Fibonacci sometimes referred to himself as “Bigollo,” which could mean good-for-nothing or, more positively, traveler. He may have liked the double meaning. When he returned to Pisa around the turn of the century, Fibonacci began to write about calculation methods with the Indian numerals for commercial applications in his book, Liber Abaci.3 The volume is mostly loaded with algebraic problems and those “real-world” problems that require more abstract mathematics. Fibonacci wanted to spread these newfound techniques to his countrymen.

Bear in mind that during these times, there was no printing press, so books had to be written by the hands of scribes, and if a copy was to be made, that, too, had to be hand written. Therefore we are fortunate to still have copies of Liber Abaci, which first appeared in 1202 and was later revised in 1228.4 Among Fibonacci’s other books is Practica geometriae (1220), a book on the practice of geometry. It covers geometry and trigonometry with a rigor comparable to that of Euclid’s work, and with ideas presented in proof form as well as in numerical form, using these very convenient numerals. Here Fibonacci uses algebraic methods to solve geometric problems as well as the reverse. In 1225 he wrote Flos (on flowers or blossoms) and Liber quadratorum (or “Book of Squares”), a book that truly distinguished Fibonacci as a talented mathematician, ranking very high among number theorists. Fibonacci likely wrote additional works that are lost. His book on commercial arithmetic, Di minor guisa, is lost, as is his commentary on Book X of Euclid’s Elements, which contained a numerical treatment of irrational numbers5 as compared to Euclid’s geometrical treatment.

The confluence of politics and scholarship brought Fibonacci into contact with the Holy Roman Emperor Frederick II (1194–1250) in the third decade of the century. Frederick II, who had been crowned king of Sicily in 1198, king of Germany in 1212, and then crowned Holy Roman Emperor by the pope in St. Peter’s Cathedral in Rome (1220), had spent the years up to 1227 consolidating his power in Italy. He supported Pisa, then with a population of about ten thousand, in its conflicts with Genoa at sea and with Lucca and Florence on land. As a strong patron of science and the arts, Frederick II became aware of Fibonacci’s work through the scholars at his court, who had corresponded with Fibonacci since his return to Pisa around 1200. These scholars included Michael Scotus (ca. 1175–ca. 1236), who was the court astrologer and to whom Fibonacci dedicated his book Liber Abaci; Theodorus Physicus, the court philosopher; and Dominicus Hispanus, who suggested to Frederick II that he meet Fibonacci when Frederick’s court met in Pisa around 1225. The meeting took place as expected within the year.

Johannes of Palermo, another member of Frederick II’s court, presented a number of problems as challenges to the great mathematician Fibonacci. Fibonacci solved three of these problems. He provided solutions in Flos, which he sent to Frederick II. One of these problems, taken from Omar Khayyam’s (1048–1122) book on algebra, was to solve the equation: x3+ 2x2 +10x = 20. Fibonacci knew that this was not solvable with the numerical system then in place—the Roman numerals. He provided an approximate answer, since he pointed out that the answer was not an integer, nor a fraction, nor the square root of a fraction. Without any explanation, he gives the approximate solution in the form of a sexagesimal6 number as 1.22.7.42.33.4.40, which equals:


[image: fig_21_1.jpg]


However, with today’s computer algebra system we can get the proper (real) solution—by no means trivial! It is


[image: fig_21_2.jpg]


Another of the problems with which he was challenged is one we can explore here, since it doesn’t require anything more than some elementary algebra. Remember that although these methods may seem elementary to us, they were hardly known at the time of Fibonacci, and so this was considered a real challenge. The problem was to find the perfect square7 that remains a perfect square when increased or decreased by 5.

Fibonacci found the number 

 
  
   
    
     
      41
     
      12
    
    
  
  2
 
 
 as his solution to the problem. To check this, we must add and subtract 5 and see if the result is still a perfect square.


[image: fig_21_3.jpg]


We have then shown that 
 
  
   41
  
   12
 
 
 meets the criteria set out in the problem. Luckily the problem asked for 5 to be added and subtracted from the perfect square, for if he were asked to add or subtract 1, 2, 3, or 4 instead of 5, the problem could not have been solved. For a more general solution of this problem, see appendix B.

The third problem, also presented in Flos, is to solve the following:


Three people are to share an amount of money in the following parts: 
 
  1
  2
 
 
, 
 
  1
  3
 
 
, and 
 
  1
  6
 
 
. Each person takes some money from this amount of money until there is nothing left. The first person then returns 
 
  1
  2
 
 
 of what he took. The second person then returns 
 
  1
  3
 
 
 of what he took, and the third person returns 
 
  1
  6
 
 
 of what he took. When the total of what was returned is divided equally among the three, each has his correct share, namely, 
 
  1
  2
 
 
, 
 
  1
  3
 
 
, and 
 
  1
  6
 
 
. How much money was in the original amount and how much did each person get from the original amount of money?



Although none of Fibonacci’s competitors could solve any of these three problems, he gave as an answer of 47 as the smallest amount, yet he claimed the problem was indeterminate.

The last mention of Fibonacci was in 1240, when he was honored with a lifetime salary by the Republic of Pisa for his service to the people, whom he advised on matters of accounting, often pro bono.


The Book Liber Abaci

Although Fibonacci wrote several books, the one we will focus on is Liber Abaci. This extensive volume is full of very interesting problems. Based on the arithmetic and algebra that Fibonacci had accumulated during his travels, it was widely copied and imitated, and, as noted, introduced into Europe the Hindu-Arabic place-valued decimal system along with the use of Hindu-Arabic numerals. The book was increasingly widely used for the better part of the next two centuries—a best seller!

He begins Liber Abaci with the following:



The nine Indian8 figures are: 9 8 7 6 5 4 3 2 1.9

With these nine figures, and with the sign 0, which the Arabs call zephyr, any number whatsoever is written, as demonstrated below. A number is a sum of units, and through the addition of them the number increases by steps without end. First one composes those numbers, which are from one to ten. Second, from the tens are made those numbers, which are from ten up to one hundred. Third, from the hundreds are made those numbers, which are from one hundred up to one thousand … and thus by an unending sequence of steps, any number whatsoever is constructed by joining the preceding numbers. The first place in the writing of the numbers is at the right. The second follows the first to the left.



Despite their relative facility, these numerals were not widely accepted by merchants, who were suspicious of those who knew how to use them. They were simply afraid of being cheated. We can safely say that it took the same three hundred years for these numerals to catch on as it did for the completion of the Leaning Tower of Pisa.

Interestingly, Liber Abaci also contains simultaneous linear equations. Many of the problems that Fibonacci considers, however, were similar to those appearing in Arab sources. This does not detract from the value of the book, since it is the collection of solutions to these problems that makes the major contribution to our development of mathematics. As a matter of fact, a number of mathematical terms—common in today’s usage—were first introduced in Liber Abaci. Fibonacci referred to “factus ex multiplicatione,”10 and from this first sighting of the word, we speak of the “factors of a number” or the “factors of a multiplication.” Another example of words whose introduction into the current mathematics vocabulary seems to stem from this famous book are the words “numerator” and “denominator.”

The second section of Liber Abaci includes a large collection of problems aimed at merchants. They relate to the price of goods, how to convert between the various currencies in use in Mediterranean countries, how to calculate profit on transactions, and problems that had probably originated in China.

Fibonacci was aware of a merchant’s desire to circumvent the church’s ban on charging interest on loans. So he devised a way to hide the interest in a higher initial sum than the actual loan, and based his calculations on compound interest.

The third section of the book contains many problems, such as:


A hound whose speed increases arithmetically chases a hare whose speed also increases arithmetically. How far do they travel before the hound catches the hare?

A spider climbs so many feet up a wall each day and slips back a fixed number each night. How many days does it take him to climb the wall?

Calculate the amount of money two people have after a certain amount changes hands and the proportional increase and decrease are given.



There are also problems involving perfect numbers,11 problems involving the Chinese remainder theorem, and problems involving the sums of arithmetic and geometric series. Fibonacci treats numbers such as 
 
  
   10
 
 
 in the fourth section, both with rational12 approximations and with geometric constructions.

Some of the classical problems, which are considered recreational mathematics today, first appeared in the Western world in Liber Abaci. Yet the technique for solution was always the chief concern for introducing the problem. This book is of interest to us, not only because it was the first publication in Western culture to use the Hindu numerals to replace the clumsy Roman numerals, or because Fibonacci was the first to use a horizontal fraction bar, but because it casually includes a recreational mathematics problem in chapter 12 that has made Fibonacci famous for posterity. This is the problem on the regeneration of rabbits.




The Rabbit Problem

Figure 1-2 shows how the problem was stated (with the marginal notes included):


[image: fig_25_1.jpg]
Figure 1-2



To see how this problem would look on a monthly basis, consider the chart in figure 1-3. If we assume that a pair of baby (B) rabbits matures in one month to become offspring-producing adults (A), then we can set up the following chart:


[image: fig_26_1.jpg]
Figure 1-3



This problem generated the sequence of numbers:


1, 1, 2, 3, 5, 8, 13, 21, 34, 55, 89, 144, 233, 377, …,



which is known today as the Fibonacci numbers. At first glance there is nothing spectacular about these numbers beyond the relationship that would allow us to generate additional numbers of the sequence quite easily. We notice that every number in the sequence (after the first two) is the sum of the two preceding numbers.

The Fibonacci sequence can be written in a way that its recursive definition becomes clear: each number is the sum of the two preceding ones.


[image: fig_26_2.jpg]


The Fibonacci sequence is the oldest known (recursive) recurrent sequence. There is no evidence that Fibonacci knew of this relationship, but it is securely assumed that a man of his talents and insight knew the recursive13 relationship. It took another four hundred years before this relationship appeared in print.




Introducing the Fibonacci Numbers

These numbers were not identified as anything special during the time Fibonacci wrote Liber Abaci. As a matter of fact, the famous German mathematician and astronomer Johannes Kepler (1571–1630) mentioned these numbers in a 1611 publication14 when he wrote of the ratios: “as 5 is to 8, so is 8 to 13, so is 13 to 21 almost.” Centuries passed and the numbers still went unnoticed. In the 1830s C. F. Schimper and A. Braun noticed that the numbers appeared as the number of spirals of bracts on a pinecone. In the mid 1800s the Fibonacci numbers began to capture the fascination of mathematicians. They took on their current name (“Fibonacci numbers”) from François-Édouard-Anatole Lucas15 (1842–1891), the French mathematician usually referred to as “Edouard Lucas,” who later devised his own sequence by following the pattern set by Fibonacci. Lucas numbers form a sequence of numbers much like the Fibonacci numbers and also closely related to the Fibonacci numbers. Instead of starting with 1, 1, 2, 3, . . ., Lucas thought of beginning with 1, 3, 4, 7, 11 . . . . Had he started with 1, 2, 3, 5, 8, . . ., he would have ended up with a somewhat truncated version of the Fibonacci sequence. (We will inspect the Lucas numbers later in this chapter.)

At about this time the French mathematician Jacques-Philippe-Marie Binet (1786–1856) developed a formula for finding any Fibonacci number given its position in the sequence. That is, with Binet’s formula we can find the 118th Fibonacci number without having to list the previous 117 numbers. (We will have the opportunity to use this formula in chapter 9.)


[image: fig_28_1.jpg]
Figure 1-4 
François-Édouard-Anatole Lucas.16




Today, these numbers still hold the fascination of mathematicians around the world. The Fibonacci Association was created in the early 1960s to provide enthusiasts an opportunity to share ideas about these intriguing numbers and their applications. Through The Fibonacci Quarterly,17 their official publication, many new facts, applications, and relationships about them can be shared worldwide. According to its official Web site, http://www.mscs.dal.ca/Fibonacci/, “The Fibonacci Quarterly is meant to serve as a focal point for interest in Fibonacci numbers and related questions, especially with respect to new results, research proposals, challenging problems, and innovative proofs of old ideas.”

Still one may ask, what is so special about these numbers? That is what we hope to be able to demonstrate throughout this book. Before we explore the vast variety of examples in which we find the Fibonacci numbers, let us begin by simply inspecting this famous Fibonacci number sequence and some of the remarkable properties it has.

We will use the symbol F7 to represent the seventh Fibonacci number, and Fn to represent the nth Fibonacci number, or, as we say, the general Fibonacci number—that is, any Fibonacci number. Let us look at the first thirty Fibonacci numbers (figure 1-5). Notice that after we begin with the first two 1s, in every case after them, each number is the sum of the two preceding numbers.


[image: fig_29_1.jpg]
Figure 1-5



In appendix A we provide you with a list of the first five hundred Fibonacci numbers. You may discover certain wonders there. For example, if you look at the list, you will notice that (as you would expect) the number of digits of the Fibonacci numbers increases steadily as the numbers get larger. The French mathematician Gabriel Lamé (1795–1870) proved that in the Fibonacci sequence there must be at least four numbers and at most five numbers with the same number of digits. In other words, there would never be only three Fibonacci numbers with a certain number of digits, nor would there be as many as six Fibonacci numbers with a specified number of digits. Interestingly, Lamé did not use the name “Fibonacci numbers.” So, as a consequence, they were often called “Lamé numbers” because of his proof.

Another oddity that is easily noticeable by a quick inspection of the Fibonacci numbers is seen if you look at the sixtieth through the seventieth Fibonacci numbers, which we call F60 and F70. You will notice a curious pattern emerging with their last digits. Yes, they form the Fibonacci sequence (last digits) starting from the beginning: 0, 1, 1, 2, 3, 5, 8, 13, 21, 34, 55.18 This will continue on and on.

This form of a pattern of repetition, which mathematicians call “periodicity,” can be seen most readily with rational numbers—those that can be written as common fractions. A fraction such as



 
  1
  7
 
 =0.142857142857142857142857142857…



which shows a continuous repetition of the digits 142857, can also be written as 
 
  1
  7
 
 =0.
  
   142857
  ¯
 
 
, with the bar above the digits representing the endless repetition of the digits it covers. Here the period is one involving six repeating digits. The Fibonacci numbers also exhibit a less obvious periodicity. Let’s look at the first thirty-one Fibonacci numbers (plus the one preceding them, which we will call F0). See figure 1-6. When F0 through F31 are each divided by 7, we obtain the following sequence displaying the quotients and remainders.19



[image: fig_31_1.jpg]
Figure 1-6



You can see where we have 0 remainders; that is, where 7 divides the numbers, as with: F0, F8, F16, and F24 in this list.

Notice the pattern of the remainders (since each Fn is the sum of the two preceding Fibonacci numbers):



 0, 1, 1, 2, 3, 5, 1, 6, 0, 6, 6, 5, 4, 2, 6, 1



There is a sort-of-Fibonacci recursive relationship here, although a bit hidden. If you do the same recursive procedure as we used on the original Fibonacci numbers, but taking only the remainders when the number generated is divided by 7, we get the following. This is the pattern seen in figure 1-6.



 
  
   
    0, 1, 1, 2, 3, 5,(8=7+1),6,(1+6=7+0),6, 6,(6+6=7+5),
   
  
  
   
    (5+6=7+4),(5+4=7+2),6,(2+6=7+1),…
   
  
 
 



The bold numbers in the line above are precisely the numbers that we see as the sequence of remainders. That is, they form a recursive sequence much the same as the Fibonacci number sequence.


[image: fig_32_1.jpg]
Figure 1-7



When you get to the 120th 
 
  
   
    F
    
     120
   
   
 
, the same will be true (see figure 1-8). You might want to search in appendix A for other evidences of these Fibonacci numbers. And there will be other sightings! (Hint: look at F180.)


[image: fig_32_2.jpg]
Figure 1-8







Some Properties of the Fibonacci Numbers


To warm you up, we will present some of the countless curious characteristics of the Fibonacci numbers—working inductively. For those who care to see proofs of these relationships, we refer you to appendix B. So let’s begin our inspection of these numbers.


	1. The sum of any ten consecutive Fibonacci numbers is divisible by 11. We can convince ourselves that this may be true by considering some randomly chosen examples. Take, for example, the sum of the following ten consecutive Fibonacci numbers:
13 + 21 + 34 + 55 + 89 + 144 + 233 + 377 + 610 + 987 = 2,563

which just happens to be divisible by 11, since 11·233 = 2,563.

Let’s take another example: the sum of another ten consecutive Fibonacci numbers, say, from F21 to F30:

10,946 + 17,711 + 28,657 + 46,368 + 75,025 + 121,393 + 196,418 + 317,811 + 514,229 + 832,040 = 2,160,598

which also is a multiple of 11, since 11·196,418 = 2,160,598.

Are you convinced that the sum of any ten consecutive Fibonacci numbers is divisible by 11? You really shouldn’t be convinced without further evidence. One way to go about persuading yourself of the truth in this “conjecture” is to keep on taking the sum of groups of ten consecutive Fibonacci numbers. You could also try to prove the statement, mathematically. (See appendix B.)



	2. Two consecutive Fibonacci numbers do not have any common factors, which means that they are said to be relatively prime.20 This can be seen by mere inspection. Or take any two consecutive Fibonacci numbers and factor them, and you will see that they have no common factors. Take a look at figure 1-9, where we have listed the first forty Fibonacci numbers and factored those that are not prime. Notice that no two consecutive Fibonacci numbers have any common factors. Enough examples of this should convince you. (However, for those who require a proof to be convinced that this is true for any pair of consecutive Fibonacci numbers, see appendix B.)

[image: fig_34_1.jpg]
Figure 1-9





	
3. Consider the Fibonacci numbers in the composite-number21 positions (with the exception of the 4th Fibonacci number). By that we mean, the 6th, 8th, 9th, 10th, 12th, 14th, 15th, 16th, 18th, 20th, and so on, Fibonacci numbers—which are all nonprimes. A quick inspection (figure 1-10) shows that the Fibonacci numbers in the composite-number (i.e., non-prime) positions are also composite numbers. For the factors of these Fibonacci numbers, we refer you to figure 1-9 and for further evidence see the much longer list in appendix A. Again, you may be convinced of this property, but to really make it a fact, we have to prove it mathematically. (See appendix B.)

[image: fig_35_1.jpg]
Figure 1-10



One could conjecture at this point that the analog of this is also true—namely, that the Fibonacci numbers in prime-number22 positions are also prime. That is, if we look at the list of the first thirty Fibonacci numbers above, those in the prime positions, namely, the 2nd, 3rd, 5th, 7th, 11th, 13th, 17th, 19th, 23rd, and 29th Fibonacci numbers, would then also have to be prime.

They are:


[image: fig_36_1.jpg]


However, you will notice that the 2nd and the 19th Fibonacci numbers are not primes, and therefore this analog situation does not hold true. Nothing further to prove. One counterexample suffices to draw this conclusion.



	4. With all these lovely relationships embracing the Fibonacci numbers, there must be a simple way to get the sum of a specified number of these Fibonacci numbers. A simple formula would be helpful as opposed to actually adding all the Fibonacci numbers to a certain point. To derive such a formula for the sum of the first n Fibonacci numbers, we will use a nice little technique that will help us generate a formula.
Remember the basic rule (or definition of a Fibonacci number. We can write this definition formally as



 
  F
  
   n+2
 
 =
  F
  
   n+1
 
 +
  F
  n
 
 , where n≥1



Or



 
  F
  n
 
 =
  F
  
   n+2
 
 −
  F
  
   n+1
 
 



By substituting increasing values for n, we get:


[image: fig_36_2.jpg]


By adding these equations, you will notice that there will be many terms on the right side of the equations that will disappear (because their sum is zero—since you will be adding and subtracting the same number). What will remain on the right side will be Fn+2 − F2 = Fn+2 − 1.

On the left side, we have the sum of the first n Fibonacci numbers: F1 + F2 + F3 + F4 +. .. + Fn, which is what we are looking for.

Therefore, we get the following:



 
  F
  1
 
 +
  F
  2
 
 +
  F
  3
 
 +
  F
  4
 
 +…+
  F
  n
 
 =
  F
  
   n+2
 
 −1



which says that the sum of the first n Fibonacci numbers is equal to the Fibonacci number two further along the sequence minus 1.

There is a shortcut notation that we can use to signify the sum: F1 + F2 + F3 + F4 +. .. + Fn, and that is 
 
  ∑
  
   i=1
  n
 
 
  F
  i
 
 
. This reads: “The sum of all the Fi terms where i takes on the values from 1 to n.” So we can then write this result as:



 
  ∑
  
   i=1
  n
 
 
  F
  i
 
 =
  F
  1
 
 +
  F
  2
 
 +
  F
  3
 
 +
  F
  4
 
 +…+
  F
  n
 
 =
  F
  
   n+2
 
 −1



or simply: 
 
  ∑
  
   i=1
  n
 
 
  F
  i
 
 =
  F
  
   n+2
 
 −1




	5. Suppose we now consider the sum of the consecutive even-positioned Fibonacci numbers, beginning with the first such Fibonacci number, F2. Again, let’s see if we can discover a pattern when adding these consecutive even-positioned Fibonacci numbers.


[image: fig_38_1.jpg]


We may notice that each sum is 1 less than a Fibonacci number—more particularly, the Fibonacci number that follows the last even number in the sum. We can write this symbolically as:


[image: fig_38_2.jpg]


Again, this looks to be the case for all Fibonacci numbers, but remember we only looked at the first few. To accept this as general truth, we would have to prove it. (See appendix B.)



	6. Now that we have established a short-cut method to get the sum of the initial consecutive even-positioned Fibonacci numbers, it is only fitting that we inspect the analog: the sum of the initial consecutive odd-positioned Fibonacci numbers. Once again, by considering a few examples of these sums, we will look for a pattern.

[image: fig_38_3.jpg]


These sums appear to be Fibonacci numbers. But how do these sums relate to the series that generated them? In each case the sums are the next Fibonacci number after the last term in the sum of odd-positioned Fibonacci numbers.

This can be symbolically written as
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      F
      
       2n
     
     
   
  
  
   
    
      or 
      ∑
      
       i=1
      n
     
     
      F
      
       2i−1
     
     =
      F
      
       2n
     
     
   
  
  
 



(See appendix B.)

If we add the sum of the initial consecutive even-positioned Fibonacci numbers and the sum of the initial consecutive odd-positioned Fibonacci numbers, we should get the sum of the initial consecutive Fibonacci numbers:
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The sum of these sequences is:



 
  F
  1
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  F
  2
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  F
  3
 
 +
  F
  4
 
 +…+
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   2n
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  F
  
   2n+1
 
 −1+
  F
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or
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   1
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   2
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   F
   3
  
  +
   F
   4
  
  +…+
   F
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  =
   F
   
    2n+2
  
  −1



which is consistent with what we concluded in item 4 (above).



	7. Having established relationships for various sums of Fibonacci numbers, we shall now consider the sum of the squares of the initial Fibonacci numbers. Here we will see another astonishing relationship that continues to make the Fibonacci numbers special. Since we are talking about “squares,” it is fitting for us to look at them geometrically.


[image: fig_40_1.jpg]
Figure 1-11



We find that, beginning with a 1 × 1 square (see figure 1-11), we can generate a series of squares, the sides of which are Fibonacci numbers. We can continue on this way indefinitely. Let us now express the area of each rectangle as the sum of its component squares.



 
  1
  2
 
 +
  1
  2
 
 +
  2
  2
 
 +
  3
  2
 
 +
  5
  2
 
 +
  8
  2
 
 +
  13
  2
 
 =13⋅21



If we express the sum of the squares making up the smaller rectangles, we get this pattern:
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From this pattern we can establish a rule: the sum of the squares of the Fibonacci numbers, to a certain point in the sequence, is equal to the product of the last number and the next number in the sequence. That is, if, for example, we choose to find the sum of the squares of the following portion of the sequence of Fibonacci numbers: 1, 1, 2, 3, 5, 8, 13, 21, 34, we would get:



 
  1
  2
 
 +
  1
  2
 
 +
  2
  2
 
 +
  3
  2
 
 +
  5
  2
 
 +
  8
  2
 
 +
  13
  2
 
 +
  21
  2
 
 +
  34
  2
 
 =1,870



However, we can apply this amazing rule that tells us that this sum is merely the product of the last number that is squared and the one that would come after it (sometimes known as its immediate successor), in the Fibonacci sequence. That would mean that this sum can be found by multiplying 34 by 55. Indeed, this product gives us 1,870 (= 34 · 55).

We can write this with our summation notation as
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  2
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  n
 
 
  F
  
   n+1
 
 



Imagine you would want to find the sum of the squares of the first thirty Fibonacci numbers. This neat relationship makes the task very simple. Instead of finding the squares of each and then finding their sum—a rather laborious task—all we need to do is multiply the thirtieth by the thirty-first Fibonacci number.

That is, the sum of the squares:
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Or simply, using our newly established formula,


[image: fig_41_2.jpg]


(For the more advanced reader we offer a proof of this relationship in appendix B.)



	8. While we are talking about the squares of Fibonacci numbers, consider the following relationship. Let’s take the square of a Fibonacci number, say, 34, and the square of the Fibonacci number that is two before it, 13. Subtracting these two squares, we get: 342 − 132 = 1,156 − 169 = 987, which is also a Fibonacci number! So we squared the ninth Fibonacci number (F9 = 34), and subtracted the square of the seventh Fibonacci number (F7 = 13) to get the sixteenth Fibonacci number (F16 = 987). This can be written symbolically as: 
 
  F
  9
  2
 
 −
  F
  7
  2
 
 =
  F
  
   16
 
 
.
It is nice to see that by subtracting the squares of two alternating23 Fibonacci numbers, we seem to get another Fibonacci number. Will this work for any pair of alternating Fibonacci numbers? To answer this we would have to do a mathematical proof (which is provided in appendix B). However, we can begin to convince ourselves by inspecting some examples that this result was no fluke, but rather, that it actually works for any appropriate pair of Fibonacci numbers. Let’s look at a few now and see if we can determine a pattern:
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By inspecting the three subscripts for each of these examples, we notice that the sum of the first two equals the third. This would lead us to make the following generalization: 
 
  F
  n
  2
 
 −
  F
  
   n−2
  2
 
 =
  F
  
   2n−2
 
 
. You might want to try to apply this rule to a few more such pairs to further convince yourself if you wish. (A proof is in appendix B.)



	9. The next natural question would be to look at the sum ofthe squares of two Fibonacci numbers. Suppose we consider two consecutive Fibonacci numbers, say, F7 (=13) and F8 (= 21). Their squares, 169 and 441, have a sum of 610, which is also a Fibonacci number, F15. Perhaps we are onto something here. Let us try another consecutive pair of Fibonacci numbers and see what the sum of the squares of these numbers is. To establish a pattern, we will look at the two Fibonacci numbers F10(= 55) and F11(= 89). Their squares, 3,025 and 7,921, have a sum of 10,946, which is again a Fibonacci number, F21. It appears that as we try this for several other pairs of consecutive Fibonacci numbers, we arrive each time at another Fibonacci number. But what is the pattern? To be able to predict which Fibonacci number will result from the sum of the squares of a consecutive pair of Fibonacci numbers, we will want to inspect their position in the sequence. In our first example, above, we used the Fibonacci numbers F7 and F8, and the sum of their squares was F15. In the next example we used the Fibonacci numbers F10 and F11, and we found that the sum of their squares was F21. It appears that the sum of the sub-scripts of the two Fibonacci numbers whose squares we are adding will give us the subscript of the Fibonacci number representing their sum. That is, the sum of the squares of the Fibonacci numbers in positions n and n + 1 (consecutive positions) is the Fibonacci number in place 
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   n+1
  2
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  F
  
   2n+1
 
 
. (The proof may be found in appendix B.)

	10. Here is an engaging relationship that takes another look at the unexpected patterns we find among the numbers in the Fibonacci sequence. Take any four consecutive numbers in the sequence, say, 3, 5, 8, 13, and then find the difference of the squares of the middle two numbers: 82 − 52 = 64 − 25 = 39. Then find the product of the outer two numbers: 3 · 13 = 39. Amazingly the same result is attained! Was this by strange coincidence or was it a pattern that will hold 3 · 13 = 39. Amazingly the same result is attained! Was this by strange coincidence or was it a pattern that will hold for all such strings of four consecutive Fibonacci numbers? We can try this again with another group of four consecutive Fibonacci numbers, say, 8, 13, 21, 34. Again, we find the difference of the squares of the two middle numbers: 212 − 132 = 441 − 169 = 272. If the pattern will continue to work, then the product of the outer two numbers must be 272. Well, 8 · 34 = 272, and so the pattern still holds. Symbolically, we can write for any four consecutive numbers, Fn-1, Fn, Fn+1, and Fn+2, this as 
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  F
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  F
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. To really convince yourself that this is always true, it is not sufficient to merely try many groups of four consecutive Fibonacci numbers and find that the pattern holds for each of your tries, rather, you would have to do a proof. (See appendix B.)

	11. Another curious relationship is obtained by inspecting the products of two alternating members of the Fibonacci sequence. Consider some of these products:
F3 · F5 = 2 · 5 = 10, which is 1 more than the square of the Fibonacci number 3: 
 
  F
  4
  2
 
 +1=
  3
  2
 
 +1
.

F4 · F6 = 3 · 8 = 24, which is 1 less than the square of the Fibonacci number 5: 
 
  F
  5
  2
 
 −1=
  5
  2
 
 −1
.

F5 · F7 = 5 · 13 = 65, which is 1 more than the square of the Fibonacci number 8: 
 
  F
  6
  2
 
 +1=
  8
  2
 
 +1
.

F6 · F8 = 8 · 21 = 168, which is 1 less than the square of the Fibonacci number 13: 
 
  F
  7
  2
 
 −1=
  13
  2
 
 −1
.

By now you should begin to see a pattern emerging: the product of two alternating Fibonacci numbers is equal to the square of the Fibonacci number between them ±1. We still need to determine when it is +1 or −1. When the number to be squared is in an even-numbered position, we add 1, and when it is in an odd-numbered position, we subtract 1. This can be generalized by using (−1)1, since that will do exactly what we want: −1 to an even power is +1, and −1 to an odd power is −1.

Symbolically, this may be written as:
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  n
 
 



where n ≥ 1.

Although we “convinced” ourselves that this appears to be true, we must actually do a proof to be sure it is true for all cases. (See appendix B.)

This relationship can be expanded. Suppose instead of taking the product of the two Fibonacci numbers on either side of a particular Fibonacci number as we did above, we would take the two Fibonacci numbers that are one removed in either direction. Let’s see how the product compares to the square of the Fibonacci number in the middle. If we take a specific example from the Fibonacci numbers, say, F6 = 8, the product of the two Fibonacci numbers one removed on either side of 8 is 3 · 21 = 63, and the square of 8 is 64. They differ by 1. Suppose we now use F5 = 5, then the product of the two numbers removed on either side is 2 · 13 = 26, which differs from 52 by 1. We can write this symbolically as:
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where n ≥ 1.

You can now try this by comparing the product of Fibonacci numbers two, three, four, and so on removed on either side of a designated Fibonacci number, and you will find the following to hold true.

By now you may begin to recognize the pattern in the chart in figure 1-12. The difference between the square of the selected Fibonacci number and the various products of Fibonacci numbers, which are equidistant from the selected Fibonacci number, is the square of another Fibonacci number. Symbolically we can write this as
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where n ≥ 1 and k ≥ 1.
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Figure 1-12



There are endless properties that one can observe with the Fibonacci numbers. Many of them can be found by simple inspection. Before we embark on a more structured study of these amazing numbers, let’s take another look at the sequence (figure 1-13).
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Figure 1-13





	12. Beginning with the first Fibonacci number, notice that every third number is even. That is, F3, F6, F9, F12, F15, and F18 are all even numbers. We could restate this by saying that these numbers are all divisible by 2 or by F3.
Let’s look further at this list of Fibonacci numbers. Notice that every fourth number is divisible by 3. Here, F4, F8, F12, F16, F20, and F24 are each divisible24 by 3. We can again restate this by saying that F4, F8, F12, F16, F20, and F24 are each divisible by F4, or by 3.

Using patterns to see where we go from here, we would see that the first divisibility was by 2, then by 3, then, in good Fibonacci style, we ought to try to check for divisibility by 5—the next number in the Fibonacci sequence. Searching for Fibonacci numbers that are divisible by 5 is easy. They are the following numbers: 5, 55, 610, 6,765, 75,025 and 832,040, which correspond (symbolically) to F5, F10, F15, F20, F25, and F30. Thus, we are able to say that F5, F10, F15, F20, F25, and F30 are each divisible by 5 or by F5.

Checking for divisibility by 8 (the next Fibonacci number), we find that F6, F12, F18, F24, and F30 are each divisi ble by 8, or by. F6

Yes, every seventh Fibonacci number is divisible by 13, or F7. You might now try to generalize this finding. You can either say that a Fibonacci number Fnm is divisible by a Fibonacci number Fm, where n is a positive integer, or you may state it as the following: If p is divisible by q, then Fp is divisible by Fq. (A proof of this wonderful relationship is in appendix B.)



	13. Fibonacci relationships, as noted earlier, can also be seen geometrically. We can consider Fibonacci squares as arranged as in figure 1-14 and figure 1-15.

[image: fig_48_1.jpg]
Figure 1-14 
Fibonacci square with an odd number of rectangles, n = 7.




[image: fig_48_2.jpg]
Figure 1-15 
Fibonacci square with an odd number of rectangles, n = 9.



Figure 1-14 shows an odd number (n = 7) of rectangles into which the Fibonacci square is divided. The rectangles have dimensions of Fi and Fi+1, where i has values from 1 to n. The square then has four sides of length Fn+1. The area of the square is equal to the sum of the rectangles, which can constitute a geometric proof. This can be written symbolically as:
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when n is odd.

As you can see in figure 1-14, when n = 7 the sum of the areas of the rectangles is
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A certain man had one pair of rabbits together 1n a certain enclosed
place, and one wishes to know how many are created from the pair
in one year when it is the nature of them in a single month to bear
another pair, and in the second month those born to bear also. Be-
cause the above written pair in the first month bore, you will dou-
ble it; there will be two pairs in one month. One of these, namely
the first, bears in the second month, and thus there are in the sec-
ond month 3 pairs; of these in one month two are pregnant and in
the third month 2 pairs of rabbits are born and thus there are 5
pairs in the month; in this month 3 pairs are pregnant and in the
fourth month there are 8 pairs, of which 5 pairs bear another 5
pairs; these are added to the 8 pairs making 13 pairs in the fifth
month; these 5 pairs that are born in this month do not mate in this
month, but another 8 pairs are pregnant, and thus there are in the
sixth month 21 pairs; to these are added the 13 pairs that are bom
in the seventh month; there will be 34 pairs in this month; to this
are added the 21 pairs that are born in the eighth month; there will
be 55 pairs in this month; to these are added the 34 pairs that are
bom in the ninth month; there will be 89 pairs in this month; to
these are added again the 55 pairs that are bormn in the tenth month;
there will be 144 pairs in this month; to these are added again the
89 pairs that are bor in the eleventh month; there will be 233
pairs in this month. To these are still added the 144 pairs that are
bom in the last month; there will be 377 pairs and this many pairs
are produced from the above-written pair in the mentioned place at
the end of one year.

You can indeed see in the margin how we operated, namely, that
we added the first number to the second, namely the 1 to the 2, and
the second to the third and the third to the fourth and the fourth to
the fifth, and thus one after another until we added the tenth to the
eleventh, namely the 144 to the 233, and we had the above-written
sum of rabbits, namely 377 and thus you can in order find it for an
unending number of months.
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