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Introduction


Long before today’s technological world, we have been surrounded by numbers. We see numbers on automobile license plates, telephone numbers, addresses, weather reports as well as many commercial analyses. Yet we look at these numbers for their role as descriptors and not as an entity unto themselves. It is high time that we give the numerals and numbers special attention as they very often carry a great deal of hidden wonders. This book will take you on a journey through the numbers, considering their numerological assignments as well as their mathematical significance. For example, it is well-known in many circles that the number 13 carries a certain value of unluckiness with it, the phobia of which is often referred to as triskaidekaphobia. Many famous people have suffered from this phobia such as Napoleon, Mark Twain, and Franklin Delano Roosevelt, who was known to not invite guests to a party when there were 13 people in attendance. There are high-rise buildings that skip the 13th floor, just to mention a few aspects of this unlucky number. There are many explanations as to how the number 13 received this negative honor, which we will discuss in this book. From a mathematical point of view, the number 13 is the smallest prime number that when its digits are reversed is also a prime number. It is also honored with a place among the Fibonacci numbers and integral Pythagorean triples, as well as many other occurrences. This is just one example of a popular number that will be discussed (naturally, in greater detail) in our journey through the many interesting numbers that we will encounter.


The book addresses the numbers in order of size, beginning with single- digit numbers, followed by two-digit numbers, then three-digit numbers and then lots of strange numbers beyond the three-digit numbers. The book is intended for the general readership and will require no mathematics beyond the first two years of high school mathematics. In most cases, the mathematical significance of the numbers will be explained in arithmetic fashion.


All the units are be independent of one another which would allow the reader to search for favorite numbers and be able to discover the hidden significances both numerologically and mathematically. The book concludes with an “Special Number Characteristics” section that sheds light on general peculiarities of number relationships, some of which have been discussed throughout the book and others will have been pieced together from previous discussions. Above all, the aim of the book is to show the beauty and power that is so well hidden in our numbers with the hope that the reader will be motivated to embark on further investigations.
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Significant Numbers and What They Mean, Represent, and Exhibit


THE NUMBER ZERO


Had we been writing 2,000 years ago about the number, which today we call zero, we would be at a loss. The concept in calculation, where an empty space was first used, can be found in the second century before the common era (BCE) with the Babylonians. However, the numeral 0 seems to have originated in India in the third century of the common era (CE) in the Bakhshali manuscript and was written in Sanskrit on birchbark leaves. It was called sunya, which meant blank or empty. When the numerical symbols that we use today traveled to the Arab world the zero was referred to as sifir, which then eventually morphed into cipher and zero.


The zero’s big entrance into the Western world came largely from a book, Liber Abaci, published in 1202 by Leonardo of Pisa (c. 1170–c. 1240), who is better known as Fibonacci, where in the first sentence of the book he states: “The nine Indian figures are: 9, 8, 7, 6, 5, 4, 3, 2, 1. With these nine figures, and the sign zero which the Arabs called zephyr any number whatsoever is written, as is demonstrated.” Fibonacci spent several years at the Pisan trading colony in Bugia, Algeria, where his father was the chief magistrate. This gave Fibonacci the opportunity to work with Arab mathematicians, where he first encountered these numerals. It is believed that this was the first appearance of these now-referred-to-as Hindu-Arabic numerals in Western Europe. This is where the zero made its great debut in our number system.


The zero plays a very important role in mathematics, not merely as a placeholder such as in the number 503, where it tells us there are no tens in this number, but also in arithmetic. For example, 0 enables us to represent the number 1 in a variety of ways: 30=1, 180=1, 5,2800=1. In other words, any real number to the zero power is equal to 1—including 00=1. More about this later. Multiplying any number by zero results in a zero. However, division by zero encounters a significant problem. When we check a division problem, we multiply the quotient by the divisor. If the result of this multiplication is the dividend, then we know that the division was done correctly. For example, if the divisor is zero as in this situation: 180=x, a problem arises. In checking this division, we would multiply the divisor 0 by the quotient x and we would never be able get 18. Therefore, mathematicians have left division by zero as undefined, or to put it another way, inadmissible.


Just to show what can happen if division by zero were permissible, we would be able to prove some rather ridiculous results. For example, we would be able to prove that 1=0. For example, consider the following: we begin with our given information, namely, that x=0. We then multiply both sides of this equation by x–1 to get x(x–1)=0(x–1)=0.

 Now dividing both sides by x, leaves us with x–1=0, which, in turn, tells us that x=1. However, remember we began with x=0. Therefore, we would then conclude that 1=0 because both are equal to x. Absurd! Where did we go wrong? We divided by zero when we divided both sides of the equation by x, which we knew from the outset was equal to 0. Division by zero is, therefore, not permitted in mathematics, as it will lead us to silly conclusions, such as the one we just experienced.


Zero also plays a significant role in the sciences and culture. For example, although we have the year 1 BCE and the year 1 CE, there is no zero year. The zero also plays an important role in telephoning, in some countries to telephone abroad, you begin with one or two zeros; this varies according to country. On the Celsius scale, zero is the freezing point of water. In physics the lowest form of energy is denoted as the zero—point energy.


In mathematics, zero has upset ancient cultures because, as we noted earlier, multiplying a number by zero always resulted in zero, and when added or subtracted from a number left the number unchanged. This leaves us with a mathematical conundrum. We know that x0=1, when x ≠ 0, and that 0x=0 when x ≠ 0, then what is the value of 00​? In most aspects of mathematics, it is left as undefined, as we mentioned earlier. However, in some fields such as algebra and combinatorics the agreed-upon value is that 00=1. Just to further expose the strange handling of the number zero, consider 0! (which is read as “zero factorial”) and is also specially defined. We know that n-factorial is defined as n!=1×2×3×4×…×n. However, when n=0, we define 0!=1. Although the zero entered into our mathematics history relatively late, it has proven to be a topic so rich that several books have been written about zero.



THE NUMBER 1


We begin with the English word for the number 1, one, which is clearly not pronounced the way it is spelled. It is believed to have evolved from the English word an, which probably took its definition from the ancient Germanic word ainaz, which in today’s German has evolved to the word eins, meaning one.


The number 1 is, of course, the first of our counting numbers, known as the natural numbers. It is also the first square number, the first triangular number, the first cubic number as well as the first Fibonacci number, and so it goes taking its initial place in various number collections.


When we initially encounter the number 1, we ask ourselves is this an even or an odd number? And is this a prime number or a composite number? By definition, an even number is one that can be split into two equal integers, which is not possible with the number 1; therefore, we would categorize it as an odd number. A prime number is usually defined as a number that has exactly two factors, the number 1 and another integer. This is not the case for the number 1, which only has one factor, namely, 1. Therefore, the number 1 is not a prime number. The number 1 does play a significant role in probability, where when the probability of an event is certain, it has a probability of 1.


Naturally, the number 1 has played a significant role in cultural history, where ancient civilizations have depicted values as the collection of ones. However, the Pythagoreans rejected the number 1 because multiplying any number by 1 did not change the original number. Also dividing any number by 1 leaves the original number unchanged. Yet, today the number 1 is often used as a ranking, 1 CE refers to the first year of the common era, the first month of the year, +1 is the code for international telephone calls to the North American continent, and so it goes that the initial number of our natural numbers takes on a multitude of important roles.


The Irrepressible Number 1 is one way to consider the following technique. There are times when we refer to beauty in nature as magical. Is magic beautiful? Some feel that when something is truly surprising and “neat” it is beautiful. From that standpoint, we will show a seemingly “magical” property in mathematics. This is one that has baffled mathematicians for many years and still no one knows why it happens. Try it, you’ll like it.


We begin by asking you to follow two rules as you work with any arbitrarily selected number.




	If a given number is odd, then multiply it by 3 and add 1.



	If the number is even, then simply divide the number by 2.



	Regardless of the number originally selected, the result will always be 1.





Let’s try it for the arbitrarily selected number 12.




	Because 12 is even, therefore, divide by 2 to get 6.



	Because 6 is also even, so we again divide by 2 to get 3.



	Because 3 is odd, therefore, multiply by 3 and add 1 to get 10.



	The number 10 is even, so we simply divide by 2 to get 5.



	Because 5 is odd, so we multiply by 3 and add 1 to get 16.



	Because 16 is even, so we divide by 2 to get 8.



	Because 8 is even, so we divide by 2 to get 4.



	Because 4 is even, so we divide by 2 to get 2.



	Because 2 is even, so we divide by 2 to get 1.





No matter which number we begin with (here we started with 12) we will eventually get to 1. This is truly remarkable! Try it for some other numbers to convince yourself that it really does work. Had we started with 17 as our arbitrarily selected number we would have required 13 steps to reach the number 1. Starting with the number 43 will require 27 steps.


Does this really work for all numbers? This is a question that has concerned mathematicians since the 1930s, and to date no answer has been found, despite monetary rewards having been offered for a proof of this conjecture. Most recently (using computers) this problem, known in the literature as the “3n+1 Problem” has been shown to be true for the numbers up to 1018−1. The longest progression of steps so far established is for the number 931,386,509,544,713,451, which requires 2,283 steps to reach the number 1.


For those who have been turned on by this curious number property, we offer you a schematic (Figure 1) that shows the sequence of start numbers 1–20. The bold numbers (1–20) can be starting points for your progression following the preceding rules.


[image: ]

Figure 1 Sequence of initial numbers 1–20 of “3n + 1.”





Notice that you will always end up with the final loop of 4-2-1. That is, when you reach 4 you will always get to the 1 and then were you to try to continue after having arrived at the 1, you will always get back to the 1 because by applying the rule you continue in the loop: 4-2-1.


We don’t want to discourage inspection of this curiosity, but we want to warn you not to get frustrated if you cannot prove that it is true in all cases, for the best mathematical minds have not been able to do this for the better part of a century!



THE NUMBER 1.618… (THE GOLDEN RATIO)


Few mathematical concepts have as great an impact on as many aspects of our visual and intellectual lives as the Golden Ratio, which is approximately equal to 1.6180339887498948482045868343656. We begin by defining this famous ratio. The Golden Ratio evolves from of the lengths of the two parts of a line segment that forms the following proportion, where the longer segment (L) is to the shorter segment (S) as the entire original segment (L+S) is to the longer segment (L). Symbolically, this is written as LS=L+SL, which we see in Figure 2.


[image: ]

Figure 2 





This is called the Golden Ratio or the Golden Section, in the latter case we are referring to the “sectioning” or partitioning of a line segment. Especially in geometry, where a Golden Rectangle is constructed from this ratio as the side length relationship. The Golden Rectangle is so named because of its apparent beauty, which has been established through many psychological experiments with human subjects expressing their perception of its beauty. The name of this ratio has evolved over centuries largely because it appears in architecture. For example, the Parthenon in Athens, Greece exhibits the Golden Ratio as shown in Figure 3. In art, the Golden Ratio used sometimes intentionally and sometimes artistically. For example, Leonardo da Vinci’s Mona Lisa’s face can be captured in a Golden Rectangle as shown in Figure 4. The Golden Ratio also appears in biology and many other fields. Many books are written about the Golden Ratio; one such book is The Glorious Golden Ratio, by A. S. Posamentier and I. Lehmann (Prometheus Books, 2012).
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Figure 3 
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Figure 4 





To determine the numerical value of the Golden Ratio, LS, we will change the equation LS=L+SL to read LS=LL+SL. We then let x=LS so that we get: x=1+1x.


We can now solve this equation for x using the quadratic formula,1 which you may recall from high school. We then obtain the numerical value of the Golden Ratio: LS=x=1+52, which is commonly denoted by the Greek letter, phi: ϕ.2


[image: ]

Equation 1 





Notice what happens when we take the reciprocal of LS, namely, SL=1ϕ, so that 1ϕ=21+5, which, when we multiply by 1 in the form of 1−51−5, we get:


21+5×1−51−5=2 (1−5)1−5=2 (1−5)−4=1−5−2 =5−12 ≈0.618033988749894848204586834365638117720.


Notice a very unusual relationship. The value of ϕand1ϕ differ by 1. That is, ϕ−1ϕ=1. From the normal relationship of reciprocals, the product of ϕ and1ϕ is also equal to 1, that is, ϕ.1ϕ=1. Therefore, we have two special numbers ϕ and1ϕ whose difference and product is 1– these are the only two numbers for which this is true! By the way, you might have noticed that their sum ϕ+1ϕ=5 because 5+12+5−12=5.


One reason why this ratio has captured the name “Golden” could be because of the beautiful rectangle whose ratio of sides form the Golden Ratio.


To get a more complete feeling about the Golden Rectangle, we offer a brief construction, one of the many ways it can be made. We begin with a unit square3 ABCD, with midpoint M of side AB, and then with center at M we draw a circular arc MC, cutting the extension of side AB at point E, as shown in Figure 5. We now can claim that the line segment AE is partitioned into the Golden Ratio at point B.
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Figure 5 





To verify this, we would have to apply the definition of the Golden Ratio: ABBE=AEAB, and see if it, in fact, holds true. Substituting the values obtained by applying the Pythagorean Theorem to ΔMBC as shown in Figure 5, we get the following:


MC2=MB2+BC2=(12)2+12=14+1=54; therefore MC=52. It follows that BE=ME–MB=MC–MB=52−12=5−12 and AE=AB+BE=1+5−12=22+5−12=5+12. We then can find the value of ABBE=AEAB, that is 15−12=5+121, which turns out to be a true proportion because the cross products are equal. That is, (5−12).(5+12)=1×1=1.




We can also see from Figure 3 that point B can be said to divide the line segment AE into an inner Golden Ratio because ABAE=15−12=5+12=ϕ.


Meanwhile, point E divides the line segment AB into an outer Golden Ratio because AEAB=1+5−121=5+12=ϕ.


Notice the shape of the rectangle AEFD in Figure 5. The ratio of the length to the width is the Golden Ratio: AEEF=5+121=5+12=ϕ.


Largely because of the importance of this ubiquitous number, 1.618…, we have taken the liberty of exploring its background appropriately.


THE NUMBER 2


The number 2 is perhaps the most common number in our number system. We use the concept of 2 when we speak of twins, duality, doubles, pairs, and so forth. The human body consists of two eyes, two ears, two arms, two legs, and so forth. The humans are separated into two sexes. Days are partitioned into two periods: night and day. In mathematics we have binary operations: addition, subtraction, multiplication, and division. Because we know that the product of two negative numbers is a positive number, we also know that two “wrongs” do not make a “right.” We can also determine, by simple observation, if a given number is divisible by 2 by simply inspecting the units digit to see if it is even or odd.


The number 2 also has an important status in the following ways:




	The number 2 is the only number whose self-sum and self-product is the same, that is, 2+2=4, and 2×2=4.



	The number 2 is the first prime number because it has exactly 2 divisors: 1 and 2.



	The number 2 is the only even prime number.



	The number 2 is the only prime followed consecutively by another prime number, namely, 3.



	Powers of 2 appear more frequently in mathematics than powers of any other numbers.



	Positive integers can be expressed as the sum of 2 or more consecutive integers, but only if they are not a power of 2.



	The number 2 is the only prime number whose cube is a sum of two consecutive prime numbers, that is, 23=8=3+5.



	The number 2 is the only prime number that is not the difference of two square numbers.



	The number 2 is the only prime number that can be represented in the form nn+n; which is true when n=1.



	The number 2 is the smallest deficient number. A deficient number is one in which the sum of its divisors is less than the number itself. For example, the number 27 is a deficient number because its divisors: 1, 3, and 9 have a sum of 13 which is less than 27, thereby designating 27 as a deficient number.





The number 2 appears in Euler’s famous formula regarding aspects of polyhedron, namely, vertices + faces − edges = 2.


Every number can be expressed in a unique way as the sum of powers of 2, as for example, 59=32+16+8+2+1, which allows representing the number 59 in binary form as 1110112. In the Western world, the binary system was originated by Gottfried Wilhelm Leibniz (1646–1716) and became an essential part of Charles Babbage’s Analytical Engine, which was the forerunner of today’s computers.


The famous French mathematician Pierre de Fermat (1607–1665) discovered that if n is a prime number then n will always be a factor of 2n–2. For example, when n=5 then 25–2=30, of which 5 is a factor. Also, when n is a prime number, then 2n–1 will always be a prime number as well. For example, when n=7, we have 27–1=127, which is a prime number.


Fermat’s famous “last theorem” states that the equation xn+yn=zn has integer solutions, if and only if, n is not greater than 2. This of course credits the Pythagorean theorem: x2+y2=z2. This was finally approved correct by the British mathematician Andrew Wiles (1953–) in 1994.


The number 2 also plays a significant role in the famous Goldbach’s conjecture that states that every even number greater than 2 is the sum of two prime numbers. For example, 36=5+31=7+29=13+23=17+19. This conjecture, although never proved to be wrong, has never been approved for all cases.


The number 2 is the only number where the sum of the reciprocals of its powers equals the number itself, as we can see with the following: ∑n=0∞12n=1+12+14+18+116+132+⋯=2


In a right triangle, the measures of whose angles are 30°,60°, and 90°, the length of the hypotenuse is two units longer than the length of the shorter leg.


Here is a strange curiosity that was discovered recently by the British mathematician Phil Carmody (1951–) who calculated that 2168 is the largest power of 2 whose decimal expansion does not contain the digit 2. That is, 2168 = 74,144,419,156,711,147,060,143,317,175,368,453,031,918,731,001,856.


Thus, we can appreciate the special role that the number 2 has in both mathematics and beyond.


THE NUMBER 3


Because we live in a three-dimensional world, number 3 plays a significant role in determining these dimensions: in simple form, width, length and depth. When we tell a story, there are often three parts: a beginning, a middle, and an end. In mythology, such as the Norse legends, there are three worlds: the underworld, the earth, and the heavens. This is portrayed very clearly in the German composer Richard Wagner’s (1813–1883) “Der Ring des Nibelungen,” which is composed of a prelude (Das Rheingold), followed by three operas (Die Walküre, Siegfried, and Die Götterdämmerung). In biology we find octopuses have three hearts.


In mathematics, the number 3 plays a most significant role:




	A plane surface is defined by three noncollinear points.



	A triangle is defined by three noncollinear points as well.



	A triangle has three vertices and three sides.



	A unique circle is determined by three noncollinear points.



	The number 3 is the fourth member of the Fibonacci sequence.



	The number 3 is the only number that is equal to the sum of all the preceding positive integers: 1+2=3.



	One of the three famous problems of antiquity was to try to divide a given angle into three equal parts using only a straight-edge and a pair of compasses.



	The famous German mathematician Carl Friedrich Gauss (1777–1855) showed that every integer is the sum of at most three triangular numbers. (Triangular numbers are those that resemble points that can be arranged in triangular form, such as the numbers 1, 3, 6, 10, 15, 21, 28, … .) For example, 39=28+10+1.



	The number 3 is the only Fibonacci prime number that is also a triangular number.



	Among the set of odd numbers there will never be one that cannot be expressed as the sum of 3 or fewer prime numbers.



	Numbers that are not in the form of 4k(8n+7) can be expressed as the sum of 3 squares.



	The number 3 is the only prime number, which when 2 is added to its square, yields a prime number.





Here are some curious expressions ways using the number 3:




	23+3=11, and 23–3=5



	33=32+32+32=27



	33+43+53=63=216



	35=41+43+47+53+59, which are five consecutive prime numbers.





Each of the following powers of 3 results in a number, where the sum of the digits is 9 or a multiple of 9:




	32=9,33=27,34=81, and 35=243. The next 3 powers of 3 each has a digit-sum of 18:



	36=729,37=2187,38=6561. This pattern continues with digit sums that are multiples of 9.





The number 3 is the only prime number n where n5−1n−1 results in the square of a prime number as we see with 35−13−1=121, which is 112.


Among the many rules for testing numbers for the divisibility, the number 3 has a particularly useful technique for testing for its divisibility. To determine if a given number is divisible by 3, one needs only to check if the sum of the digits of that given number is divisible by 3. If it is, then the number itself is divisible by 3. For example, consider the number 3,618. Because the sum of the digits: 3+6+1+8=18, which is divisible by 3, we know that the original number 3,618 is divisible by 3.


The number 3 also plays a role in the field of magic squares because the smallest magic square is one that is 3×3 in rows and columns. Magic squares are a square arrangement of numbers with the sum of each column, row, and diagonal is the same. Following is the development of a 3×3 magic square:


The magic square we are about to construct will contain the numbers from 1 to 9 and have a sum of 45 which would have to be divided by 3 so that each row as one-third of the sum, namely, 15. We can begin by placing the middle number of the sequence from 1 to 9, which is 5 in the center position. Then we place the number 1 in a corner, as shown in Figure 6. Therefore, the lower right-hand corner must have the 9, so that the diagonal adds up to 15, because it must have the same sum as any role or column.


[image: ]

Figure 6 





Next, we notice that 2, 3, and 4 cannot be in the same row (or column) as 1 because there is no natural number less than 9, which would be large enough to occupy the third position of such a row (or column). This would leave only the two shaded positions in Figure 6 to accommodate these three numbers (2, 3, and 4). Because this cannot be the case, our first attempt was a failure: the numbers 1 and 9 may occupy only the middle positions of a row (or column).


Therefore, we have to start with one of the four possible positions remaining for 1, which are the center cell of a row or column, as we show in the first square of Figure 7. We note that the number 3 cannot be in the same row (or column) as 9, for the third number in such a row (or column) would again have to be 3, to obtain the required sum of 15. This is not possible, because a number can be used only once in the magic square. Additionally, we have seen earlier that 3 cannot be in the same row (or column) as 1. This leaves only the two shaded positions in Figure 7 for the number 3. The number opposite to 3 is always 7, because then 3+5+7=15.


[image: ]

Figure 7 





We continue with the second square in Figure 7, showing one of two possibilities for the placement of 3 and 7 (the other possibility has 3 and 7 exchanged). It is now easy to fill in the remaining numbers. There is only one such possibility, shown in the third square of Figure 7.


How many different 3×3 magic squares are there? We could start by putting the number 1 in any of the four positions in the middle of a side row or column. Then have two possibilities for placing 3. After that, the construction is unique. This produces the eight magic squares shown in Figure 8.


[image: ]

Figure 8 





These are just some of the appearances of the first odd prime number in our number system.


THE NUMBER 3.1415926535897932384626433832795…. THE NUMBER KNOWN AS π.



One of the most popular numbers that folks recall from their school days is the number 3.14, which is an approximation of π. When used designate a date in the United States it would indicate March 14, which just happens to be Albert Einstein’s birthday. However, it made its fame from its definition and is perhaps one of the most famous numbers in mathematics and usually referred to in shorter form simply as 3.14 and is the ratio of the circumference of a circle to its diameter. The symbol π was chosen to represent this ratio as π=Cd, where C represents the length of the circumference and d represents the length of the diameter, in 1706 by the Welsh mathematician William Jones (1675–1749). With the help of today’s computers, the value of has now been found to several trillion places.


The first 100 places of π are: 3.1415926535 8979323846 2643383279 5028841971 6939937510 5820974944 5923078164 0628620899 8628034825 3421170679….


As evidence of its fame, the number π is exhibited in the most unexpected places. For example, there is a curious situation in which we can see the enthusiasm for π demonstrated for all to see. In 1937, in Hall 31 of the Palais de la Decouverte, today a Paris science museum (on Franklin D. Roosevelt Avenue), the value of π was produced with large wooden numerals on the ceiling (a cupola) in the form of a spiral. This was a nice dedication to this famous number, but there was an error: They used the 707-place approximation generated in 1874 by William Shanks, which had an error in the 528th decimal place. This was detected in 1946 and corrected on the museum’s ceiling in 1949 (see Figure 9).


[image: ]

Figure 9 





Also, in a newly renovated underground subway concourse, the Opernpassage in Vienna, Austria exhibits the value of π to thousands of places along a mirrored wall as seen in Figure 10.


[image: ]

Figure 10 





Many schools in recent years tend to celebrate March 14 as π-day, which sometimes is highlighted with a poster such as the one shown in Figure 11.


[image: ]

Figure 11 





From the earlier definition of π, we can get to the very familiar formula for the circumference of a circle. The diameter, d, of a circle is twice the length of the radius, d=2r, where r is the length of the radius. If we substitute 2r for d in our previous definition of π, we get π=C2r, which leads us to the famous formula for the circumference of a circle: C=2πr, an alternative of which is C=πd.


Because we conveniently recalled generating the circumference of the circle with the familiar formula C=2πr, it is only fitting that we do the same for the popular formula for the area of a circle (A=πr2) with radius r. We begin by drawing a convenient size circle on a piece of cardboard. Divide the circle (which consists of 360°) into 16 equal arcs. This may be done by marking off consecutive arcs of 22.5° or by consecutively dividing the circle into two parts, then four parts, then bisecting each of these quarter arcs, and so on.


The 16 sectors we have constructed in Figure 12 are then to be cut apart and placed in the manner shown in the Figure 13.


[image: ]

Figure 12 
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Figure 13 





This placement suggests that we have a figure that approximates a parallelogram. That is, were the circle cut into more sectors, then the figure would look even more like a true parallelogram. Let us assume it is a parallelogram. In this case, the base would have a length of half the circumference of the original circle because half of the circle’s arcs are used for each of the two sides of the approximate parallelogram. In other words, we formed something that resembles a parallelogram, where one pair of opposite sides are not straight lines, rather they are circle arcs. We will progress as though they were straight lines, realizing that we will have lost some accuracy in the process. Therefore, the length of the base is 12C. Because C=2πr, the base length is, therefore, πr. The area of a parallelogram is equal to the product of its base and altitude. Here the altitude is the radius r of the original circle. Therefore, the area of the “parallelogram” (which is the area of the circle we just cut apart) is (πr)(r)=πr2, which is the commonly known formula for the area of a circle.


There are many peculiarities in this list of digits. The British Mathematician John H. Conway (1937–2020) has indicated that if you separate the decimal value of π into groups of 10 places, the probability of each of the 10 digits appearing in any of these blocks is about 1 in 40,000. Yet, he shows that it does occur in the seventh such group of 10 places, as you can see from the grouping in the following text:


π =3.1415926535 8979323846 2643383279 5028841971 6939937510 5820974944 5923078164 0628620899 8628034825 3421170679 8214808651 3282306647 0938446095 5058223172 5359408128 … . Another way of saying this is that every other grouping of 10 digits has at least one repeating digit.


The sums of the digits of π also show some nice results: for example, the sum of the first 144 digits in the decimal expansion is 666, a number with some curious properties as we shall see later.


On occasion, we stumble upon phenomena involving π that have nothing whatsoever to do with a circle. For example, the probability that a randomly selected integer has only unique prime divisors4 is 6π2. Clearly this relationship has nothing to do with a circle, yet it involves the circle’s ratio, π. This is just another feature that adds to the centuries-old fascination with π.


There is much to be said for the adventures of calculating the value of π. It is interesting to note that Archimedes of Syracuse (287–212 B.C.E.) showed the value of π to lie between 31071 and 317. That is,


31071<π<31722371<π<2273.14 08<π<3.14 28


The German mathematician Ludolph van Ceulen (1540–1610) calculated π to 35 places, so for a time the ratio π was called Ludolph’s number. When Ludolph van Ceulen finished his calculations he wrote the following: “Die lust heeft, can naerder comen” (“The one who has the desire, can come closer”).


Another early technique for calculating π was discovered by the English mathematician John Wallis (1616–1703), a professor of mathematics at Cambridge and Oxford universities, who subsequently published it in his book, Arithmetica infinitorum (1655). There he presented a formula for π(π2, which we then merely double to get π). The following is Wallis’s formula:


π2=2×21×3×4×43×5×6×65×7×8×87×9×⋯×2n×2n(2n−1)(2n+1)×⋯


This product converges to the value of π2. That means it gets closer and closer to the value of π2 as the number of terms increases.


What is it about the value of π that evokes so much fascinating? For one, it cannot be calculated by a combination of the operations of addition, subtraction, multiplication, and division, which was suspected by Aristotle (384–322 B.C.). He hypothesized that π is an irrational number;5 in other words, the circumference and radius of a circle are incommensurable. That means there doesn’t exist a common unit of measure that will allow us to measure both the circumference and radius. This was proved in 18066 by the French mathematician Adrien-Marie Legendre (1752–1833)—more than two millennia later! But even more fascinating is fact that π cannot be calculated by a combination of the operations of addition, subtraction, multiplication, division, and square root extraction.


This means that π is a type of nonrational number called a transcendental number7 by the Swiss mathematician Leonhard Euler8 (1707–1783), but it was first proved in 1882 by the German mathematician (Carl Louis) Ferdinand Lindemann (1852–1939). Remember, it is sometimes more difficult to prove that something cannot be done than to prove it is possible to be done. Thus, for Lindemann to establish that π could not be produced by a combination of the five operations: addition, subtraction, multiplication, division, and square root extraction, was quite an important contribution to the development of our understanding of mathematics.


There is an amazing revelation of what the Bible has as the value of π. For many years virtually all the books on the history of mathematics stated that in π’s earliest manifestation in history, namely in the Old Testament of the Bible, gave the value of π as 3. Yet recent “detective work” shows otherwise.9


One always relishes the notion that a hidden code can reveal long-lost secrets. Such is the case with the common interpretation of the value of π in the Bible. There are two places in the Bible where the exact same sentence appears—identical in every way except for one word, which is spelled differently in the two citations. The description of a pool, or fountain, in King Solomon’s temple is referred to in the passages that may be found in 1 Kings 7:23 and 2 Chronicles 4:2, and reads as follows:


And he made the molten sea10 of ten cubits from brim to brim, round in compass, and the height thereof was five cubits; and a line of thirty cubits did compass it round about.



The circular structure described here is said to have a circumference of 30 cubits11 and a diameter of 10 cubits. From this we notice that the Bible has π=3010=3. This is obviously a very primitive approximation of π. A late-18th-century Rabbi, Elijah of Vilna12 (1720–1797), was one of the great modern biblical scholars, who earned the title “Gaon of Vilna” (meaning brilliance of Vilna). He came up with a remarkable discovery, one that could make most history of mathematics books faulty, if they say that the Bible approximated the value of π as 3. Elijah of Vilna noticed that the Hebrew word for “line measure” was written differently in each of the two biblical passages mentioned in the preceding text.


In 1 Kings 7:23 it was written as קוה, whereas in 2 Chronicles 4:2 it was written as וק. Elijah applied the ancient biblical analysis technique (still used by Talmudic scholars today) called gematria, where the Hebrew letters are given their appropriate numerical values according to their sequence in the Hebrew alphabet, to the two spellings of the word for “line measure” and found the following. The letter values are: [image: ] and [image: ] Therefore, the spelling for “line measure” in 1 Kings 7:23 is [image: ] while in 2 Chronicles 4:2 the spelling [image: ] Using gematria in an accepted way, he then took the ratio of these two values: 111106=1.0472 (to four decimal places), which he considered the necessary “correction factor.” By multiplying the Bible’s apparent value (3) of π by this “correction factor,” one gets 3.1416, which is π correct to four decimal places! “Wow!” is a common reaction. Such accuracy is quite astonishing for ancient times.


It is interesting to see where mathematicians got the idea to represent the ratio of the circumference of a circle to its diameter with the Greek letter π. According to the well-known mathematics historian, Florian Cajori (1859–1930), the symbol π was first used in mathematics by the English mathematician William Oughtred (1575–1660) in 1652, when he referred to the ratio of the circumference of a circle to its diameter as πδ, where π represented the periphery13 of a circle and δ represented the diameter. In 1665, John Wallis used the Hebrew letter מ (mem), to equal one-quarter of the ratio of the circumference of a circle to its diameter (what, today, we would refer to as π4).


In 1706, William Jones published his book, Synopsis Palmariorum Matheseos, where he used π to represent the ratio of the circumference of a circle to its diameter. This is believed to have been the first time that π was used as it is defined today. Yet, Jones’s book alone would not have made the use of the Greek letter π to represent this geometric ratio as popular as it has become today. It was the legendary Swiss mathematician, Leonhard Euler (1707–1783), often considered the most prolific writer in the history of mathematics, who is largely responsible for today’s common use of π. In 1736, Euler began using π to represent the ratio of the circumference of a circle to its diameter. But not until he used the symbol π in 1748 in his famous book Introductio in analysin infinitorum did the use of π to represent the ratio of the circumference of a circle to its diameter become widespread.


You should now know the wonders attached to this most famous number π ≈ 3.14…. Despite this rather thorough introduction to this famous mathematical concept, entire books have been written about π. One such is π: A Biography of the World’s Most Mysterious Number, by A. S. Posamentier and I. Lehmann (Prometheus Books, 2004).


THE NUMBER 4


Before we begin to admire the number 4, we should notice that that is the only number in the English language whose name has the number of letters that it represents. The word “four” has four letters! The number 4 is the first composite number, that is, a nonprime number. It is also often referred to as the first doubly even number. By that we mean that it is divisible by 2 twice. This also allows us to determine whether numbers are divisible by 4 by simply inspecting the last 2 digits of a number to determine whether the entire number is divisible by 4. For example, if we would like to verify if the number 36,186 is divisible by 4, we need only to check to see if the number formed by the last 2 digits 86 is divisible by 4. Because 86 is not divisible by 4, the number 36,168 is also not divisible by 4. However, the number 2,356 is divisible by 4 because the number 56=4×14.


In number theory, we have the four-square theorem, which was proved in 1770 by the Italian mathematician Joseph Louis Lagrange (1736–1813) and states that every natural number can be expressed as the sum of four integer squares. Here are a few examples to illustrate the theorem:




	2=12+12+02+02



	31=12+12+22+52



	310=12+22+42+172





Still within the realm of number theory, the number 4 carries some unique features. For example, it is the only composite number, n, which is not a factor of (n–1)! For example, let’s consider the composite number 6, and apply it here so that we get (6–1)!=5!=5×4×3×2×1=120=4×30. Whereas, if n=4, we find that (4–1)!=3!=3×2×1=6, where 4, is not a factor. This is the only case where this is true.


Another unique feature of the number 4 is called the Brocard problem. This searches for numbers, where 1 greater than the factorial of a number will be a perfect square. In other words, when will the number n!+1 will be a perfect square? The smallest of these is the number 4 as 4!+1=25=52. The only other two numbers that have been found to have this property are the numbers 5 and 7, which we will highlight later.


   Pierre de Fermat discovered a unique feature of the number 4, which is that every prime number one greater than a multiple of 4 can be expressed uniquely as a sum of 2 squares. For example, consider the number 17, which is one greater than 16, a multiple of 4, can be expressed as 12+42. This also holds for some non-prime numbers such as the number 45(44+1) can be expressed as 32+62=45. This can be extended in that no number one less than a multiple of 4 can be expressed as a sum of 2 squares.


Another surprising feature of the number 4 is what occurs when we take any number, and then take the sum of the squares of its digits and continuing this process with each resulting number, you will either end up with the number 4 or occasionally, by the number 1. For example, let’s begin with the number 5 and continually take the sum of the squares of its digits until we notice a pattern: 5–25–29–85–89–145–42–20–4. When we continue this with the number 4 notice what results: 4–16–37–58–89–145–42–20–4. Thus, we see that the cycle continues. Whenever it reaches the number 4.


In geometry, one of the Platonic solids is the tetrahedron which highlights the number 4 as it has four faces, and four vertices, as can be seen in Figure 14.


[image: ]

Figure 14 





The Four-Color Map Problem dates back to 1852 when Francis Guthrie (1831–1899), while trying to color the map of the counties of England, noticed that four colors sufficed. He asked his brother Frederick if it was true that any map can be colored using only four colors in such a way that adjacent regions (i.e., those sharing a common boundary segment, not just a point) receive different colors. Frederick Guthrie then communicated the conjecture to the British mathematician, Augustus de Morgan (1806–1871). As early as 1879, the British mathematician, Alfred B. Kempe (1849–1922), produced an attempted proof of this conjecture, but in 1890 it was shown to be wrong by the British mathematician Percy J. Heawood (1861–1955). Many other subsequent attempts also proved fallacious. Not until 1976 was this so-called four-color map problem solved by two mathematicians, Kenneth Appel (1932–2013) and Wolfgang Haken (1928–), who, using a computer, considered all possible maps and established that it was never necessary to use more than four colors to color a map so that no two territories, sharing a common border, would be represented by the same color.14 They used an IBM 360 that required about 1,200 hours to test the 1,936 cases, which later turned out to require inspecting another 1,476 cases. This “computer proof” was not widely accepted by pure mathematicians. Yet, in 2004, the mathematicians Benjamin Werner und Georges Gonthier produced a formal mathematical solution to the four-color map problem that validated Appel’s and Hacken’s assertion. The attractive aspect of the four-color map problem lies in the fact that it is very easily understood, but the solution has proved to be very elusive and very complex.


Using the number 4, there are some curious ways of generating a prime number as follows:




	4!4+ 1=331,777, which is a prime number.



	1!1+2!2+3!3+4!4=331,997, which is a prime number.



	44–4!+1=233, which is a prime number.



	44444+1=390,028,372,746,497, which is a prime number.



	44444×4+1=231,411,429,064,878,465,277,548,197,361,116,672,093,		463,781,709,982,52,896,257,which is a prime number.





There are only four ways to create prime numbers with four digits, whose sum is equal to 4. They are the following 1,201, 1,021, 2,011, and 3,001. There are only four ways to create four-digit prime numbers using the first four natural numbers, which are 1,423, 2,143, 2,341 and 4,231.


Merely as recreational, we can use the number 4 to generate other numbers as you can see with the following examples up to 100:


[image: ]
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Equation 2 




THE NUMBER 5


One of the earliest numbers that a child learns to grasp is the number representing the fingers on one hand. Later on, teenagers use that number when they give each other a “high-5.” Britain’s security service is known as the MI 5, referring to Military Intelligence, section 5. The Fifth Amendment of the US Constitution, which is often referred to in court as “pleading the 5th” absolving the defendant from self-incrimination. The US 5-cent coin, the nickel, weighs exactly 5 grams. In Judaism, the Torah consists of the five Books of Moses. In East Asian tradition there are five elements, which are earth, water, fire, wood, and metal. While in Hinduism the five elements are earth, fire, water, air, and space. Essentially, the number 5 is used in many cultures, which could, perhaps, result from the human hand—the number of fingers! The English language has five vowels: a, e, i, o, and u. When the temperature measured in Celsius is ±5 degrees it yields in Fahrenheit 41° and 23°. This is the only time when prime numbers are equivalent in both temperature measures.


In mathematics, it is clear that the number 5 is a prime number. However, it is considered a good prime number. One may justifiably question why the number 5 is given this special distinction? A good prime is a number who square is greater than the product of any two other primes, which, in the list of primes, are at the same number of positions before and after it. When we look at the initial list of primes: 2, 3, 5, 7, 11, we find that for the two prime numbers 3 and 7, equally spaced from the 5, we have 52 > 3×7 and for the primes 2 and 11, we find that 52>2×11, thus, qualifying 5 as a good prime.


The number 5 further distinguishes itself amongst the prime numbers in that it is the only prime number that is a member of two pairs of twin primes. Twin primes are two prime numbers whose difference is 2. Specifically, these two twin primes involving the number 5 are (3, 5) and (5, 7). It should be clear that 5 can be the only prime number that is the sum of two consecutive prime numbers, namely, 2+3=5 because there can be no other consecutive prime numbers as all the rest of the prime numbers are odd numbers.


The number 5 also distinguishes itself amongst the numbers because it satisfies three characteristics. The number 5 is the sum of two primes squared (12+22), the number 5 is also the difference of two primes squared (32–22), and finally the number 5 is the average of another two primes squared (12+32).


One could argue that the number 5 is one of the most prevalent numbers in American society because wherever you look at an American flag, the stars are regular pentagrams, which are five-cornered stars. The regular pentagram, which we show in Figure 15, is constructed with five lines and has the unique feature that the lines intersect each other in segments that form the golden ratio. Once again, we encounter the Golden Ratio ABBC=BCAC≈0.618…, which is described in greater detail on page 6.


[image: ]

Figure 15 





Also, when joining the five vertices of the pentagram, we formed a regular pentagon, which is a five-sided regular polygon. This shape is also prevalent as the faces of a dodecahedron, shown in Figure 16.


[image: ]

Figure 16 





There are exactly five Platonic solids, which are tetrahedron, hexahedron (cube), octahedron, dodecahedron, and icosahedron (see Figure 17).


[image: ]

Figure 17 





A few more unusual facts about the number 5 are that it can be expressed as the sum of consecutive squares as we show here: 12+22=5, and 32+42=52. Also, as we noted previously with the number 4, the number 5 factorial increased by 1 yields a square number: 5!+1=(5×4×3×2×1)+1=121=112, which we can recall is referred to as the Brocard problem.


Another peculiarity of the number 5 is that all powers of the number 5 have a units digit of 5, such as: 52=25,57=78125,511=48,828,125, and


There are times when a number allows a strange relationship because of the numbers involved. This is the case with the number 5, where we can express an equality using only the number 5, that is, 5!+5=5×5×5.


Another uniqueness of the number 5 is that it is the only prime digit that can be the units digit of the perfect square. Furthermore, the number 5 appears in no other prime number as a units digit other than its original appearance as the prime number 5.


When looking for some further uniquenesses of the number 5, we find that it is the lead number of the smallest group of prime numbers in arithmetic progression, namely, 5, 11, 17, 23, 29, where the difference between these primes is 6.


As if the number 5 needed any further specialities, it is amazing how the Golden Ratio can be obtained using only the number 5. We see this with the following:


5.5×.5+.5=1.6180339887498948….


Although this may be obvious, is worth pointing out that the number 5 is the only prime number who square (25) is comprised of only prime digits.


The number 5!=120 is the largest factorial that is also a triangular number. Here are the first few triangular numbers: 0, 1, 3, 6, 10, 15, 21, 28, 36, 45, 55, 66, 78, 91, 105, 120, 136, 153, 171, 190, 210, 231, 253, 276, 300, 325, 351, 378, 406, 435, 465, 496, 528, 561, 595, 630, 666… (for more about triangular numbers see page 12).


Perhaps this may be a bit trivial, however, when looking for unusual aspects of a number, it’s placement can also be an interesting factor. Among the famous Fibonacci numbers, the number 5 is the only number equal to its place position among the Fibonacci numbers in that it is the 5th Fibonacci number: 1, 1, 2, 3, 5, 8, 13, 21, 34, 55, 89, …. (For more on these numbers see: A. S. Posamentier and I. Lehmann, The (Fabulous) Fibonacci Numbers. With Afterword by Herbert Hauptman, Nobel Laureate. (Prometheus Books, 2007.)


Beginning with the number 5, a curious pattern can generate prime numbers, as we see with the following: 5!+4!–3!+2!–1!=139, and 5!−4!+3!−2!+1!=101, where each of the numbers 139 and 101 are prime numbers; moreover, each of these numbers is a member of a pair of twin primes.


The Peruvian mathematician Harald Helfgott (1977–) proved that every odd number greater than 5 can be expressed as a sum of three prime numbers. For example, 9=2+2+5, or 21=5+5+11.


In the field of number theory, the number 5 tends to further distinguish itself as it joins numbers that are referred to as Sophie Germain primes. A prime number, n, which enables 2n+1 to also be a prime number is called a Sophie Germain prime. In the case of the number 5, we have n=5, and thereby (2×5)+1=11, which is a prime number. Another example is number 11 because (2×11)+1=23. Both prime numbers 5 and 11 are referred to as Sophie Germain primes.
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