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            Preface

            In June of 2014, New York State adopted a more difficult Algebra I course based on the Common Core curriculum and changed the Regents exam to reflect this new course. On the new Algebra I Regents exam, students are expected not only to solve algebra problems and answer algebra-related questions but also to explain their reasoning. This is a major shift in the testing of algebra concepts, so a thorough review is even more critical for success.

            This book will introduce you to the concepts covered throughout the Algebra I Regents course as well as to the different types of problems you will encounter on the Regents exam at the end of the year. 

            Who Should Use This Book?

            Students and teachers alike can use this book as a resource for preparing for the Algebra I Regents exam.

            Students will find this book to be a great study tool because it contains a review of all Algebra I concepts, useful examples, and practice problems of varying difficulty that can be practiced throughout the school year to reinforce what they are learning in class. The most ideal way to prepare for the Algebra Regents exam is to work through the practice problems in the review sections and then the recently administered Regents exams at the end of the book. 

            Teachers can use this book as a tool to help structure an Algebra I course that will culminate with the Regents exam. The topics in the book are arranged by priority, so the sections in the beginning of the book are the ones from which more of the questions on the Regents exam are drawn. There are 60 sections in the book, spread out over 14 chapters, dedicated to all topics for Algebra I, each with practice exercises and solutions.

            Why Is This Book a Helpful Resource? 

            Becoming familiar with the specific types of questions on the Algebra I Regents exam is crucial to performing well on this test. There are questions in which the math may be fairly easy but the way in which the question is asked makes the question seem much more difficult. For example, the question “Find all zeros of the function f(x) = 2x + 6” is a fancy way of asking the much simpler sounding “Solve for x if 2x + 6 = 0.” Knowing exactly what the questions are asking is a big part of success on this test.

            Algebra has been around for thousands of years, and its basic concepts have never changed. So fundamentally, the algebra curriculum today is not very different from the algebra taught in schools two years ago, ten years ago, or twenty years ago. But the exam that follows this Common Core-based course, with more complicated ways of asking questions and presenting problems, requires a specifically presented study plan that’s more important than ever.

            Gary Rubinstein
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            Solving Linear Equations with Algebra

        

        1.1 Properties of Algebra

        
            Key Ideas

            Algebra has a collection of tools that, when used appropriately, can be used to solve equations. These tools have names like the addition property of equality. Knowing the names and how to use these properties enables you to not only solve equations but also explain the logic behind your reasoning

        

        Algebra is what you are doing when you solve equations for unknown variables. The most basic type of algebra problem is something like

        
            
                
            

        

        Of all the possible numbers that can be substituted into the variable x, the only one that makes the equation true is the number 4. Any other number would make the equation false. Another way of saying this is that the number 4 satisfies the equation x – 1 = 3 while other numbers do not satisfy that equation. All the numbers that satisfy an equation form the solution set of the equation. In this example, since only one number satisfies the equation, the solution set is just the set with the number 4 in it, or {4}.

        If the equation is simple enough to solve the equation for the unknown variable x, you might be able to just see the answer, like in the x – 1 = 3 example. But for more involved equations, you will use the properties of algebra.

        The Addition Property of Equality

        For an equation like, x – 1 = 3 the way to solve this equation with algebra is to eliminate the –1 from the left-hand side of the equation. You do this by adding 1 to each side of the equation.

        
            
                
            

        

        It is the addition property of equality that lets you add something to both sides of an equation to create a new equation that has the same solution set as the original equation.

        The Subtraction Property of Equality

        If the equation, instead, is x + 1 = 3 it can be solved by subtracting 1 from both sides of the equation. When you subtract something from both sides of an equation, you are using the subtraction property of equality.

        
            
                
            

        

        The Division Property of Equality

        For an equation like 2x = 10, the 2 can be eliminated by dividing both sides of the equation by 2.

        
            
                
            

        

        The division property of equality is the reason this is allowed.

        The Multiplication Property of Equality

        Sometimes when fractions are involved, a way to solve the equation is to multiply both sides of the equation by some number. For example,

        
            
                
            

        

        By multiplying both sides by 2, the 2 in the denominator of the left-hand side of the equation will be eliminated.

        
            
                
            

        

        This property is also useful for questions like
            , which you continue by multiplying both sides of the equation by the reciprocal (also known as the multiplicative inverse) of
            , which is
            .

        
            
                
            

        

        The Distributive Property of Multiplication Over Addition

        When there is an expression like 3(2 + 5) , there are two ways of simplifying it. If you simplify the parentheses first, it becomes 3(2 + 5) = 3 ∙ 7 = 21. If, instead, you use the distributive property of multiplication over addition, it becomes 

        
            
                
            

        

        

        You get the same answer!

        Even though this isn’t a very practical way to simplify 3(2 + 5), the distributive property of multiplication over addition is useful for progressing on certain algebra problems.

        
            
                
            

        

        The Commutative Property of Addition or Multiplication

        In both addition and multiplication, switching the order of the numbers does not change the value of the expression. So 5 + 3 = 3 + 5 and 5 ∙ 3 = 3 ∙ 5. There is not a commutative property for subtraction or division.

        Example 1

        When solving the equation 2x – 5 = 17, Giovanny wrote 2x = 22 as his first step. Which property justifies this step?

        Solution: He must have added 5 to both sides of the equation. This is the addition property of equality.

        Example 2

        Brooklynn solved the equation 5(x – 3) = 20 by writing, as his first step, x – 3 = 4. Which property of algebra justifies her first step?

        Solution: Though this could have been done by beginning with the distributive property, she seems to have divided both sides of the equation by 5 to eliminate the 5 from the left-hand side. This is the division property of equality.

    
        
            
                Check Your Understanding of Section 1.1

            

            
                A. Multiple-Choice



            
                
                	
                    
                    
                        Antonio started the question 2x + 1 = 11 by writing 2x = 10. Which property justifies this step?

                    

                    
                        	Commutative property of addition

                        	Distributive property of multiplication over addition

                        	Addition property of equality

                        	Subtraction property of equality

                    

                    
                

                	
                    
                    
                        Mila used the multiplication property to justify the first step in solving an equation. The original equation was
                            . What could the equation have been transformed into after this step?

                    

                    
                        	
                            
                        

                        	
                            
                        

                        	
x + 8 = 20

                        	
x + 2 = 5

                    

                    
                

                	
                    
                    
                        To more easily simplify an expression, Michael changed 2x + 3 + 5x + 2 into 2x + 5x + 3 + 2. What property justifies this step?

                    

                    
                        	Commutative property of addition

                        	Commutative property of multiplication

                        	Addition property of equality

                        	Distributive property of multiplication over addition

                    

                    
                

                	
                    
                    
                        When solving the equation 3x – 2 = 13, Jocelyn used a property of algebra to transform the equation into 3x = 15. Which property did she use?

                    

                    
                        	Subtraction property of equality

                        	Addition property of equality

                        	Multiplication property of equality

                        	Division property of equality

                    

                    
                

                	
                    
                    
                        When solving the equation
                            , Devin uses a property of algebra and transforms the equation into x = 24. Which property did he use?

                    

                    
                        	Subtraction property of equality

                        	Addition property of equality

                        	Multiplication property of equality

                        	Division property of equality

                    

                    
                

                	
                    
                    
                        Elijah used two different properties from algebra to solve this problem. What were the two steps and in what order did he do them?

                        
                            
                                
                            

                        

                    

                    
                        	Addition property of equality followed by multiplication property of equality

                        	Addition property of equality followed by division property of equality

                        	Subtraction property of equality followed by multiplication property of equality

                        	Subtraction property of equality followed by division property of equality

                    

                    
                

                	
                    
                    
                        Which sentence uses the multiplication property of equality?

                    

                    
                        	1 + 1 = 2; therefore, 1 + 1 + 5 = 2 + 5

                        	1 + 1 = 2; therefore,
                            
                        

                        	1 + 1 = 2; therefore, 1 + 1 – 2 = 2 – 2

                        	1 + 1 = 2; therefore, 5(1 + 1) = 5 ∙ 2

                    

                    
                

                	
                    
                    
                        Which sentence uses the subtraction property of equality?

                    

                    
                        	5 + 2 = 7; therefore, 5 + 2 – 2 = 7 – 2

                        	5 + 2 = 7; therefore, 5 + 2 + 3 = 7 + 3

                        	5 + 2 = 7; therefore, 2(5 + 2) = 2 ∙ 7

                        	5 + 2 = 7; therefore,
                            
                        

                    

                    
                

                	
                    
                    
                        Which sentence illustrates the addition property of equality?

                    

                    
                        	
a – 2 = 3; therefore, a – 2 – 2 = 2 – 3

                        	
a – 2 = 3; therefore, a – 2 + 2 = 3 + 2

                        	
a – 2 = 3; therefore, 2(a – 2) = 2 ∙ 3

                        	
a – 2 = 3; therefore,
                            
                        

                    

                    
                

                	
                    
                    
                        Which number sentence illustrates the commutative property of multiplication?

                    

                    
                        	3 ∙ x ∙ 2 = 3 ∙ 2 ∙ x


                        	3 + x + 2 = 3 + 2 + x


                        	3 – x – 2 = 3 – 2 – x


                        	
                            
                        

                    

                    
                


            

                            
                B. Show how you arrived at your answers.



            
                
                	
                    
                    
                        Malachi and Wesley each solved the equation 2(3x – 1) = 16. Malachi used the distributive property of multiplication over addition to justify his first step. Wesley used the division property of equality to justify his first step. Write what equation each student would have after the first step is completed?

                    

                    
                

                	
                    
                    
                        Justify each step of this solution to the equation 3(x + 3) – 5 = 22.

                        
                            
                                
                            

                        

                    

                    
                

                	
                    
                    
                        Sandra calculates 5(3 + 7) by writing 5 ∙ 3 + 7 = 15 + 7 = 22. Solomon does it by writing 5(10) = 50. Which person is correct, and why?

                    

                    
                

                	
                    
                    
                        Joel rewrites 6 – x as x – 6 and justifies it with the reason “The commutative property of subtraction.” What is wrong with this reasoning?

                    

                    
                

                	
                    
                    
                        Natalie simplified 3(5 ∙ 2) as 3 ∙ 5 ∙ 3 ∙ 2 to get 90. Lucy says the answer is 30. Who is correct, and what is wrong with the other person’s logic?

                    

                    
                

            

        

    
        1.2 Solving One-Step Algebra Equations

        
            Key Ideas

            When an equation has a variable by itself on one side of the equals sign, we say that that variable has been isolated. For example, in the equation x = 5 – 2, the x is isolated. In order to solve an equation with algebra, use the properties described earlier in this chapter to isolate the variable until the solution set becomes clear.

        

        Zero-Step Solutions

        In an equation like x = 3, there is no further work to be done since the variable is already isolated. The only number you can replace the x with to make this a true equation is the number 3. Sometimes the elements of the solution set are written inside curly brackets like {3}.

        One-Step Solutions

        In the equation x + 2 = 5, the variable x is not isolated yet. In order to isolate the x, the constant +2 must be eliminated from the left-hand side of the equals sign. To eliminate the +2, use the subtraction property of equality by subtracting 2 from both sides of the equals sign.

        
            
                
            

        

        The third and fourth lines of this solution are optional. It could have looked like this:

        
            
                
            

        

        If the constant is negative, you eliminate it with the addition property of equality.

        
            
                
            

        

        Some equations like 3x = 12 have a number being multiplied by the variable. This number, which is 3 in this example, is called the coefficient. Coefficients can be eliminated with the division property of equality.

        
            
                
            

        

        The third line of this solution is optional.

        When the coefficient is a fraction, the multiplicative property of equality can be used. Multiply both sides of the equals sign by the reciprocal (also known as the multiplicative inverse) to eliminate the coefficient.

        
            
                
            

        

        The third line of this solution is optional.

        
            Math Facts

            When a fraction is multiplied by its reciprocal, the product is the number 1. So if the coefficient of a variable is a fraction, as in
                
                multiplying both sides of the equation by
                
                results in 1x = 27. Then since anything multiplied by 1 is itself, 1x can be replaced with x.

        

        Example 1

        Solve the equation
            
            for x.

        Solution: Just like the equation
            , eliminate the 3 by multiplying both sides of the equals sign by 3.

        
            
                
            

        

        Example 2

        Solve the equation –2 + x = 7 for x.

        Solution: The constant does not have to be on the right-hand side of the variable. You still eliminate a –2 by using the addition property of equality and adding 2 to both sides of the equals sign.

        
            
                
            

        

    
        
            
                Check Your Understanding of Section
                    1.2

                
                
                
                
                
                
                
                
                
                
                
                
            

            
A. Multiple-Choice

            

            
                
                	
                    
                    
                        What value of x makes
                            the equation x + 4 = 12 true?

                    

                    
                        	2

                        	4

                        	8

                        	16

                    

                

                	
                    
                    
                        What is the solution set for
                            the equation x – 6 = 7?

                    

                    
                        	{1}

                        	{6}

                        	{11}

                        	{13}

                    

                

                	
                    
                    
                        What value of x
                            satisfies the equation 4x = 8?

                    

                    
                        	1

                        	2

                        	8

                        	32

                    

                

                	
                    
                    
                        Solve for x in the
                            equation .

                    

                    
                        	9

                        	16

                        	36

                        	48

                    

                

                	
                    
                    
                        What value of x makes
                            the equation x + 8 = 3 true?

                    

                    
                        	–5

                        	5

                        	11

                        	–11

                    

                

                	
                    
                    
                        What is the solution to the
                            equation 
                        

                    

                    
                        	
                            
                        

                        	8

                        	
                            
                        

                        	20

                    

                

                	
                    
                    
                        Find the solution to
                                a – 5 = –2.

                    

                    
                        	–7

                        	–3

                        	3

                        	7

                    

                

                	
                    
                    
                        Solve for t in the
                            equation –3t = –18.

                    

                    
                        	–54

                        	54

                        	–6

                        	6

                    

                

                	
                    
                    
                        Find the solution for
                                v in the equation 
                        

                    

                    
                        	9

                        	–9

                        	16

                        	–16

                    

                

                	
                    
                    
                        What is the solution set to
                            the equation x = 7?

                    

                    
                        	{–7}

                        	{7}

                        	{0}

                        	It doesn’t have a solution
                            since it is not an equation.

                    

                

            

            
B. Show how you arrived at your
                        answers.

            

            
                
                	
                    
                    
                        Logan decides to solve the
                            equation  by multiplying both sides of the equals sign by 6. How might he
                            still get the correct answer?

                    

                    
                

                	
                    
                    
                        Andrew says that to solve
                            the equation , you have to use the multiplication property of equality.
                            Vanessa says that it can be done with the division property of equality.
                            Both are correct. Explain.

                    

                    
                

                	
                    
                    
                        Noah says he can solve the
                            equation x – 2 = 5 by using the subtraction property of equality.
                            He is right. How can he justify this?

                    

                    
                

                	
                    
                    
                        What property of algebra
                            could be used to solve the equation –3 + x = 5?

                    

                    
                

                	
                    
                    
                        The equation 0x = 10
                            does not have any solutions. Why?

                    

                    
                

            

        

    
        1.3 Solving Multi-step Algebra Equations

        
            Key Ideas

            More complicated equations require more than one step to isolate the variable. Often there is more than one possible order in which to apply the algebra properties, though some orders are quicker and easier than others.

        

        Two-Step Algebra Equations

        When both the addition property of equality and the division property of equality are used in an equation, it is simpler to use the addition property of equality first. Similarly, when the subtraction property of equality and the division property of equality are involved in the solution, use the subtraction property of equality first.

        Example 1

        Solve for x in the equation 2x – 4 = 6.

        Solution: Generally, it is simpler to eliminate the constant (in this case the – 4) before eliminating the coefficient, which is 2.

        
            
                
            

        

        It is possible to do these steps in the opposite order, as long as you do it properly.

        
            
                
            

        

        The first way is the most straightforward, but you could be asked to explain the second way for one of the part II, part III, or part IV questions.

        Even if the constant is to the left of the variable, it is generally easier to eliminate the constant before eliminating the coefficient.

        Example 2

        Solve for x in the equation
            
        

        Solution:

        
            
                
            

        

        Three-Step Algebra Equations

        When the distributive property of multiplication over addition is involved, algebra equations usually take three steps to solve.

        Example 3

        What is the solution set for the equation 2(x + 3) = 14?

        Solution:

        
            
                
            

        

    
        
            
                Check Your Understanding of Section 1.3

                                 
                
                
                
                
                
                
                
                  
                
                
            

            
A. Multiple-Choice

            

            
                
                	
                    
                    
                        What value of x makes the equation 3x + 7 = 22 true?

                    

                    
                        	1

                        	3

                        	5

                        	7

                    

                    
                

                	
                    
                    
                        Solve the equation
                            
                            for x.

                    

                    
                        	12

                        	14

                        	16

                        	18

                    

                    
                

                	
                    
                    
                        Find the solution set for the equation 5(x + 4) = 35.

                    

                    
                        	{1}

                        	{2}

                        	{3}

                        	{4}

                    

                   
                

                	
                    
                    
                        Solve the equation –3x + 7 = –5 for x.

                    

                    
                        	4

                        	–4

                        	6

                        	–6

                    

                    
                

                	
                    
                    
                        Solve for x. 3 + 5x = 43.

                    

                    
                        	2

                        	4

                        	6

                        	8

                    

                    
                

                	
                    
                    
                        What value for x makes the equation 5 – 2x = –9 true?

                    

                    
                        	7

                        	8

                        	9

                        	10

                    

                   
                

                	
                    
                    
                        Solve for x.
                            .

                    

                    
                        	10

                        	12

                        	14

                        	16

                    

                   
                

                	
                    
                    
                        Find the solution set for the equation –9 + 7x = 19.

                    

                    
                        	{4}

                        	{5}

                        	{6}

                        	{7}

                    

                    
                

                	
                    
                    
                        Solve for x in the equation
                            .

                    

                    
                        	14

                        	16

                        	18

                        	20

                    

                    
                

                	
                    
                    
                        Solve for x.
                            .

                    

                    
                        	–2

                        	–3

                        	–4

                        	–5

                    

                    
                

            

            
B. Show how you arrived at your answers.

            

            
                
                	
                    
                    
                        Solve for x. Show all work and justify each step with a property of algebra.

                        
                            
                                
                            

                        

                    

                    
                

                	
                    
                    
                        Solve for x. Justify each step with a property of algebra.

                        
                            
                                
                            

                        

                    

                    
                

                	
                    
                    
                        Solve for x. Justify each step with a property of algebra.

                        
                            
                                
                            

                        

                    

                    
                

                	
                    
                    
                        Cristiano says he can solve the equation 5(x + 2) = 35 with three steps, distributive property, subtraction property of equality, and division property of equality. Kayla says she can solve the same equation in two steps, division property of equality then subtraction property of equality. Are they both right? Explain.

                    

                    
                

                	
                    
                    
                        To figure out what price to charge for a pair of sneakers in order to make $44,000 profit, the manufacturer must solve the equation 44 = – 0.3p + 50. Use properties of algebra to solve for the variable p.

                    

                    
                

            

        

    
        1.4 Isolating Variables in Equations with Multiple Variables

        
            Key Ideas

            Whether an equation has just one variable or multiple variables, the process of using the properties of algebra remain the same. The goal is to eliminate all the numbers and variables from one side of the equation except for the one that you are trying to isolate.

        

        Algebra Equations with Multiple Variables

        Solving for x in an equation like 2x + 1 = 11 requires two steps.

        
            
                
            

        

        If the equation was, instead, to isolate the x in the equation ax + b = c, the process would be very similar. You have to recognize that the b is like the constant and the a is like the coefficient.

        Just as you subtract 1 from each side as the first step in solving 2x + 1 = 11, for this equation, you subtract b from both sides.

        
            
                
            

        

        Now, eliminate the coefficient a the same way that you eliminate the 2 in the 2x + 1 = 11 question, by dividing both sides of the equation by it.

        
            
                
            

        

        Example

        Solve for d, in the equation abd – e = f

        Solution: First eliminate the e, since it is like the constant in the problem. Then eliminate the a and the b, since they are like the coefficient.

        
            
                
            

        

    
        
            
                Check Your Understanding of Section 1.4

                                 
                
                
                
                
                
                
                
                  
                
                
            

            
A. Multiple-Choice

            

            
                
                	
                    
                    
                        Solve for d in terms of c, e, and f.

                            cd – e = f

                    

                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                

                	
                    
                    
                        Solve for m in terms of a, b, and c.

                            b – ma = c

                    

                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                

                	
                    
                    
                        Solve for r in terms of c and π.

                            c = 2πr

                    

                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                

                	
                    
                    
                        Solve for c in terms of π and d.

                            
                        

                    

                    
                        	π d			

                        	
                            
                        

                        	
                            
                        

                        	π + d


                    

                

                	
                    
                    
                        Solve for x in terms of y, m, and b.

                            y = mx + b

                    

                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                

                	
                    
                    
                        Solve for m in terms of x, y, and b.

                            y = mx + b

                    

                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                

                	
                    
                    
                        Solve for b in terms of x, y, and m.

                            y = mx + b

                    

                    
                        	
                            
                        

                        	
ymx		

                        	
y – mx


                        	
y + mx


                    

                

                	
                    
                    
                        Solve for c in terms of a, b, and d.

                            abc = d

                    

                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                

                	
                    
                    
                        Solve for b in terms of a, c, and d.

                            abc = d

                    

                    
                        	
                            
                        

                        	
adc		

                        	
                            
                        

                        	
                            
                        

                    

                

                	
                    
                    
                        Solve for w in terms of l and p.

                            2l + 2w = p

                    

                    
                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                        	
                            
                        

                    

                

            

            
B. Show how you arrived at your answers.

            

            
                
                	
                    
                    
                        If an equation that relates profit earned (p), quantity sold (q), price (r), and fixed expenses (f), is p = qr – f, rewrite the equation with q solved in terms of p, r, and f.

                    

                    
                

                	
                    
                    
                        The volume of a rectangular prism is v = lwh, where v is the volume, l is the length, w is the width, and h is the height. Rewrite this equation with w solved in terms of v, l, and h.

                    

                    
                

                	
                    
                    
                        The area of a triangle is related to the base and height of the triangle by the formula a = bh/2. Rewrite this equation with b solved in terms of a and h.

                    

                    
                

                	
                    
                    
                        The surface area of a cylinder is s = 2πrh, where s is the surface area, r is the radius, and h is the height. Rewrite this equation with r solved in terms of s, π, and h.

                    

                    
                

                	
                    
                    
                        The nth term of an arithmetic sequence can be calculated with the formula an = a1 + (n – 1)d. Rewrite this equation with n solved in terms of an, a1, and d.

                    

                    
                

            

        

    
        
            2

            Polynomial Arithmetic

        

            2.1 Classifying Monomials, Binomials, and Trinomials

        
            Key Ideas

            Terms in mathematical expressions are separated by plus or minus signs. An expression like 2x + 5 has two terms while x2 + 2x + 5 has three terms. Expressions with only one term are called monomials. Expressions with two terms are called binomials. Expressions with three terms are called trinomials. They are all special types of polynomials.

        

        Determining the Type of a Polynomial by the Number of Terms

        By counting the number of terms, you can identify which type of polynomial it is. Terms are separated by either plus or minus signs.

        Example 1

        Is the polynomial 6x – 2 a monomial, a binomial, or a trinomial?

        Solution: There are two terms, 6x and 2, so this is a binomial.

        Example 2

        Is the polynomial 5x2 a monomial, a binomial, or a trinomial?

        Solution: Since there are not plus or minus signs, this is just one term, and this is a monomial.

        The Degree of a Polynomial

        When the terms of a polynomial have exponents on the variables, the degree of a polynomial is the largest exponent that a variable is raised to. The binomial 2x5 + 3x is degree 5 since the largest exponent that a variable is raised to is 5. The trinomial 3x2 – 7x + 2 is degree 2. In a monomial like 7 the degree is 0 since it is equivalent to 7x0.

        
            Math Facts

            A polynomial with a degree of 0 is called a constant polynomial. A polynomial with a degree of 1 is called a linear polynomial. A polynomial with a degree of 2 is called a quadratic polynomial. A polynomial with a degree of 3 is called a cubic polynomial.

        

    
        
            
                Check Your Understanding of Section 2.1

                                 
                
                
                
                
                
                
                
                  
                
                
            

            
A. Multiple-Choice

            

            
                
                	
                    
                    
                        Classify this polynomial 5x2 + 3.

                    

                    
                        	Monomial

                        	Binomial

                        	Trinomial

                        	None of the above

                    

                    
                

                	
                    
                    
                        Classify this polynomial 7x2 – 3x + 2.

                    

                    
                        	Monomial

                        	Binomial

                        	Trinomial

                        	None of the above

                    

                    
                

                	
                    
                    
                        Classify this polynomial 3x3.

                    

                    
                        	Monomial

                        	Binomial

                        	Trinomial

                        	None of the above

                    

                    
                

                	
                    
                    
                        Classify this polynomial 3x2y + 5xy2.

                    

                    
                        	Monomial

                        	Binomial

                        	Trinomial

                        	None of the above

                    

                   
                

                	
                    
                    
                        Classify this polynomial 3x3 + 5x2 + 7x – 3.

                    

                    
                        	Monomial

                        	Binomial

                        	Trinomial

                        	None of the above

                    

                    
                

                	
                    
                    
                        Classify this polynomial 3x2 – 7x + 5.

                    

                    
                        	Monomial

                        	Binomial

                        	Trinomial

                        	None of the above

                    

                   
                

                	
                    
                    
                        Which of the following is a binomial?

                    

                    
                        	2 ∙ 5x2


                        	5x2 + 7x + 2

                        	5x2 + 2

                        	5x2 + 2 + 3x


                    

                    
                

                	
                    
                    
                        Which of the following is a trinomial?

                    

                    
                        	2x2


                        	2x2 + 5x


                        	2x2 + 5x + 3

                        	(2x2)(5x)(3)

                    

                    
                

                	
                    
                    
                        What is the degree of the polynomial 5x2 + 7x3 – 2x.

                    

                    
                        	0

                        	1

                        	2

                        	3

                    

                    
                

                	
                    
                    
                        Which of the following is a quadratic trinomial?

                    

                    
                        	5x2 + 8

                        	5x3 – 3x + 8

                        	5x2 – 3x + 8

                        	5x2


                    

                    
                

            

            
B. Show how you arrived at your answers.

            

            
                
                	
                    
                    
                        An expression for the height of a projectile is –16t2 + 72t + 5. What kind of polynomial is this and what is its degree?

                    

                    
                

                	
                    
                    
                        An equation for the amount of profit a company makes is 5q – 800. What kind of polynomial is that and what is its degree?

                    

                    
                

                	
                    
                    
                        Cross out one of the terms in this polynomial to make it into a third degree trinomial. 5x3 + 2x2 – 7x + 9.

                    

                    
                

                	
                    
                    
                        Create a fourth degree monomial.

                    

                    
                

                	
                    
                    
                        Mark says that the expression 2 + 3 is a binomial since it has two terms. Layla says that it is a monomial since 2 + 3 = 5, and 5 is just one term. Who is correct?

                    

                    
                

            

        

    
        2.2 Multiplying and Dividing Monomials

        
            Key Ideas

            A monomial, like 5x3, has a coefficient of 5 and a variable part of x3. Just as numbers can be multiplied together, monomials can be multiplied. When multiplying monomials, you have to use the rules for exponents.

        

        Multiplying Expressions Involving Exponents

        If you multiply a number, like 5, by itself you get 5 ∙ 5 = 25, which can also be written as 52. When you multiply the variable x by itself, you get x ∙ x, which can be written as x2. Multiplying monomials with larger exponents can be done with a shortcut.

        Example 1

        Simplify x2 ∙ x3.

        Solution: One way to do this is to expand each of the expressions.

        
            
                
            

        

        A shorter way is to use the rule that when multiplying two exponential expressions with the same base, the solution has that same base and the exponent will be the sum of the two exponents.

        
            
                
            

        

        Multiplying Monomials That Have Coefficients and Variable Parts

        To multiply two monomials, multiply the two coefficients and then multiply the two variable parts using the exponent multiplication shortcut of adding the exponents.

        Example 2

        Simplify 3x2 ∙ 5x3.

        Solution: Since 3 ∙ 5 = 15, the coefficient of the solution is 15. Since x2 ∙ x3 = x5, the variable part of the solution is x5. The complete answer is 15x5.

        Example 3

        Simplify 3x4 ∙ 4x.

        Solution: 3 ∙ 4 = 12, which is the coefficient of the solution.

        x4 ∙ x is like x4 ∙ x1 so the exponent multiplication rule says that x4 ∙ x = x5. The solution is 12x5.

        Example 4

        Simplify 2x5 ∙ 3x4 ∙ 5x3.

        Solution: Since 2 ∙ 3 ∙ 5 = 30 and x5 ∙ x4 ∙ x3 = x12, the solution is 30x12.

        Example 5

        Simplify 4x2y ∙ 7xy3.

        Solution: The product of the two coefficients is 28. The product of x2 and x is x3. The product of y and y3 is y4. So the simplified expression is 28x3y4.

        
            Math Facts

            When raising something to a negative power, like 3–2, this is not the same as –(32) = –9. Instead, the rule is that
                
                so
                . In scientific notation, there are often expressions like 5 ∙ 10–3, which is equivalent to
                .

        

        Dividing Monomials

        To divide two monomials, divide the two coefficients and subtract the exponent of the divisor from the exponent of the dividend. For example 8x12 ÷ 4x3 = 2x9 because 8 divided by 4 is 2 and 12 – 3 = 9. This is also true when the division is written as a fraction
            .

        Example 6

        Simplify 18x8 ÷ 2x2.

        Solution:
            
            and 8 – 2 = 6 so the answer is 9x6.

    
        
            
                Check Your Understanding of Section 2.2

                                 
                
                
                
                
                
                
                
                  
                
                
            

            
A. Multiple-Choice

            

            
                
                	
                    
                    
                        Multiply 3x3 ∙ 4x5.

                    

                    
                        	7x8


                        	7x15


                        	12x8


                        	12x15


                    

                    
                

                	
                    
                    
                        Multiply 2x5 ∙ 5x.

                    

                    
                        	10x6


                        	10x5


                        	7x6


                        	7x5


                    

                    
                

                	
                    
                    
                        Which of the following would not simplify to 12x6?

                    

                    
                        	2x ∙ 6x5


                        	3x2 ∙ 4x4


                        	12x3 ∙ x3


                        	4x3 ∙ 3x2


                    

                    
                

                	
                    
                    
                        Which of the following would not simplify to 24x5?

                    

                    
                        	3x2∙ 8x3


                        	4x ∙ 6x4


                        	2x3 ∙ 12x2


                        	6x5 ∙ 4x


                    

                    
                

                	
                    
                    
                        Multiply x6 ∙ x.

                    

                    
                        	
x5


                        	
x6


                        	
x7


                        	
x8


                    

                   
                

                	
                    
                    
                        Multiply 5 ∙ 3x5.

                    

                    
                        	15x4


                        	15x5


                        	15x6


                        	15x7


                    

                   
                

                	
                    
                    
                        If 2x3 ∙ y = 10x6, which expression is equivalent to y?

                    

                    
                        	5x2


                        	5x3


                        	5x4


                        	5x5


                    

                    
                

                	
                    
                    
                        Multiply 3x5 ∙ 2x–2.

                    

                    
                        	6x7


                        	6x5


                        	6x3


                        	6x


                    

                    
                

                	
                    
                    
                        If 5x7 ∙ z = 20x4, which expression is equivalent to z?

                    

                    
                        	4x5


                        	4x7


                        	4x3


                        	4x–3


                    

                    
                

                	
                    
                    
                        Simplify (4x3)2.

                    

                    
                        	16x6


                        	16x9


                        	8x6


                        	8x9


                    

                   
                

            

            
B. Show how you arrived at your answers.

            

            
                
                	
                    
                    
                        Alexa multiplies 4x2 ∙ 5x3 and says the answer is 20x6 since 4 ∙ 5 is 20 and 2 ∙ 3 is 6. Is she correct? Explain your reasoning.

                    

                    
                

                	
                    
                    
                        What does 12x6 ÷ 3x2 simplify to?

                    

                    
                

                	
                    
                    
                        Joseph says that x0 = 0 since there are no xs multiplied together. Sawyer says that this is not correct. Who is right?

                    

                    
                

                	
                    
                    
                        What is 5x2 ∙ 2x–2? Explain your reasoning?

                    

                    
                

                	
                    
                    
                        When multiplying a quadratic monomial by a cubic monomial, what type of polynomial will be the result?

                    

                    
                

            

        

    
2.3 Combining Like Terms


Key Ideas

Two terms are called like terms if they have the same variable part. For example, 3x2 and 5x2 are like terms since they both have an x2 as the variable part. 3x2 and 5x3 are not like terms because the x2 is different from the x3. Like terms can be combined with addition or subtraction, whereas unlike terms cannot be combined.



Combining Two Like Terms

When you add two dogs to three dogs, you get five dogs (and a lot of dog hair!). Likewise, 2x + 3x = 5x, 2x2 + 3x2 = 5x2, and 2x10 + 3x10 = 5x10. Unlike terms cannot be combined. For example, 2x + 3y cannot be simplified any further. Even though 2x and 3x2 each have a variable part containing x, they are not like terms since the variable part must be identical, Therefore, they cannot be combined.

For terms to be like terms, the variable parts must be equivalent. So 5xy2 cannot be combined with 5x2y since the variable parts are not equivalent.

If There Is No Coefficient, It Is Really a Coefficient of 1

When a term seems to have no coefficient, it is really a coefficient of 1. To combine the like terms 5x2 + x2, think of it as 5x2 + 1x2 = 6x2.

Example 1

Simplify, if it is possible, the expression 4x3 + 6x3.

Solution: Since each term has a variable part of x3, these can be combined. Just as 4 + 6 = 10, 4x3 + 6x3 = 10x3.

Example 2

Simplify, if it is possible, the expression 6x3 – 2x2.

Solution: These are not like terms since one has a variable part of x3 and the other has a variable part of x2, so they cannot be combined.

Example 3

Simplify, if it is possible, the expression 5x2 y3 + 4x2 y3.

Solution: These are like terms so they can be combined into 9x2 y3.


        
            
                Check Your Understanding of Section 2.3

                                 
                
                
                
                
                
                
                
                  
                
                
            

            
A. Multiple-Choice

            

            
                
                	
                    
                    
                        Which expression is equivalent to 2x2 + 5x2?

                    

                    
                        	10x2


                        	7x2


                        	7x4


                        	The expression cannot be simplified any further.

                    

                

                	
                    
                    
                        Which expression is equivalent to 3x4 + 5x?

                    

                    
                        	8x4


                        	8x5


                        	8x6


                        	The expression cannot be simplified any further.

                    

                

                	
                    
                    
                        Which expression is equivalent to –5x3 + 2x3?

                    

                    
                        	–7x3


                        	3x3


                        	–3x3


                        	The expression cannot be simplified any further.

                    

                

                	
                    
                    
                        Which expression is equivalent to 8y2 – 10y2 + 5y2?

                    

                    
                        	7y2


                        	–7y2


                        	3y2


                        	The expression cannot be simplified any further.

                    

                

                	
                    
                    
                        Which expression is equivalent to 5xy2 + 3xy2 – 4x2y?

                    

                    
                        	4x2y


                        	4xy2


                        	8x2y – 4xy2


                        	8xy2 – 4x2y


                    

                

                	
                    
                    
                        Which expression is not equivalent to 7x5?

                    

                    
                        	5x2 + 2x3


                        	2x5 + 5x5


                        	9x5 – 2x5


                        	7x2 ∙ x3


                    

                

                	
                    
                    
                        Which expression is equivalent to 3x2?

                    

                    
                        	1 + 2x2


                        	
x2 + 2x2


                        	
x + 2x


                        	
x + 2x2


                    

                

                	
                    
                    
                        Which expression is not equivalent to 7x2y?

                    

                    
                        	2x2y + 5x2y


                        	3x2y + 4x2y


                        	7x ∙ xy


                        	2 + 5x2y


                    

                

                	
                    
                    
                        Which expression cannot be simplified any further?

                    

                    
                        	5x + 3x


                        	5x2 + 3x2


                        	5x + 3x2


                        	5x2 – 3x2


                    

                

                	
                    
                    
                        Which expression is equivalent to x2 + x2 + x2 + x2?

                    

                    
                        	
x8


                        	4x8


                        	8x4


                        	4x2


                    

                

            

            
B. Show how you arrived at your answers.

            

            
                
                	
                    
                    
                        Katherine simplifies the expression 3x2 + 5x2 by noticing that x2(3 + 5) would become 3x2 + 5x2 if she used the distributive property of multiplication over addition, but would become x2(8) = 8x2 if she simplified the parentheses first. Was this a valid way to arrive at the correct answer 8x2? Explain your reasoning.

                    

                    
                

                	
                    
                    
                        Chelsea says that the expression 3xy2 + 5y2x cannot be simplified any further since the terms are not like terms. Her friend Josie says that it is possible. Who is right? Explain your reasoning.

                    

                    
                

                	
                    
                    
                        If 5xy2z + a = 7xy2z, what expression in terms of x, y, and z must the variable a be equivalent to?

                    

                    
                

                	
                    
                    
                        Combine all like terms in the expression 

                        x3 + x2y + xy2 + y3 + x2y + xy2 + xy2 + x2y

                    

                    
                

                	
                    
                    
                        Combine all like terms in the expression 6 – 3i + 2i – i2.

                    

                    
                

            

        

    
        2.4 Multiplying Monomials and Polynomials

        
            Key Ideas

            To multiply a monomial by a binomial, trinomial, or polynomial with more than three terms, use the distributive property of multiplication over addition. Just as you can use the distributive property to simplify an expression like 2 ∙ (3 + 5) to become 2 ∙ 3 + 2 ∙ 5 = 6 + 10 = 16, you can multiply monomials by polynomials the same way.

        

        Multiplying Monomials by Binomials

        To multiply the monomial 2x2 by the binomial 3x + 5, put the 3x + 5 in parentheses, and write the problem as 2x2(3x + 5). Now distribute the 2x2 to each of the terms inside the parentheses to get 2x2 ∙ 3x + 2x2 ∙ 5. Each of these terms is now a monomial times a monomial and can be simplified separately to become 6x3 + 10x2.

        Multiplying Monomials by Polynomials with More than Two Terms

        The distributive property applies even when there are more than two terms in the parentheses. So 5(1 + 2 + 3) = 5 ∙ 1 + 5 ∙ 2 + 5 ∙ 3 = 30. The same thing happens when multiplying a monomial by a polynomial with more than two terms.

        To multiply 5x by 2x2 + 7x – 3, multiply the 5x by each of the three terms in the second expression and then simplify the terms if possible.

        
            
                
            

        

        Example 1

        Multiply 4x2 by 5x3 + 7x5.

        Solution: Write as

        
            
                
            

        

        Distribute the 4x2 through each term in the parentheses.

        
            
                
            

        

        Example 2

        Multiply –3 by 2x – 3.

        Solution: First, write as –3(2x – 3). Then distribute the –3 through each term in the parentheses.

        
            
                
            

        

        So the answer is –6x + 9. Because –3(–3) = 9, you put a plus sign between the two terms in the answer.

        Example 3

        Multiply –4 by 3x + 5.

        Solution:

        
            
                
            

        

        The answer is –12x – 20. Since –4 (5) = –20, put a minus sign between the two terms in the answer.

        Example 4

        Multiply 2x2 – 5x + 2 by 3x.

        Solution: It is simpler if you write the 3x on the left of the parentheses.

        
            
                
            

        

        Distribute the 3x through each term in the parentheses.

        
            
                
            

        

    
        
            
                Check Your Understanding of Section 2.4

                                 
                
                
                
                
                
                
                
                  
                
                
            

            
A. Multiple-Choice

            

            
                
                	
                    
                    
                        Multiply 5 by 2x + 3.

                    

                    
                        	10x + 3

                        	10x + 15

                        	2x + 15

                        	7x + 15

                    

                   
                

                	
                    
                    
                        Multiply –2 by 5x2 – 2x + 6.

                    

                    
                        	–10x2 – 4x – 12

                        	–10x2 – 2x + 6

                        	–10x2 – 4x + 12

                        	–10x2 + 4x – 12

                    

                    
                

                	
                    
                    
                        Multiply 3x2 + 7x – 5 by 4x2.

                    

                    
                        	–17x2 + 7x


                        	12x4 + 7x – 5

                        	12x4 + 28x3 – 20x2


                        	12x4 + 28x3 + 20x2


                    

                    
                

                	
                    
                    
                        Simplify 6x(2x + 3).

                    

                    
                        	8x2 + 18x


                        	12x2 + 18x


                        	12x2 + 3

                        	20x


                    

                    
                

                	
                    
                    
                        Simplify –2x(3x – 5).

                    

                    
                        	–6x – 5

                        	–6x2 – 5

                        	–6x2 – 10x


                        	–6x2 + 10x


                    

                    
                

                	
                    
                    
                        Simplify –4x(–2x – 7).

                    

                    
                        	–8x2 – 28x


                        	–8x2 + 28x


                        	8x2 – 28x


                        	8x2 + 28x


                    

                   
                

                	
                    
                    
                        Simplify 3x(5x2 – 2x + 3).

                    

                    
                        	15x3 – 2x + 3

                        	15x3 – 6x2 + 9x


                        	5x2 + x + 3

                        	15x3 + 6x2 – 9x


                    

                    
                

                	
                    
                    
                        Simplify 4x2y (3xy – 2xy2).

                    

                    
                        	12x2y2 – 8x2y3


                        	12x3y2 – 6x3y3


                        	12x3y2 – 8x3y3


                        	12x3y3 – 6x2y3


                    

                    
                

                	
                    
                    
                        If a(2x + 5) = 8x2 + 20x, which expression is a equivalent to?

                    

                    
                        	4x


                        	6x


                        	4x2


                        	6x2


                    

                    
                

                	
                    
                    
                        Which expression is not equivalent to 2x3 + 10x2 – 6x?

                    

                    
                        	2(x3 + 5x2 – 3x)

                        	2x2(x2 + 5x – 6)

                        	
x(2x2 + 10x – 6)

                        	2x(x2 + 5x – 3)

                    

                    
                

            

            
B. Show how you arrived at your answers.

            

            
                
                	
                    
                    
                        Tucker does the question 5(2x + 3x) by first combining the like terms and gets 5(5x) = 25x. Alexander does the same question by applying the distributive property. Show how Tucker completed the question, and determine if Alexander gets the same answer as Tucker.

                    

                    
                

                	
                    
                    
                        Jack says that (3x2 + 2x + 1)5x = 15x3 + 10x2 + 5x. His friend Izabella says that the monomial has to be on the left of the parentheses to do it this way. Who is correct and why?

                    

                    
                

                	
                    
                    
                        The polynomial 10x3 – 6x2 + 14x can be written as a(5x2 – 3x + 7). What expression must the variable a represent? Explain your reasoning.

                    

                    
                

                	
                    
                    
                        Simplify and write as a trinomial 4x(2x + 3) – 2(2x + 3).

                    

                    
                

                	
                    
                    
                        Simplify and write as a trinomial 2x(3x – 5) – 6(3x – 5).

                    

                    
                

            

        

    
        2.5 Adding and Subtracting Polynomials

        
            Key Ideas

            Polynomials are composed of one or more monomials. When you add or subtract polynomials, you locate the like terms and combine them separately. Trinomials often have a constant term, an x term, and an x2 term. If two trinomials like this are combined, the result is also a trinomial.

        

        Adding Polynomials

        When two polynomials have like terms, those terms can be combined the way you combined monomials.

        Example 1

        Simplify the expression (2x + 3) + (3x + 5).

        Solution: When adding polynomials, you can disregard the parentheses and get 2x + 3 + 3x + 5. The 2x and the 3x are like terms that can be combined to become +5x. The 3 and the 5 are also like terms that can be combined to become +8, so the answer is 5x + 8.

        Example 2

        Simplify the expression (x2 + 3x – 2) + (x2 – 5x + 7).

        Solution:

        
            
                
            

        

        The answer is 2x2 – 2x + 5.

        Subtracting Polynomials

        When subtracting polynomials, you have to beware of one of the most common errors in all of high school math: not distributing the negative sign through the parentheses.

        Example 3

        Simplify the expression (8x + 5) – 3(3x + 2).

        Solution: You can disregard the parentheses of the expression on the left side of the minus sign.

        
            
                
            

        

        Now be sure to distribute the –3 through, as if the 8x + 5 were not there. Since –3(3x + 2) is –9x – 6, this becomes

        
            
                
            

        

        Now the like terms can be combined.

        
            
                
            

        

        The simplified answer is –x – 1.

        
            Math Facts

            One of the most common mistakes in algebra is to not distribute the minus sign through all the terms in a polynomial subtraction problem. If the problem is (2x + 5) – (3x + 2), the correct thing to do is write it as 2x + 5 – 3x – 2, not as 2x + 5 – 3x + 2.

        

        Example 4

        Simplify the expression (5x – 2) – (2x + 7).

        Solution: Think of this as (5x – 2) –1(2x + 7).

        Remove the parentheses from the first expression and distribute the –1 through the second expression. Since –1(2x + 7) is –2x – 7, this becomes

        
            
                
            

        

        So the answer is 3x – 9.

        Warning! The most common mistake students make is to just remove both sets of parentheses and get 5x – 2 – 2x + 7 with a +7 instead of the correct –7 before combining like terms.

        Example 5

        Simplify the expression (7x + 3) – (4x – 5).

        Solution:

        
            
                
            

        

    
        
            
                Check Your Understanding of Section 2.5

                                 
                
                
                
                
                
                
                
                  
                
                
            

            
A. Multiple-Choice

            

            
                
                	
                    
                    
                        Simplify (2x + 3) + (4x + 5).

                    

                    
                        	6x + 8

                        	8x + 15

                        	6x + 15

                        	8x + 8

                    

                

                	
                    
                    
                        Simplify (3x – 2) + (6x + 5).

                    

                    
                        	9x + 3

                        	9x – 7

                        	9x + 7

                        	9x – 3

                    

                

                	
                    
                    
                        Simplify (x2 + 3x + 5) + (x2 + 4x – 2).

                    

                    
                        	2x4 + 7x2 + 3

                        	2x2 + 7x + 3

                        	2x2 + 7x – 7

                        	2x2 + 7x + 7

                    

                

                	
                    
                    
                        Simplify (x2 – 6x + 4) + 3(x2 + 2x – 5).

                    

                    
                        	4x4 – 4x – 1

                        	4x4 – 12x – 11

                        	4x2 – 11

                        	4x2 – 12x + 11

                    

                

                	
                    
                    
                        Simplify (5x + 3) – (3x + 2).

                    

                    
                        	2x – 5

                        	2x – 1

                        	2x + 5

                        	2x + 1

                    

                

                	
                    
                    
                        Simplify (3x – 4) – (5x – 3).

                    

                    
                        	–2x – 7

                        	–2x – 1

                        	2x – 1

                        	2x – 7

                    

                

                	
                    
                    
                        Simplify 2x(3x + 4) – 4x (2x – 5).

                    

                    
                        	–2x2 + 28x


                        	–2x2 + 8x – 5

                        	–2x2 – 12x


                        	–2x2 – 20x


                    

                

                	
                    
                    
                        If C = 2x2 + 3x – 2 and D = –4x2 – 3x + 5, then C – D equals

                    

                    
                        	–2x2 + 3

                        	6x2 + 3

                        	6x2 + 6x – 7

                        	6x2 – 7

                    

                

                	
                    
                    
                        Simplify (3x2 – 4x + 2) – 2(x2 – 2x + 1).

                    

                    
                        	
x2 

                        	
x2 – 2x + 1

                        	
x2 + 2x – 1

                        	
x2 – 4x + 5

                    

                

                	
                    
                    
                        Simplify (x2 – 5x + 6) – (x2 – 2x + 1).

                    

                    
                        	–7x + 7

                        	–7x + 5

                        	–3x + 5

                        	–3x + 7

                    

                

            

            
B. Show how you arrived at your answers.

            

            
                
                	
                    
                    
                        Nathan tried to simplify the expression (2x + 3) – (4x + 2) by first writing 2x + 3 – 4x + 2 and then simplifying to –2x + 5. Did he do this correctly? Explain your reasoning.

                    

                    
                

                	
                    
                    
                        If C = 3x + 5 and D = 2x – 5, determine C – 3D and simplify as much as possible.

                    

                    
                

                	
                    
                    
                        To solve 49 – 2(13), Kaleigh changed it into (40 + 9) – 2(10 + 3) and then simplified to 40 + 9 – 20 – 6 = 20 + 3 = 23. Explain why this produced the right answer.

                    

                    
                

                	
                    
                    
                        If F = –2x + 5 and G = 3x – 7, express 2F – 5G in terms of x and y simplified as much as possible.

                    

                    
                

                	
                    
                    
                        If P = x2 + 5x + 2, Q = x2 – 3x + 4, and R = x2 – 2x + 5, what is P + Q – R in terms of x simplified as much as possible?

                    

                    
                

            

        

    
2.6 Multi-step Algebra Equations Involving Polynomial Arithmetic


Key Ideas

More complicated algebra equations often require combining like terms before solving. These equations can take three or more steps. When variables are on both sides of the equals sign, they can be eliminated from one side, which will require combining like terms on the other side.



Simplifying One Side of the Equation Before Solving

Linear equations of the form ax + b = c are the simplest to solve. If there is a linear equation that is not in this form, often it can first be converted into an equation of this form and then solved. This could require using the distributive property and/or combining like terms.

Example 1

Solve for x in the equation 5(x + 3) – 2x = 27.

Solution: First, simplify the left-hand side, using the distributive property and then combining like terms.








Then solve the two-step equation.








Solving an Equation with Variables on Both Sides of the Equals Sign

Variables can be eliminated from one side of an equation by using the addition property of equality or the subtraction property of equality.

Example 2

Solve for x in the equation 5x + 3 = 3x + 15.

Solution: In order to make this equation so that there are only variables on one side of the equation, it is simplest to subtract 3x from both sides of the equation








Now combine the like terms 5x and –3x, and complete the two-step equation.








Word Problems Involving Combining Like Terms

Some word problems can be converted into algebra equations where there are like terms that have to be combined or variables on both sides of the equation. It is important to set these equation up properly.

Example 3

Angelina has x dollars. Alexander has five more than three times the amount of money that Angelina has. Together they have 41 dollars. How much does each have?

Solution: Alexander has 3x + 5 dollars. The equation to solve this problem, then, is








So Angelina has $9 and Alexander has $32.

Example 4

In five years Gabriel will be three years less than twice his current age. How old is he now?

Solution: Call his current age x. In five years, his age will be x + 5. The equation becomes











Check Your Understanding of Section 2.6

                 







  






A. Multiple-Choice





	


Solve for x: (2x + 3) + (4x + 5) = 32.




	4

	5

	6

	7





	


Solve for x: (5x + 7) – (2x + 3) = 25.




	5

	6

	7

	8





	


Solve for x: x + 3x – 5 = 195.




	30

	40

	50

	60





	


Solve for y: y + (y + 1) + (y + 2) = 45.




	14

	15

	16

	17





	


Solve for x: 5x + 50 = 7x.




	22

	23

	24

	25





	


Solve for z: 30z = 300 – 20z.




	3

	4

	5

	6





	


Solve for a: 2a + 5 = 4a – 1.




	2

	3

	4

	5





	


Solve for x. x2 + 4x + 6 = x2 – 2x + 18




	0

	1

	2

	3





	


The width of a rectangle is 5 inches more than its length. The perimeter of the rectangle is 58 inches. Which equation could be used to find the length of the rectangle?




	2x + 2(x + 5) = 58

	 x + 2(x – 5) = 58

	
x + (x – 5) = 58

	
x + (x + 5) = 58





	


Jonathan weighs thirty pounds more than three times his son Aidan’s weight. If their combined weight is 210 pounds, which equation could be used to find the weight of Aidan?




	
x + 3x + 30 = 210

	
x + 3x – 30 = 210

	3x – 30 – x = 210

	
x (3x + 30) = 210









B. Show how you arrived at your answers.





	


In 20 years Lillian will be three years older than twice her current age. Set up an equation that can be used to solve for x, Lillian’s current age.





	


The equation 2x + 5 = 6x – 7 can be solved several ways. Makayla solves it by first subtracting 2x from both sides of the equation. David solves it by first subtracting 6x from both sides. Which method would you choose and why?





	


Solve for x in 2(x + 3) – 5(x – 2) = 4.





	


Two trains are 300 miles away from each other on the same set of tracks. The first train goes east at a speed of 30 miles per hour. The second train goes west at a speed of 20 miles per hour. An equation that can be used to determine how long it will take for the trains to pass is 30x = 300 – 20x. Explain how this equation was formed, and solve for x to determine when the trains will pass.





	


On Tuesday an electronics store sells five items less than double the amount it sold on Monday. On Wednesday the store sells ten items more than triple the amount it sold on Monday. If it sold 125 items altogether on the three days, create an equation and use it to determine the number of items sold on each day.











        2.7 Multiplying Polynomials by Polynomials

        
            Key Ideas

            Multiplying polynomials can be done by applying the distributive property several times and then combining like terms. When multiplying a binomial by another binomial, some teachers teach the FOIL shortcut.

        

        Multiplying Binomials with the Distributive Property

        Just as 2 (x + 5) can be first simplified with the distributive property into 2 ∙ x + 2 ∙ 5, a more complicated multiplication like (x + 2) (x + 5) can be first simplified to

        
            
                
            

        

        To make this more familiar, change this to x ∙ (x + 2) + 5 ∙ (x + 2). Now each of the terms can be simplified with the distributive property.

        
            
                
            

        

        After combining like terms, this becomes x2 + 7x + 10.

        Example 1

        Multiply (x + 4) ∙ (x – 3).

        Solution:

        
            
                
            

        

        Multiplying Binomials with the FOIL Shortcut

        Four different multiplications occur when multiplying binomials with the distributive property method. The FOIL shortcut is a way to skip two steps of the longer way and accomplish all four of these multiplications before combining like terms.

        
            
                
            

        

        Example 2

        Multiply (x + 2)(x + 5).

        Solution: The F stands for “Firsts.” The first term in the first binomial is x. The first term in the second binomial is also x. When you multiply these firsts together, you get x2.

        
            
                
            

        

        The O stands for “Outers.” The x term in the first binomial and the +5 in the second binomial are the outermost terms. Multiply them together to get +5x.

        
            
                
            

        

        The I stands for “Inners.” The +2 in the first binomial and the x in the second binomial are the two innermost terms. Multiply them together to get +2x.

        
            
                
            

        

        The L stands for “Lasts.” The last term in the first binomial is +2. The last term in the second binomial is +5. Multiply them together to get +10.

        
            
                
            

        

        Now combine like terms to get x2 + 7x + 10, which is the product.

        Example 3

        Multiply (x + 4)(x – 2).

        Solution: Using the FOIL shortcut, the product of the Firsts is x2, the product of the Outers is –2x, the product of the Inners is +4x, and the product of the Lasts is –8. x2 – 2x + 4x – 8 becomes x2 + 2x – 8 after combining like terms.

        Example 4

        Multiply (2x – 3)(5x + 2).

        Solution: Using FOIL, the four terms become 10x2, +4x, –15x, and –6. 

        Combine the like terms of 10x2 + 4x – 15x – 6 to get 10x2 – 11x – 6.

        Example 5

        Multiply (x + 5) (x + 5).

        Solution: The four terms you get with FOIL are x2, +5x, +5x, and +25, which combine to get x2 + 10x + 25.

        Squaring Binomials

        To square a binomial, like (x + 5)2, write it as (x + 5)(x + 5) and then use FOIL to get x2 + 10x + 25. The answer is not x2 + 25 as there is no distributive property for exponents. In general, the square of a binomial (x + a) is x2 + 2ax + a2.

        Example 6

        Simplify (x + 6)2.

        Solution: Rewrite as (x + 6)(x + 6) and use FOIL.

        
            
                
            

        

        Note that it did not become x2 + 36, as some students get when they try to distribute the exponent through the parentheses, which is not a valid way to calculate this.

        Multiplying the (a – b)(a + b) Pattern

        When two binomials are the same except that one has a minus sign between the two terms and the other has a plus sign between the two terms, like (a – b)(a + b), the answer will be a2 – b2. If you do it with FOIL, the middle two terms, the OI, will cancel each other out.

        Example 7

        Multiply (x + 5)(x – 5).

        Solution: The four terms you get with FOIL are x2, –5x, +5x, and –25. When you combine them you get x2 – 5x + 5x – 25 = x2 + 0x – 25 = x2 – 25, which is a binomial.

        This can also be done with the (a – b)(a + b) shortcut. In this case the a is the x and the b is the 5 so the solution is x2 – 52 = x2 – 25.

        Multiplying Polynomials by Polynomials

        If one of the polynomials has more than two terms, the FOIL shortcut cannot be used and the problem must be done the long way with the distributive property.

        Example 8

        Multiply (x + 3)(x2 + 5x + 6).

        Solution: Using the distributive property, first get

        
            
                
            

        

        Using the distributive property three more times, get

        
            
                
            

        

        Combine like terms

        
            
                
            

        

    
        
            
                Check Your Understanding of Section 2.7

                                 
                
                
                
                
                
                
                
                  
                
                
            

            
A. Multiple-Choice

            

            
                
                	
                    
                    
                        (x + 2)(x + 7) =

                    

                    
                        	
x2 + 14

                        	
x2 + 5x + 14

                        	
x2 + 9x + 14

                        	
x2 + 14x + 9

                    

                    
                

                	
                    
                    
                        (x + 2)(x – 7) =

                    

                    
                        	
x2 – 5x – 14

                        	
x2 – 17

                        	
x2 + 5x + 14

                        	
x2 – 5x + 14

                    

                    
                

                	
                    
                    
                        (2x + 3)(3x – 1) =

                    

                    
                        	6x2 – 3

                        	6x2 + 11x – 3

                        	6x2 + 7x – 3

                        	6x2 – 7x – 3

                    

                    
                

                	
                    
                    
                        (2a + 5b)(4a + 3b) =

                    

                    
                        	8a2 + 15b2


                        	8a2 + 30ab + 15b2


                        	8a2 + 28ab + 15b2


                        	8a2 + 26ab + 15b2


                    

                    
                

                	
                    
                    
                        (x + 5)2 =

                    

                    
                        	
x2 + 25

                        	
x2 – 25

                        	
x2 + 10x – 25

                        	
x2 + 10x + 25

                    

                    
                

                	
                    
                    
                        (x – 7)(x + 7) =

                    

                    
                        	
x2 + 49

                        	
x2 – 49

                        	
x2 – 14x – 49

                        	
x2 + 14x – 49

                    

                    
                

                	
                    
                    
                        (x2 – 2)(x2 + 6) =

                    

                    
                        	
x4 + 4x2 – 12

                        	
x4 – 12

                        	
x2 + 4x – 12

                        	
x4 – 4x2 – 12

                    

                    
                

                	
                    
                    
                        (x2 – 4)(x2 – 9) =

                    

                    
                        	
x4 + 36

                        	
x4 – 13x2 + 36

                        	
x4 + 13x2 + 36

                        	
x4 – 13x2 – 36

                    

                    
                

                	
                    
                    
                        If (x + 4)(x + a) = x2 + 7x + 12. What is the value of a?

                    

                    
                        	1

                        	2

                        	3

                        	4

                    

                    
                

                	
                    
                    
                        A 4 foot by 6 foot patio has a 2 foot border around it. The area of the combined patio and border can be expressed as (2x + 4)(2x + 6). Which expression is equivalent to this?

                    

                    
                        	4x2 – 20x + 24

                        	4x2 + 20x + 24

                        	4x2 + 20x – 24

                        	4x2 + 24

                    

                   
                

            

            
B. Show how you arrived at your answers.

            

            
                
                	
                    
                    
                        If C = x + 4 and D = x – 1, express CD + 2C as a trinomial.

                    

                    
                

                	
                    
                    
                        Express (2 + 3i)2 + (1 + 2i) as a trinomial.

                    

                    
                

                	
                    
                    
                        Maria says that (x + 4)2 = x2 + 16 because of the distributive property. Is she correct? Explain your reasoning.

                    

                    
                

                	
                    
                    
                        What is (x + 3)(x2 + 7x + 10) expressed as a four-term polynomial?

                    

                    
                

                	
                    
                    
                        Noah says that he has a shortcut for multiplying 48 ∙ 52 in his head. He starts by writing 48 as 50 – 2 and 52 as 50 + 2. Explain how he can complete this question.
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